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Dedicated to the memory of Roy Adler whose work has been and still is a great inspiration for me.

ABSTRACT. We prove that for every d # 3, there is an Anosov diffeomorphism of T¢ which is of stable
Krieger type III; (its Maharam extension is weakly mixing). This is done by a construction of stable
type I1T; Markov measures on the golden mean shift which can be smoothly realized as a C' Anosov

diffeomorphism of T? via the construction in our earlier paper.

1. INTRODUCTION

A topological Markov shift (TMS) on S is the shift on a shift invariant subset ¥ C S of the form

Y= {x €SY: Agigiy = 1},
where A = {As4}, 5 is a {0,1} valued matrix on S. A TMS is (topologically) mixing if there exists
n € N such that A7, > 0 for every s,¢ € S. TMS appear in ergodic theory as a symbolic model for
C1* Anosov and Axiom A diffeomorphisms via the construction of Markov partition of the manifold
M [AW, Sin, Bow, Adl]. In this work we will restrict our attention to measures (fully) supported on
the Golden Mean ¥ C {1,2,3}%, which is defined by its adjacency matrix

1 01
A= 1 0 1
010
The TMS X is the symbolic space arising from a Markov partition of the automorphism of T? given by
f(z,y) = (z+y,z) mod 1, See Section 4. The connection between 3 and f was used in [Kosl| for the
construction of conservative, ergodic C! Anosov diffeomorphisms of T? without a Lebesgue absolutely
continuous invariant measure (a.c.i.m.). Krieger in [Kri| has classified the nonsingular transformations
up to orbit equivalence according to the associated flow on the ergodic decomposition of the Maharam
extension. The Anosov diffeomorphisms in [Kosl| are of type III; which means that their Maharam
extension is ergodic (the associated flow is a trivial flow). The first step of the construction was to
build inhomogeneous Markov measures on 3 such that the shift with respect to (X, u,T') defined by
(Tw)y, = wp4+1 is a type III; transformation. After this step, the next step is to utilize the special
structure of the p constructed and realize an ergodic C'! Anosov diffeomorphism g of T? which is orbit
equivalent to (3, u, T') hence of type I11;.
An ergodic nonsingular transformation 7" is stable type I11; if for any ergodic probability preserving
transformation S, T' x S is a type III; transformation. In this paper we construct inhomogeneous
Markov measures which are stable type III;. In addition the construction is compatible with the

second step (smooth realization) of [Kosl|. As a consequence we get the following result.
1
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Theorem. For every d > 4 or d = 2, there exists a C'-Anosov diffeomorphism g of (Td, Lebesguer)
which is stable type 1111. In particular g is conservative, ergodic with respect to the Lebesque measure

but it has no Lebesgue a.c.i.m.

The reason d # 3 is that these diffeomorphisms are Cartesian products of a stable type III; Anosov
diffeomorphism of T2 and an hyperbolic linear toral automorphism of T¢2 (hence we need d —2 > 2).
The construction of the aforementioned Markov measures uses a reformulation of the stable type
III; property in terms of measurable equivalence relations and then identifying a special class of
holonomies (groupoid elements) of the tail relation which change the tail Radon-Nikodym cocycle
in a controlled way. Using these holonomies and elementary Markov Chain arguments we provide an
inductive construction of a measure p such that its Maharam extension is an infinite measure preserving
K automorphism, hence stable type I1I;, see Corollary 2.

The structure of the paper is as follows. Section 2 is an introduction to the relevant material
from non-singular ergodic theory, Markov Chains and countable equivalence relations. It provides the
definitions and some simple consequences of them. In Section 3 we present the inductive constructions
of the aforementioned Markov measures on Y. Finally in Section 4, we explain how to use the new
Markov measures construction and the smooth realization of [Kosl] to obtain a stable type I1I; Anosov

diffeomorphism of T2.

2. PRELIMINARIES ON NON-SINGULAR ERGODIC THEORY AND INHOMOGENEOUS MARKOV SHIFTS

A measurable transformation T' of a standard (Polish) measure space (X, B, m) is non-singular if
Tym = mo T~ and m are equivalent measures. In the case where T is invertible, we denote by
(T = % the sequence of Radon-Nikodym derivatives of T. 2" = (X,B,m,T) is ergodic if
m (AAT™1A) = 0 implies m(A) = 0 or m(X\A) = 0. If T is invertible and the measure m is non
atomic then a necessary condition for ergodicity is that the system 2 is conservative, meaning that
there exists no set W € B of positive m measure such that {T7"W}, _y are pairwise disjoint. Sets
with the latter property are called wandering sets. By Halmos recurrence theorem, the system satisfies

Poincare recurrence if and only if it is conservative and by Hopf’s criteria 2 is conservative if and

(o)

3 (Tk)' () = o0,

k=0
The system ¢ is a K-system if there exists % C B such that
T-'% c #. In words .Z is a factor of 2 .
F is exact, (), T "% = {0, X} modulo measure zero sets.
Minimality condition: \/72 _ T".% = B.
e 7" is F measurable.

only if for m-almost every x € X

The first three conditions are as in the classical setting of ergodic theory (probability preserving maps)
whereas the fourth condition comes in order to ensure that 2" is the unique natural extension of
(X,.Z#,m,T) up to measure theoretic isomorphism [SiT|. A transformation 2~ is weakly mixing if for
every ergodic probability preserving transformation (€2, Bq,P,S), T' x S is an ergodic transformation
of (X x Q,Bx ® Bg,m x P). If T'x S is ergodic for all ergodic, invertible ,nonsingular transformation,

then 2 is mildly mixing. If an invertible transformation is mildly mixing then m is equivalent to a T’
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invariant probability [FW] while exact (hence non invertible) non singular transformations are mildly
mixing [ALW].

