
Math599, HW5

1. Mandatory problems

Please submit these problems by November 30 midnight.

1. Let A and B be rings and let M be an A × B-bimodule. Prove that the
functor TM : A−Mod→ B −Mod that assigns X ⊗A M to an A-module X is left
adjoint to the functor hM : B −Mod → A −Mod that assigns HomB(M,Y ) to a
B-module Y .

2. Let A be a ring and let B and C be two A-algebras. Assume that B =
A[xi]/(fj) for i ∈ I, j ∈ J , and B = A[yk]/(gl) for k ∈ K, l ∈ L. Then B ⊗A C =
A[xi, yk]/(fj , gl).

3. Let φ : A→ B be a homomorphism of rings.
(i) Show that if M is a flat A-module then M ⊗A B is a flat B-module.
(ii) Show that if φ is flat (i.e. B is a flat A-module) and M is a flat B-module

then M is also flat as an A-module.

4. Let R be a ring with a prime ideal p and let M be an R-module.
(i) Show that there is at most one extension of the R-module structure on M to

an Rp-module structure.
(ii) Show that M admits an Rp-module structure if and only if the localization

homomorphism M →Mp is an isomorphism.

5. Assume that R is a ring, M• = (0 → M3 → M2 → M1 → 0) is a short
exact sequence of R-modules. Show that if M1 is flat then for any R-module P the
sequence M• ⊗ P is also exact. (Hint: the standard solution of this problem uses
the vanishing of the derived tensor functor Tor1(M1, P ), but one can bypass this
by the following trick. Choose a presentation P = F/K with a flat module F and
apply the snake lemma to the map of exact sequences M• ⊗K →M• ⊗ F .)

6. (Ex. 19 after Ch. 2 in [AM]) Show that direct colimits in R-Mod are exact.
More concretely, assume that M• = {Mi}, N• = {Ni} and L• = {Li} are filtered
families of modules with the same filtered partially ordered indexing set I, and we
are given a short exact sequence 0 → M• → N• → L• → 0 of the diagrams (that
is, for each i we are given an exact sequence 0 → Mi → Ni → Li → 0, and these
sequences are compatible with transition morphisms in the diagrams). Then the
induced sequence of direct colimits

0→ colimiMi → colimiNi → colimiLi → 0

is exact too. (Hint: the most subtle (but still easy) point is the injectivity of the
first map. Right exactness, and even compatibility with arbitrary colimits, holds
for any colimit in any category, as explained in problem 7 below. Also, problem 7
suggests a more general context for the phenomenon shown in this problem.)

2. Non-mandatory problems

Non-mandatory problems – do not submit them but I will be glad to discuss
them if you wish.
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The following result formalizes the natural claim that limits always commute
with limits. By a product of categories I × J one means the category K with
K0 = I0 × J0 and HomK((i, j), (i′, j′)) = HomI(i, i′)×HomJ(j, j′).

7. Let C be a category and let X : I×J → C be a product diagram in C, that we
will simply denote by X•• = {Xij}i∈I0,j∈J0 . Fixing any i ∈ I0 we obtain a diagram
Xi• indexed by J , and similarly for j ∈ J0.

(i) Prove the following compatibility of limits:
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j
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X•• = lim

j
(lim

i
X•j).

(ii) Prove that the same result holds for colimits.
(iii) Show by examples that typically limits and colimits do not commute.
(iv) Show that, nevertheless, in the categories of sets, rings or modules filtered

colimits are compatible with finite limits. (This generalizes problem 6.)

Remark 2.1. This result implies that in the category of R-modules all limits are
left exact and all colimits are right exact. In fact, already in the snake lemma we
saw this for kernels and cokernels. In addition, simple examples show that kernels
are not right exact and cokernels are not left exact, and the snake lemma relates
their failures to be exact. Filtered inverse limits are also not left exact (unless so-
called Mittag-Leffler condition is satisfied). This makes the fact that filtered direct
colimits are exact (problem 6) even more surprising.

Recall that a ring is called reduced if it has no non-zero nilpotent elements.
8*. Let k be a field. A k-algebra A is called geometrically reduced if A = A⊗k k

is reduced, where k is the algebraic closure of k.
(i) Show that A is geometrically reduced if and only if A⊗kk

1/p is reduced, where
p is the exponential characteristic of k (i.e. p ∈ {1, 2, 3, 5, 7, . . . }). In particular, if k
is perfect than geometrical reducedness is nothing else than the usual reducedness.

(ii) Show that if p > 1 and [k : kp] = p then A is geometrically reduced if and
only if it is reduced and does not contain k1/p.

(iii) Give an example when [k : kp] = p2, A is a field such that k is algebraically
closed in A but A is not geometrically reduced over k (in such case one says that
the transcendental extension A/k is inseparable).

9*. One says that a k-algebra A is geometrically integral if A = A⊗k k is an inte-
gral domain. Show that A is geometrically integral if and only if it is geometrically
reduced and k is algebraically closed in A.


