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Examples of Dual Spaces

e Let V be some vector — space.
Suppose B = (eq, ..., ey) is some basis of V' (not necessarily the standard
basis)
As such, Yv € V there is a unique representation v = Z?:o zle;.
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Then, B defines an isomorphism [|g: V — F
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Essentially, fi(v) = z*, and as such, f* : V — Fis a linear trans formation,
specifically, f* € V*, ie. f!is a functional.

Indeed, every basis B of V defines functionals f1,..., f* € V*.

e Lemma: Suppose B = (eq,...,e,) C V is a basis.
If. Vi:l<i<mn, ft 1V — Fis a linear transformation such that
fiv) =2,
then (f1, ..., f*) C V* is a basis.
Proof: Let v € V*. We want to show that there is a unique representation

for u as a linear combination of (f*,..., f™).

— proposition: u=>""_, u(e;) f*
proof: Let v € V. Since B is a basis of V, then there is a unique
representation v =y | z'e;.
Note that u(v) = Y"1, z'u(e;)
In fact, v =Y 1 u(e;) f* = Y1 z'ule;) (f(v) = x' per f’s defini-
tion)
Thus, Span(f1,...,f") =V*.



— proposition: (f1,..., f) is linearly independent.
proof: (negative proof) Suppose 3a1,as, ...,a, € F
such that >, a;f* =0, and Ja;, # 0.
Then, 0 = 0(e;,) = > i, a; f(eiy) = ai, # 0, in contradiction.

With the last proposition, we completed our proof. B

e Notes: (i) The basis (f,..., f*) C V* is called dual in relation
to the basis (eq,...,e,) C V , and satisfies:
1 i=j
filej) = {0 i
In fact, every functional in f1,..., f* is dependent upon
the choice of the respective vector in the basis (eq, ..., €,).
(ii) Exercise: Suppose (e1,...,e,) C V is a basis,
and suppose (f1, ..., f*) C Vx is its dual basis,
Let v € V, and let u € V*, suppose v = Y, e'e; ,and u =Y  a;f* .
pl

Then u(v) = Y. ab; = (a1, ...,an) -
bn
(iii) Corollary: dimV = dimVx = dimV * x

Reminder on Linear Transformations and Matrices

e Theorem:
Let V,U each be vector — spaces on some field F.
Suppose B = (uq, ..., un) C U is some basis,
And suppose C = (v1, ..., v,) C V is some set of vectors.
Define 7': U — V such that To,, = 37", alv,

Yy X
Ifvuel, Te=| . |, [us=

m

Y
Then, y/ = 37, alz

i=1%
Examples:
y! = ala! + alz? + alz® € Us

Suppose
bp {y2 = a?z' + a32® + ddaxd € Us



Define T : U3 — V5 such that:
T(u1) = alvy + a3vy
T(uz) = advy + adv,

T(u3) = ajvy + a3vs
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Definition: Suppose T : U — V is a linear transformation,

The transformation T* : V* — U*such that Vo € V=T*(p)(u) =
o(T(u)),

is a linear transformation, and may also be called T’s dual linear
transformation.

An illustration:

Theorem: Let U,V be two vector — spaces each over some field F.
Suppoes B C U is a basis,

and suppose C' C V is also a basis.

Suppose T': U — V is a linear transformation, such that A = [T]g.
If B*, C*are the dual bases of bases B, C respectively,

Then, [T*]G. = A

and, suppose dimU = n, dimV = m then:

T :U — V in matrix form is in Mat(m,n)

T« : V* — U*in matrix form is in Mat(n, m).