The Maharam extension of an invertible transformation 2" is a transformation 7" of (X x R, Bx ® Bg)
defined by T'(z,y) = (Txz,y — logT'(x)). It preserves the o-finite measure defined by for all A € By,
B € Bg, (A x B) =m(A) [5e'dt. T is conservative (w.r.t. p) if and only if T is conservative (w.r.t.
m) and (the associated flow on) its ergodic decomposition determines the orbit equivalence class of T'
[Kri]. In particular for an ergodic T', T is ergodic if and only if T is of type III;, meaning that its
Krieger ratio set is R. See subsection 2.2 for the definition of the ratio set for a cocycle, the Krieger
ratio set is the ratio set for ¢ = logT’. A transformation 2" is stable type IIIy if for every ergodic
probability preserving transformation (2, Bo, P, S), T x S is type I1I;. For every probability preserving
map S, % = T'(z), the Maharam extension of T' x S is isomorphic to T x S via the map
m(z,w,y) = (z,y,w): (X xQ) xR — (X xR) x Q. This observation leads to the following.

Proposition 1. Let 2" = (X,B,m,T) be an ergodic non-singular transformation. Then the following
are equivalent:

(i) T is weak mizing.

(ii) T is stable type II1;.

Corollary 2. IfT is a conservative K-authomorphism then T is stable type 1111 and for every weakly
mixing probability preserving transformation (2, Bq,P,S), T x S is stable type I11;.

Proof. The first part follows from [ALW, Par|, see also [Aarl, Cor 3.1.8.], since a cartesian product
of a conservative transformation with a probability preserving transformation is always conservative
and a K-automorphism is the natural extension of an exact (hence mildly mixing) factor. For the
second part, let R be an invertible, ergodic probability preserving transformation of (Y,C,v). Since S
is weak mixing, then S x R is an ergodic probability preserving transformation. By the stable type
III; property of T, T' x (S x R) = (T' x S) x R is type I11;, showing that 7" x S is stable type III;. O

The group of automorphisms of a probability space (X, B, m) is the set of all invertible (modm)
nonsingular transformations. An action of a countable group I' on the space (X,B,m) is a map
¢ : ' — Aut(X,B,m) which respects the group structure. The notation I' ~ (X, B, m) will denote
the group action of I on X and for y € I', z € X, yo = ¢ ().

2.1. Markov chains.

2.1.1. Basics of Stationary (homogenous) Chains. Let S be a finite set which we regard as the state
space of the chain, 7 = {7(s)},c¢ a probability vector on S and P = (P(s,1)) ;e & stochastic matrix.
The vector m and P define a Markov chain {X,,} on S by

Pﬂ,p (XO = t) == 7T(t) and Pmp (Xn =S ’Xl, -~7Xn—1> =P (Xn—la S) .

P is irreducible if for every s,t € S, there exists n € N such that P"(s,t) > 0 and P is aperiodic if for
every s € S, gcd{n: P"(s,s) >0} = 1. Given an irreducible and aperiodic P, there exists a unique
stationary (mpP = mp) probability vector mp.
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2.1.2. Inhomogeneous Markov shifts. An inhomogeneous Markov Chain is a stochastic process { X, },,cy
such that for each times t1,..,t; € Z, and s1,...,8 € S,
-1
]P)(th = Sl,Xt2 = S52,... ,th = 8[) = P(th = 81) H P (th‘-H = 8k+1‘ th = Sk) .
k=1
Note that unlike in the classical setting of Markov Chains P (th+1 = $k+1‘ X, = sk) can depend

e}
n=—oo

on ti. The ergodic theoretical formulation is as follows. Let {P,} C Mgxs be a sequence of

o0

e oo D€ a sequence of probability distributions on S so

stochastic matrices on S. In addition let {m,}
that for every s € S and n € Z,

(2.1) > na(t) - Pu(t,s) = ma(s).
tes

Then one can define a measure on the collection of cylinder sets,
bl .= {x €S%: x;=b; V)€ [k, mz}

(here b € S%) by l
-1

I ([b]ﬁc) =7k (br) [ Py (b, b541) -

j=k
Since the equation (2.1) is satisfied, u satisfies the consistency condition. Therefore by Kolmogorov’s
extension theorem p defines a measure on S%. In this case we say that p is the Markov measure
generated by {m,, Pp},cz and denote p = M {m,, P, : n € Z}. By M{r, P} we mean the measure
generated by P, = P and m, = 7. We say that p is non singular for the shift 7' on S% if T,y ~ p.
In order to check if a measure is shift non singular we apply the following reasoning of [Shi|, see also

[LM].

Definition 3. A filtration {F,} -, of a measure space (X.B) is an increasing sequence of sub o-
algebras such that the minimal o-algebra which contains {F,} . | is B. Given a filtration {F,}, we
say that v <!°¢ i (v is locally absolutely continuous with respect to ) with respect to F, if for every
n € N v, < p, where v, =v|z,.

The question is when v <!°¢ 11 implies v < p. Suppose that v <!°¢  w.r.t {Fn}, set z, := % and
an (1) i= 2p(z) - 22 | (z) where 22 | = an—l 1, _,20)- The sequence {z,} is a {F,} martingale and

thus v < p if and only if {2,} converges in L! (satisfies the uniform integrability condition).

