
Math599, HW1

1. Mandatory problems

Please submit these problems by next Tuesday, October 31, midnight.

1. Let R1 and R2 be two rings (unital and commutative). Show that R = R1×R2

is the universal ring with homomorphisms f1 : R → R1 and f2 : R → R2 (the
projections) to Ri’s. In other words, if S is another ring with homomorphisms
gi : S → Ri then there exists a unique homomorphism h : S → R such that
gi = fi ◦ h.

2. Let R be a ring. An idempotent e ∈ R is an element such that e2 = e.
(i) Show that R = R1 × R2 with non-zero Ri’s if and only if there exists a

non-zero idempotent e ∈ R not equal to 1.
(ii) Deduce that if R is local then its only idempotents are 0 and 1 (this is the

claim of exercise 12 after section 1 in the book).

3. (Exercise 10 in the book.) Let A be a ring with nilradical R. Show that the
following are equivalent:

(i) A has exactly one prime,
(ii) every element of A is either a unit or nilpotent but not both simultaneously,
(iii) A/R is a field.

4. Assume that R is a ring such that a prime number p is invertible in R. Show
that for any nilpotent element ε ∈ R the equation xp = 1 + ε has a solution in R.

5. Let N be an integer with prime factorization N =
∏n

i=1 p
li
i . Describe the

group (Z/NZ)× and find how many solutions the equation x2 = 1 has in the ring
Z/NZ. I suggest below a few steps to solve this problem. This is for your help
only, so you may write down any other proof (if you find one).

(i) Any group F×
p is cyclic (as well as any finite multiplicative subgroup in a

field).
(ii) Assume that p > 2 is prime and consider R = Z/pnZ. Show that Γ = 1+pR is

a subgroup of R× and use the power series expansion log(1+t) = t−t2/2+t3/3−. . .
to establish an isomorphism of Γ onto the cyclic additive group pR→̃Z/pn−1Z.

(iii) Use the same technique to show that for R = Z/2nZ the group 1 + 4R is
cyclic. Show that R× is not cyclic for n > 2 and deduce that (Z/2nZ)×→̃Z/2n−2Z⊕
Z/2Z.

(iv) Use the Chinese remainder theorem to show that (Z/NZ)×→̃⊕n
i=1(Z/plii Z)×

and complete the argument.

6. Solve exercise 17 after chapter 1 (page 12) in the book of Atiyah-Macdonald.
You can assume everything from exercise 15.

2. Non-mandatory problems

Non-mandatory problems – do not submit them but I will be glad to discuss
them if you wish.

6*. Let R1 and R2 be two rings. Does there always exist a coproduct R =
R1 t R2, i.e. R is the universal ring with homomorphisms from Ri’s? If yes, can
you suggest a way to construct it?
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7*. Try to solve exercises 18–22 after section 1 in the book or read solutions in
Hartshorne’s book on algebraic geometry – beginning of chapter 2 (mainly §2.2).

8*. Solve exercises 11, 23–26. (This is less important than 7*, but gives an
interesting connection between spectra of rings and other areas of mathematics.)