Theorem 4. [Shi, Thm. 4, p. 528|. If v <!°¢ u then v < p if and only if
o0

[1 - Eu (\/an|~7:n71)] <00 Va.s.
k=1

If v < p then g—; = lim,, 00 2n -

Given a a Markov measure i = M {m,, P, : n € Z} on S%, we want to know when p ~ poT. The
natural filtration on the product space is the sequence of algebras F, := ¢ {[b]ﬁn; be Szm[*”’”]}.
The measures which we will construct are fully supported on a TMS ¥ meaning that for every
n €N,
suppP, := {(s,t) € S x S: P,(s,t) > 0} = suppA.
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This implies that po T <!¢ u. In addition the measure M {P,, m,} will be half stationary in the

sense that there exists an irreducible and aperiodic stochastic matrix Q such that for every j < 0,

P; := Q and 7; = mq is the unique stationary distribution for Q. This implies for all n» € N and
Z _ P’nfl(wnflyxn)

x €Y, ay(x) = Pl

By Theorem 4, in this setting, p is non-singular if and only if

[e.9]

Z [1—E,,(\/@]]:n,1)(:v)]:z 1_2\/Pnfl(xnfhs)Pn(xnflas) <0

n=—00 n=0 seS

for ' pio T a.e. z. The following corollary concludes our discussion.

Corollary 5. Let v = M{m,, P, : n € Z}, where {P,} are fully supported on a TMS ¥4 and there
exists an aperiodic and irreducible P € Mgxs such that for alln <0, P, = P

e voT ~ v if and only if

(2.2) ZZ <\/Pn (€ny8) — \/Pn_1 (mn,s))Q <oo, voT a.s. x.

n=0seS
o IfvoT ~ v then for alln € N,

Pyn (zk, Tp41)
2.3 .
(2:3) H Py (w1, Trt1)

2.1.3. A condition for exactness of the one sided shift. Let S be a countable set and {(mp, Py)}ne; C
P(S) x Mgxs. Denote the one sided shift on SN by ¢ and by F the Borel c—algebra of SY. The
following is a sufficient condition for exactness (trivial tail o-field) of the one sided shift which is well

known in the theory of non homogenous Markov chains. We include a simple proof.

Proposition 6. Let S be a finite set and u be a Markov measure on SN which is defined by {7y, P, : k € NU{0}}.
If there exists C > 0 and Ng € N so that for every s,t € S, and k € N,

(2.4) (PrPrs1- - Poyng-1) (s,8) 2 C

then the one sided shift (SNU{O},}',M, a) 1s ezxact.

Remark. In the setting of Markov maps, exactness was proved under various distortion properties [see
[Tha| and [Aarl, Chapter 4]|. Their conditions guarantees the existence of an absolutely continuous
o-finite invariant measure. For stationary Markov chains, triviality of the tail algebra (exactness of
the shift) was proven by Blackwell and Freedman.

Proof. The measure poT~" is the Markov measure generated by Qf := Py, and 7y 1= mp4p. Let ap
be the collection of n cylinders of the form [d]} and o = Upa,.

IHere T denotes the two sided (invertible) shift
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For every D = [a]j € o, and B = [b]g(B) € a’,
n(B)—1
2 (D N T_(n+NO)B) = M(D) (Pnpn—i-l T Pn—l—No—l)an,bo H PN0+n+j (bj7 bj-H)
=0
n(B)—1
> Cu(D)mnin, (bo) H PNotn+j (b5, bj+1) = C - p(D)p o T_(n+NO)(B)'
=0

Consequently for all B € F and D € oy,
i (D N T—("+N0)B) > C - (D)o T~ +No) (B,
Let Be Ny o0 "F and D € o,. Writing B,, € F for a set such that B=T""8,,
w(DNB) = u (D N T_("+N0)Bn+NO)
> € (D)o TN (B, )
= Cu(D)u(B)
and thus for every n € N, (B |ay, ) > Cu(B). Since «,, T o™ and o generates F,
w (B lay) (z) — 1p(x) p—a.s.
by the Martingale convergence theorem. It follows that if p(B) > 0 then
1p(x) > Cu(B) >0 p— a.s.

This shows that for every B € N2 ,07"F, u(B) € {0, 1} (the shift is exact). O

2.2. Cocycles and Measurable Equivalence relations . Let (X,5B,m) be a standard measure
space. A measurable countable equivalence relation on X is a measurable set R € X x X such
that the relation z ~ y if and only if (z,y) € R is an equivalence relation and for all z € X,
R, ={ye X: (z,y) € R} is countable. The saturation of a set A € B by the equivalence relation
is the set R(A) := U,cq Re- We say that R is m—ergodic if for each A € Bx, m(R(A)) = 0 or
m (X\R(A)) = 0 and R is non-singular if for all A € B, m(A) = 0 if and only if m(R(A)) = 0. An
equivalence relation is finite (respectively countable) if for all z € X, R, is a finite (countable) set. The
full group of an equivalence relation R, denoted by [R], is a subgroup of all V' € Aut(X, B) such that
for m-almost all z € X, (x,Vz) € R. A partial transformation of R is a one to one transformation V'
from B € B to V(B) € B. Denote by Dom(V) = B the domain of V' and Ran(V') = V(B) the range
of V. The groupoid of R, denoted by [[R]], is then defined as the set of all partial transformations of
R. Both the full group and the groupoid of R appear in the study of the ergodic decomposition of
cocyclic extensions of equivalence relations (and countable group actions).

Given an action of a countable group I' ~ (X, B, m) one can define the orbit equivalence relation
Rr = {(z,vx): v €T}. By the Feldman-Moore Theorem [Fe-Mo]|, for every countable equivalence
relation R, there exists a nonsingular action on (X, B, m) of countable group I'" for which R = Rp

. Notice that this action is not uniquely defined (there are many such countable group actions). A
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function f: I"' x X — R is an R-valued cocycle of the I'-action if for all v1,v9 € T,

f (e, ) = f (v1722) + f (2, @)
A R-valued orbital cocycle is a function ¢ : R — R such that for all (z,y), (y,2) € R,

o(x,2) = p(x,y) + ¢(y, 2).

Two R cocycles 1, ps are (measurably) cohomologous if there exists and a measurable function b :
X — R and a measurable set X’ C X with p (X \ X’) =0 such that for all (z,y) € (X' x X')NR,

p1(z,y) = p2(x,y) + b(z) — b(y).

An equivalence relation R with a R valued cocycle ¢ define a p-extension of R, which is an equivalence
relation R¥ C (X x R) x (X x R), defined by ((x1,y1), (z2,92)) € R¥ if and only if (z1,22) € R and
y1 + @ (z1,22) = yo. If T' ~ (X, B,m) is such that R = Rr then every orbital cocycle ¢ : R — R
corresponds to a I' ~ (X, B, m) cocycle defined (up to set of m measure zero) by f(v,z) = ¢ (yz,x)
[Sch, Prop. 2.3]. The Radon-Nikodym cocycle of a countable equivalence relation R is thus defined
by Yrn(z,yz) = log d?%(x) where I' ~ (X, B, m) is any group acting on X such that R = Rr. This
cocycle defines an orbital cocycle which does not depend (up to a set of measure zero) on our choice
of action I" ~ (X, B, m) for which Rp = R.

A number r € R is an essential value for an orbital cocycle ¢ : R — Rif for all A € B with m(A) >0
and € > 0, there exists V € [R] such that

m(ANV'AN{z € X : |p(z,Vz) —r| < €}) >0.

Write e(R, ) for the set of all essential values of (R,y) . The Krieger ratio set of a nonsingular
transformation 2" is R(T) = e (Rr,¢¥rn). The set e(R,p) is a closed subgroup of R and R¥ is
ergodic if and only if R is ergodic and e (R, ¢) = R. Since in the definition of an essential value one is
only concerned with points in A, one can change/relax the definition of the essential values to requiring
that V' € [[R]] with Dom (V') C A. This relaxation, although merely formal, gives the following useful

criteria for 7 to be an essential value for (R, ¢).

Lemma 7. [CHP, Lemma 2.1.]2 Let R be an ergodic, non-singular, countable equivalence relation of
a measure space (X, B,m), ¢ an R cocycle and C C B a (countable) algebra of sets which generates B.
If there exists 6 > 0 such that for all e >0 and C € C , there exists B C C and V' € [[R]] with:

(a) Dom(V) =B and V(B) C C,

(b) m(B) > ém(C)

(c) for all z € B, |p(z,Vz) —r| <e

then r € e(R, ).

Remark 8. The tail relation of non-singular noninvertible transformation (X, Bx,v, S) is defined by

Ts ={(y1,y2) : IneN, S"y; = S"ys}.

2See also the formulation in [DaL, Lemma 1.1.] which is similar to the formulation here. Notice that in [CHP], § = 0.9
yet a similar proof works for a general § > 0.
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If S is a countable-to-one transformation, then 7g is a hyperfinite equivalence relation. In this case
the trasnformation S is ezact if N, S™B = {0, X} mod m or equivalently 7g is ergodic. For a proof

of this statement and the definition of hyperfinite equivalence relations see [Haw].

To every function ¢ : X — R corresponds an orbital cocycle ¢ on Tg defined by for (y1,y2) € T(5),

(2.5) & (y1,92) Z{so — (")} = ¢ (N,y1) — o (N, 1),

where N € N is any number so that SNy; = SNys,.

Proposition 9. Given a countable to one non-singular noninvertible transformation (X, Bx,v,S) and
a function ¢ : X — R, T(S)? =T (S,) where Sy, is the skew product transformation on X x R defined

by Sp (x,y) = (Sz,y + ¢(2)).
Proof. Follows from the definitions. O

If ¢; is cohomologous to ¢y then e (S, ¢1) = e (S, p2) [Sch]. If (X, Bx, u, S) is a nonsingular system

and v is a p equivalent measure then for all v € [Rg], for almost all z € X

dvory
VRN (2, v2) := log d (2)

dv dv
(@) + log @(’m’) — log @(ﬂf)

= VRN (2,77) + b (yx) = b(x)

with b(z) = log g—Z(x). This shows that ¢¥ry, and ¥rn,, are cohomologous cocycles and implies the
following fact.

Fact 10. If (X,Bx,pu,T) is stable type 1111 and v ~ p then (X, Bx,v,T) is stable type I11;.

3. STABLE TYPE III; MARKOV MEASURES

For A > 1 let
G 0 1
T+AG [ESYe]
Q= & 0 &
0 1 0

where G = 1+—2‘/5 is the golden mean. The following relation is the main observation for the inductive

construction.
Qx(3:2)Qx(2,3)Qx(3:2) Qx(2,1) Qa (1, 1)
Q)\ (37 2) Q)\ (27 1) Q/\ (17 3) Q)\ (37 2) Q)\ (27 1)
This equality has a more compact interpretation on (time homogeneous) Markovian measure Ps, q,
on {1,2, 3} where §3 = (0,0,1) as

=\

(3.1) Ps, q, ([323211]9) = APy, q, ([321321]F).

Write a = 323211 € {1,2,3}% and b = 321321 € {1,2,3}% (words of length 6). The construction will

rely on using elements in the groupoid of the tail relation which changes between the sequences [a]£+6

and [b]k+6 for some of the k’s according to the cylinder set. The following Lemma will play a role in
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the inductive construction, to shorten notation write for z € {a, b},

V/6]
Lon(@)= ) 1 oT%@) = #{0 < k < [N/6] : ori1Zers2-Toris = 2} -
k=0

The function L, ,(x) is locally constant on cylinders of the form {[x] iv s xe {1,231V } and hence
will be regarded as L., : {1,2,3}" — N.

Lemma 11. Let € > 0 and A > 1. For any initial distribution = on {1,2,3} and p € N there exists
N € N such that for alln > N,

PW,QA (‘T €X: La,n(m) - Lb,n(x) > p) >1—e

N
Proof. The measure P, q, defines a measure on <{1, 2, 3}6> which is a distribution of an aperiodic and
irreducible Markov chain with state space S C {1,2,3}5. The result follows from the Mean ergodic
theorem for Markov chains, see for example [LPW, Th. 4.16], and the fact that, Prq,.Qx ([a]?) =

)\PWQA,QA ([b]?) > PWQMQA ([b}(li) g
3.1. The inductive construction.

3.1.1. A short explanation of the idea behind the construction. The inductive construction inputs 3
sequences {)\j,Mj,Nj}]o.';l with My = 2 < Ny, A J 1 and My < Nigy1 < My where a, < by
means a, < by, for all n and a, /b, — 0. Given {\;, M;, Nj}JK:l we first choose A\xy1 then N1 and
then Mp 1. This choice of parameters defines a Markovian measure v = M {m,, P, : n € Z} as follows:
First for all n < 1, P, = Q1 = Q and 7, = mq. The sequences {M}, Nj},y gives rise to a partition
of N into two types of intervals Iy := [My_1, N;) and Ji := [Ny, My). We set the transition matrices
to be

Q)\k7 ne[k

(3.2) P, =
Q, n€(Z\N)U(UgJy).

The measures 7, are defined according to the consistency criteria (2.1). By the structure of the
measure, the two sided shift is a K-automorphism with the one sided shift as its exact factor and the
non singularity of the shift with respect to v is only concerned with the P, where P, # P,t1, that
is n € U, {My, Ni}. Non-singularity of the shift is thus equivalent to 372, (A, — 1)* < oo which
follows from condition 1 on Ag. Intuitively the first condition on A enables one to approximate the
Radon-Nikodym derivatives with respect to the shift by a finite product. The growth condition on
M), — Nj, then implies by the Hopf criteria that the shift is conservative since 3~ (T™)' (x) = oo almost
everywhere. The condition on Nj imply that v is not equivalent to the stationary Markov measure
M {rq,Q}. This condition together with the second condition on A enables us to show that the tail
relation of the natural (noninvertible) factor of the Maharam extension is exact (by a reasoning which
uses the EVC Lemma and the switching of [a]’s and [b]’s).

3.1.2. The construction. Induction base: Let A\; be any number greater than 1, N; be any natural
number larger than My = 2 and M; be any number greater than Nj.



ON MANIFOLDS ADMITTING STABLE TYPE I1I; ANOSOV DIFFEOMORPHISMS 10

Induction step: Assume we are given { A, Ni, My}, € {(1,00) x N x N}*. Notice that this defines
7, and P, for all n < Mg by (3.2).
Choose Ak 1 > 1 so that

(1) Finite approximation of the Radon-Nikodym derivatives condition:

1

(3 3 (/\K+1)2MK < e2K,

)
(2) Lattice condition:
)

(3.4 Ak € (Ak1) Y,
where for z € R, 2N = {2" : n € N}. Write (41 = logy ., (A1) €N
Remark 12. By the Lattice condition for all £ < K + 1 there exists N 5 ¢ < (k41 so that X;(—H = .

Now that Ag 41 is chosen, choose nk, large enough so that nx; > M} and

(3.5) P 2E€X: Long, (@) = Lo, (x) > Cry1) > 0.99.

” (
ZWK’QAKJA

Notice that mys, is defined by Py, = Qi ., and the consistency criteria 2.1 and that the existence
of ng 1 follows from Lemma 11. Set Nx,1 = Mk + 6ng.
Finally, choose Mk 1 so that

(3.6) (Mycq1 — 2Ng) Ay 24 > 1,
1

Theorem 13. Let {\g, N, Mk}zozl be chosen according to the inductive construction andv = M{m,, P, :

where m, and P, are defined by (3.2). The shift (X,B,v,T) is a non-singular, conservative K-
automorphism hence ergodic. Furthermore its Maharam extension is a K automorphism, hence it

is stable type I11;.

The proof of Theorem 13 will be separated into two parts. We first show that the shift is a con-
servative K-automorphism. Then in Subsubsection 3.1.3 we prove the K-property of the Maharam

extension.

Proof. [Non-Singularity, X' property and conservativity]|
Since v o T is the Markov measure generated by ]5j = Pj_; and 7; = mj_1, it follows from (2.2) and
(3.2) that the shift is non-singular if and only if

i S { (\/PNk (25,:5) — /Pyt (2 s)>2

k=1 seS

2
+ (\/PMk (ka7S) - \/PMkfl (ka,8)> } < o0, :U’OT a.s. x.

Since for all j € Z, Pj (3,2) =1, P;(2,1) =1-P;(2,3) = H%’ the sum is dominated by

;s;{zl (Wm (1,3)—\/PNk_1(1,s)> } _ 4;1 < /1ik§iG_ /1fG>
2
* <\/1 +1>\k;G - \/1 +1 G)

n €7}



ON MANIFOLDS ADMITTING STABLE TYPE I1I; ANOSOV DIFFEOMORPHISMS 11

This sum converges or diverges together with Z Ak — 1|2 As a consequence of condition (3.3) on
k=1
{A;}, this sum is finite hence the shift is non-singular. Since P; = Q for all j <1,

dpoT o1 Pio1 (Tk, Trg)
T(w) = L2 () = ] b et
dp i Pr(r, wrgn)

is a By, measurable function. The sequence {P} °, satisfies (2.4) and hence the one sided shift
(X4, F, iy, 0) is an exact factor such that 7" is F measurable. Here p4 denotes the measure on the
one sided shift space defined by {m;, P;} .
In order to show that the shift is conservative we first show that for all ¢ € N large enough and

n € [Ny, My — Ny), for almost every x € X,

This shows that the two sided shift is a K automorphism.

(3.7) (T (2) = A2 2,
hence by (3.6),
00 oo Mi—
Z(T” >Z Z (T
n=1 t=1 n=N;

By Hopf’s criteria, the shift is conservative. Fix t € N and n € [Ny, M; — N;). For ,y > 0, z = 2%V
denotes z7Y < z < z¥. By (2.3),

d:u o™ ($) _ H Pkfn (:Bka karl)
dp Pr, (2, 2rg1)

keN
Py n#Py

First, we characterize the set of k’s such that Py_, # Pj. It follows from n € [N, My — N;) that
Ul _q [Mk—1,Ni) — n C (—00,0] and U, _; [My_1 +n, Ny +n) C [n,n+ N¢) C [Ny, My;). This means
that for all uw <'t, and k € [My—_1,Ny), P, = Q,, and Px_, = Q and for all k € [My_1 + n, Ny, +n),
P, =Q and P;_,, = Q),. One can check directly that for all other k € [1, M), P, = Pr—, = Q.
Similarly for all k& > My, Py, = Py, unless k € U2, | ([Ny, Ny +n) U [My_1,M,_1+n)). For
u>t,if k € [Ny, N, +n) then P, = Q and P, = Q,, and if & € [M,,_1,N,,) then P, = Q and
= Q,, . Using this

where
t Ny Nu+n—1
_ H H xkaxk’-i-l) ﬁ Qx, (Tk, Try1)
vt | i, @ Qx, (@h, Trs1) b ian @ (@k, Tp+1)
and
My—1+ 1 Ny+ 1
i = ﬁ ll_In Q(zg, p1) ﬁ Qx, (Tk; Try1)

u=t+1 k=M, 1 Qx, (ks Th41) Q (wk, Tp+1)

For all w € N and s,t € {1,2,3} with Q(s,t) > 0,

u Q)\u (Svt)
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Therefore
My—1+n—1 Ny+n—1
A2 < H Qi (T, Thy1) ) ﬁ Q (zk, Th41) < \2n
“ N k=My_1 Q(xkukarl) k=N, Q)\u ($k,xk+1) - Tu
For all u > t, n < My < M,,_1, thus
- Nt = (3.3) .
fo= I Da) = T peoe] @ S
u=t+1 u=t+1 oo

Consequently there exists ty € N so that for all z € XA, t > tg and Ny < n < My — Ny,
(T (2) > I/2.

A similar analysis shows that (notice that A\ = max,en A, and Zi:l (Ny — My—1) < Ny)
t
I, > H )\;2(NU—MM,1) > )\1—2Nt7
u=1
proving (3.7). O

3.1.3.  Proof of the K -property of the Maharam extension. Denote by S : ¥ — 3 the shift, 7 : ¥ —
¥4 the projection w(z) = (1,2, --) := 4 and v = v|r where F = By, . The shift (X,B,v,T) is a
K-automorphism and F is its exact factor. Since T"(z) = %—ZT(J:) is F- measurable, the skew product
extension Siog 7/ (24,y) = (Sz4,y +logT'(z)) : (B4 x R, F @ Br,v" x (e7'dt)) O is well defined and
the factor map 7 x id(z,y) = (x4, y) is a factor map from the Maharam extension of T' (denoted by T')
to Siog 7. In addition F ® Bg is a minimal factor, that is \/flo:OT" (F ® Br) = By, ® Bg. It remains to
show that Sjog 7 is an exact endomorphism. This is done by showing the ergodicity of the tail relation
of Siog 77 using its identification as 7 (S )? where ¢ is the tail relation cocycle arising from the function
0 =logT'3
Denote by
G =S M {we Ny Lop, (w) = Lyp, (w) > G}

(recall that ny = (Ny — M;_1) /6). Notice that C; is a finite union of cylinder sets of the form D =

[w]lj\\gtti1 and that by (3.5) and the definition of v (as an inhomogeneous Markov measure),

v (G) = Pro, .Q ({w e Xyt Lap, (w) = Lyp, (w) > G}) > 0.99.

Denote by C/ the collection of all cylinder sets D = [d]%_1 such that D C C;. The following

Fact'\ Lemma whose proof uses the specification of the SFT ¥ is needed for gluing cylinders [c]]l\/[t‘l_3
with the cylinders in C;.
Lemma 14. For any C = [c]} withn < M;_1 —3

vt (CNC) > G40.99)v(C).

Proof. The claim uses the specification of ¥ and goes by showing that for any cylinders of the form
[c]iwt_h3 and D = [d]%ﬁ_l there exists a choice of a word w(c,d) = wpy,_,—2war,_,—1 € {1,2,3}? such

3Note that @ is not necessarily the Radon- Nikodym cocycle of T(S).
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Leny—3 | w [dy,, |
lor2 |11 |1or3
lor2 |13 2
3 21 | 1or 3
3 23 2
TABLE 1.

that
Pt —s (et -3, wat,_—2) Pray_y—2 (W, —2, wag,_ —1) Pagy_—1 (wag,_y—1,dn, ) =
Q (e, 13w, 1—2) Q (war, -2, wng, 1—1) Q (War,_1—1,dag, ,) > G4

(see Table 1 for our choice of w).

Writing w(c, d) := cw(c, d)d for the concatenated word,
. - Ne—M; - Ne—M;
vt (fi(e, 1) = G CORs,,, (1Y) 2 G (O)Pny, | a,, (1Y)
Summing over all the cylinders D = [d]%,l eCf,

vrene) = S vt ([w(c, d)}f“) > G4t (O)P
Decy

(C;) > (0.99) G~ T (0).

Ty _1,Qx,

In the last inequality we used (3.5). If C' = [¢]f with n < M;_; — 3 the result follows by writing
C =Wy [cw]iwt*l_s where w ranges over all elements in {1,2,3}{Mi-1=3}-n

O

Lemma 15. Let tg € N. For every to <t € N and a cylinder C =[]} with n < M;_1 — 3 there exists
V e [[T(8)]] with Dom(V), Ran(V) C C, vt (Dom(V)) > (0.99) G=*v(B) and for all w € Dom(V),
S(w, Vw) = —log Ay, -

Corollary 16. The tail relation T (SlogT/) = T(8)? is ergodic.

Proof. As before, let a,, be the collection of n cylinders of the form [d|} N X4 and o = Upa,. The
sequence «, is an increasing sequence of partitions of ¥, which generates F. We first claim that
{=logAi};2, C e(T(S),¢). Fix to € N. By Lemma 15, for every to,t € N, t > ty and C € oy,
with n < M;_1 — 3, there exists V € [[T(9)]] with (a) Dom(V), Ran(V) C C. (b) v (Dom(V)) >
(0.99) G=*v(B) and (c) for all w € Dom(V), p(w, Vw) = —log Ay,

By an application of the criteria from Lemma 7 with 6 = (0.99) G=* and C the algebra generated
by of , —loghy, € e(T(95),9). Since e(T(S),¥) is an additive subgroup of R, —logA; 1 0 and
{—log Ai}ien C e(T(9),9), e (T(S),¢) = R and thus T(5)? is ergodic. O

Proof of Lemma 15. Let tg,t € N, t > tg and C' = [c]] with n < M;_; — 3. By Remark 12 there exists
N 3 ¢ = q((t, to) < ¢ such that A} = N,. For D = [d]JJ‘V/I; € C/, there exists a minimal [ = [(D) < n,
such that for all w € D

La,l (SMt_l’LU) — L(,J (SMt_l’LU) = La,l (SMt_ld) — Lb,l (SMt_ld) =(q.
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Write D(i) = [d]Mt’ﬁG(iH), 0 < i < (D) and for convenience write D = D(0)D(1) - - - D(I(D))[d]"

M;—1+6i
Let D = [J] J\N/Itt_l be defined by the following rule. Firstly |:(i:| AN;_IJFGI(D) = [d]ﬁtt—ﬁrﬁl(D)' For
1 <i<I(D),
D(i), D(i) ¢ {a,b}
D(@i)=1b D(i)=a
a D(i) =b.

The cylinder D satisfies dyy,_, = dyy,_, and

L, SMt—14y Ly (SMt—1w

V+(D) Pés,th (a) « ) IP)(Ss,th (b) il ) (3.1)

(3.8) =3 T o
33,Qn, (0) 33,Qn, (a)

v+ (2)

Similarly, since Q = Qq,

A =L

(3 9) 5d1”t—1’Q (D) _ Nﬁl Q (dk7 dk+1) -1
Ps. D) jZan: Q(des dits
djwt—l’Q t—1

This defines an element map Vp : D — D in [[T(S)]] by taking a point w = Wdw with W €
{1,2,3}Me=1-1 and @ € © to Vp(w) = wdw (that is changing only the values of w in the coor-
dinates of the cylinder set D). First we claim that for all w € D,

¢ (w, Vp(w)) = —log A,
To see this notice first that S™Ntw = SNtVp(w) for all w € D, hence by (2.3) and (2.5),

. dv o TNt dv o TNt
¢ (w, Vp(w)) = log T(w) — log “a (Vb (w))
log vt (D) + log IP)(S‘JiM,g_l’Q (D Jog A
= = _— = — to -
vt (D) Péth,l*Q (D) ’

Set V : C; — X4 by for D € Cf, V|p = Vp. By the previous argument for all w € C, ¢p(w, Vw) =
—log Ay,. We claim that V' e [[T(S)]] with Dom(V) = C;. Since for all w € D € Cf, (w,V(w)) =
(w, Vp(w)) € T(S) it remains to show that V is one to one which follows from the injectivity of the

map D — D : C; — F. The injectivity of the latter is established by looking at the position of the a’s

. My—1+61(D)
and b’s in [d] where

My
i(]:)) = min {k‘ <ng: Ly (SMt*ch) — Lg <5Mt’1d) = q}

and noticing that the similar operation of the definition of d from D with I(D) replaced by (D)
recovers D. By Lemma (14), v+ (CNC) > (0.99) G=*v+(C) and the element V|cne, € [[T(9)]]
satisfies the conclusion of the Lemma.

O

Remark 17. The countable group Ss of all finite permutations of N acts on {1, 2, 3} via 7(w), = wx,
for 7 € Soo and w € {1,2,3}. This action generates the exchangeability relation. In the proof of
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Lemma 15, for all D € CJ, we specified m € S such that Vp = w|p and thus V is locally constant and
chosen from the orbit of Soo on 3. Since ut = M {mq, Q} is a Gibbs measure, in fact the measure of
maximal entropy on X4, it is an invariant measure for the action of Sy, see [ANS|. By this,

dvt om|p

H(w, Vpw) = —log T(w)

By a more involved argument using these permutations, one can show that if P, = Q,, with \,, =1
for every n < 1 and v = M{m,, P,}, if v is singular with respect to M {nq,,Q1} and the shift is
v-nonsingular then the shift (X, v, T) is stable type III;. See [DaL, Kos2| for some recent results of
this type in the case of 2 state Markov Chains and half-stationary Bernoulli shifts.

4. STABLE TYPE III; ANOSOvV C! DIFFEOMORPHIMS OF "JI‘d, d> 3.

Let (M, d) be a Riemannian manifold. A diffeomorphism f : M — M is an Anosov diffeomorphism
if there exists A > 1, C' > 0 and a decomposition T, M = E? & E, x € M, such that:
e the decomposition is D f-equivariant. That is for all x € M, Dy(x)E; = B3,y and Dy(x)EY} =
Efw):
o forallz € M, v e E; andn €N, |Dgn(z)v| < CA"|v| (contraction on the stable manifolds).
o forallz € M,ve EY andn €N, }Df—n (1:)11‘ < CA"|v| (expansion on the unstable manifolds).

Example. f:T? — T? the toral automorphism defined by

f(a,y) = (o +y}a) = (1 é)@ mod 1,

where {t} is the fractional part of ¢. Since

1 1
det ( Lo ) ‘ =1, f preserves the Lebesgue measure on

T2. In addition for every z € T2, the tangent space can be decomposed as span {vs} @ span {v, } where

vy, = (1,1/G) and vs = (1, -Q) .

For every w € V,, := span {v,} and x € T?

For every u € V; := span {v,} and z € T?, Dy(z)u = (—&) u. In this example, for all z € T?, ES = V*

and EY = V*". These facts can be used [Adl, AW]| to construct the Markov partition for f with three
elements {R;, Ro, R3}, see figure 4.1.

The adjacency Matrix of the Markov partition is then defined by A;; = 1 if and only if R; N
f7Y(R;) # 0. Here the adjacency Matrix is
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Us

FIGURE 4.1. The construction of the Markov partition

- Y
note that {ﬂi\’:_ NS —”Rzn} is a decreasing sequence of compact sets hence by the Baire Category
N

Theorem ®(x) is well defined. The map ® : ¥ — T? is continuous, finite to one, and for every x € X4,
PoT(x)=fod(x).

In addition, for every x € T?\ Upez Us, f~™ (OR;) there exists a unique w € ¥ so that w = ®~1(z).
Thus @ is a semi-conjugacy (topological factor map) between (¥a,T) to (T2, f). The Lebesgue
measure A on T? is conservative and invariant under f and the set Unez U3, f~" (OR;) (points with
non-unique expansion in X) is a Lebesgue-null set. As a consequence ® is an isomorphism between
(EA, an,Q,T) and (']I‘z, A, f) where (i, qQ is the stationary Markov measure with

1
0 1 0

and
(4.2) mi=nq:=| 1/GV5 | =| M(Ro)

Similarly, letting v = M {m,, P, : n € Z} be a measure arising from the inductive construction,
v is nonatomic, the shift (X,v,T) is conservative and ® is one to one on the support of p. Thus
S (X, By, v, T) — (TQ,BTZ, = b, f) is an isomorphism. Therefore (']I'Z,Brp, =, f) is stable
type I1I; .The modified inductive construction of [Kos1| inserts another sequence €, | 0 in the inductive

construction via the following order (In Subsection (4.1) we specify the modified induction process),
{)‘j7NjH€j7Mj}JK:1 — )‘K-i-l — NK+1 — €EK+1 — MK+1.

The construction of [Kos1] then defines an homeomorphism b, : T? — T2 such that

o (he), A ~ ®,v where v = M{m,, P, : n € Z} is the measure coming from the inductive con-
struction. By Fact 10, ("]I“Q7 Brz2, (he), A, f) is stable type III;.
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e g=h.ofoh l:T? = T?isa C' Anosov diffeomorphism.

Theorem 18. (i) (TQ,BTQ, )\,g) is a C1 Anosov diffeomorphism which is stable type I11;.
(ii) For any hyperbolic linear toral automorphism Q : T¢ — T¢ the transformation gxQ : (Td+2, Bra+z, /\d+2) O
is stable type T11; where Agyo is the Lebesgue measure on T2 and for x € T2,y € T?, g x Q (z,y) =

(8(z), Q(y))-

Proof. (T2, Bz, A, g) is stable type IIIy since it is isomorphic to (T?,, Bz, (he), A, f) (via the homeo-
morphism b¢). Every hyperbolic toral automorphism is mixing with respect to the Lebesgue measure
on T? hence weak mixing. Part (ii) follows from the proof of the second part of Corollary 2. O

Remark 19. The class of Riemmanian manifolds M for which there exists an Anosov diffeomorphism
Q : M — M are called Anosov Manifolds. It is a famous open question whether every Anosov Manifold
is an infranil manifold, see [Gor| and the references therein. If M is an Anosov manifold such that
there exists an Anosov diffeomorphism @ : M — M which preserves a measure p < voly; 4, then gxQ
is a stable type III; Anosov diffeomorphism of T? x M with respect to the volume measure on T? x M.
Since there are no Anosov diffeomorphims of T, the question whether there are type III; Anosov
diffeormorphisms of T? is still open. The main challenge in this case is that the Markov partitions of
hyperbolic toral automorphism of T? have fractal boundaries. This presents further difficulties in the

smooth realization process (construction of b).

4.1. The modified induction process (inserting {e;};~,): We first begin by warning the reader
that in [Kosl], ¢ = G = 1+T‘/5, hence in all statements there which involve ¢ one should swap ¢ to G.
The modified induction process is as follows. First we demand that Ny > 20 and that \; < 2 M
As this involves only a change in the basis of the inductive construction, such choices are possible.
Choose €; small enough in order to satisfy the conditions of [Kosl, Proposition 8.2] (with & = 1).
Finally let M; be large enough to satisfy the conditions of [Kosl, Lemma 9.1].
Given {)\j,Nj,ej.Mj}JK:l we first choose A\ to satisfy

2M g 2— Nk
Ak Se )

and the lattice condition (3.4). This condition is compatible with the conditions on Ax 41 in Section 3.

Secondly, choose Nk 1 to satisfy (3.5). That is the conditions on Ag 41 and Ng 41 do not depend
on €’s.

Now choose €¢x1 to be small enough so that the conclusions of [Kosl, Prop. 8.2, Lemmas
9,10,11] hold for k = K + 1.

Finally choose Mg large enough with respect to Nx1 to satisfy (3.6) and the conclusion of
|[Kos1, Lemma 9.1]. This finishes the inductive step.
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4volM is the volume measure on M
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