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Abstract

We study strong types and Galois groups in model theory from a topological and
descriptive-set-theoretical point of view.

The main results of the thesis are the following:

e we present the (Lascar) Galois group of an arbitrary countable first-order
theory (as a topological group, and — to a degree — as a “Borel quotient”)
as the quotient of a compact Polish group (which is a certain quotient of the
Ellis group of a dynamical system associated with the automorphism group of
a suitable countable model) by a normal F, subgroup; we also show that all
strong type spaces are “locally” the quotient of the same group by a subgroup
(which is not necessarily normal, but is Borel if the strong type is Borel);

e we show that a bounded invariant equivalence relation on the set of realisa-
tions of a single complete type is either relatively definable (and thus has
finitely many classes), type-definable with at least continuum many classes,
or (assuming that the theory is countable) non-smooth in the descriptive-set-
theoretic sense (in which case, if it is analytic, it also has at least continuum
many classes);

e we find a sufficient condition for a bounded invariant equivalence relation
under which its type-definability is equivalent to type-definability of all of
its classes; this is enough to show that (under this condition) smoothness is
equivalent to type-definability.

The first result is joint with Krzysztof Krupinski, the second one is joint with
Krzysztof Krupinski and Anand Pillay, while the third is mine alone.

In this thesis, I consider the more abstract case of an equivalence relation
invariant under a group action, satisfying various additional assumptions. This
allows us to prove general principles which imply the results mentioned above, as
well as similar results in several different contexts in model theory and beyond, e.g.
related to model-theoretic group components and compact group actions.

Thus we extend a previous result of Kaplan and Miller and (independently)
of mine and Krupinski about equivalence of smoothness and type-definability for
certain F, strong types (solving some open problems from earlier papers), as well
as the theorem of Krupinski and Pillay about presenting the quotient of a definable
group by its model-theoretic connected component as the quotient of a compact
group by a subgroup.

Furthermore, the obtained results bring new perspective on several open prob-
lems related to Borel cardinalities of strong types in model theory, and the methods
developed both exploit and highlight the connections between model theory, topo-
logical dynamics and Banach space theory, extending previously known results in
that area.
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Chapter 1

Introduction

1.1 Strong types in model theory

Strong types originally arose from the study of forking, which is one of the most
important notions in modern model theory.

In his classification theory (see [She90] for the second edition), Shelah introduced
the notion of a strong type of a tuple a over a set A (which, for A = () corresponds
to a single class of the relation =g, defined in Definition 2.108), which turned
out to be a central notion in the study of stable theories, as these strong types
correspond exactly to types which have unique global nonforking extensions (see
[She90, Corollary 2.9]).

In his paper [Las82], Lascar introduced the notion of a model-theoretic Galois
group (see Definition 2.123), as well as what is now called the Lascar strong type
(see =, in Definition 2.108). Loosely speaking, they were used to recover the
theory of some w-categorical structures from the categories of their models (with
elementary maps as morphisms).

In stable theories, the Lascar strong types and the Shelah strong types coincide.
In the more general class of simple theories, the Lascar strong types coincide
with so-called Kim-Pillay strong types. Like the Shelah strong types in stable
theories, they turned out to be useful in the study of simple theories (particularly
for the general formulation of the independence theorem, which is one of the most
important fundamental results in simplicity theory; see [Casll, Corollary 10.9]).

Furthermore, Lascar strong types also appear in the study of forking in gener-
alisations of stability and simplicity (especially in NIP and NTP, theories, see e.g.
[BC14] and [HP11, Proposition 2.1]).

In the context of definable groups, there is a theory of model-theoretic connected
components, largely parallel to strong types, and playing an important role in the
study of stable and NIP groups. The main results concerning connected components

7



8 INTRODUCTION

are related to the celebrated Pillay’s conjecture (see [Pet10]).

1.2 History of the problem

The main problem tackled in this thesis is understanding the Galois groups and
strong type spaces in arbitrary theories, and in particular, estimating their Borel car-
dinalities, and exploring the connection between descriptive-set-theoretic smooth-
ness and model-theoretic type-definability of a strong type.

It is well-known that the type-definable strong type spaces can be well under-
stood as compact Hausdorff topological spaces (see Fact 2.95). If, in a given theory,
the Lascar strong type =, is type-definable, then the same is true about the Galois
group, namely, it is a compact Hausdorff topological group. However, in general,
the corresponding topology need not be Hausdorff, and in particular, the topology
on the Galois group may be trivial.

The paper [CLPZ01] essentially began this line of study. There, the authors gave
the first example of a theory where the Lascar strong type =y, is not type-definable.
They suggested that in such cases, it would be prudent to treat the Galois group
(and, by extension, the class spaces of =[,) as “descriptive set theoretic” objects,
and they asked about the possible “Borel cardinality” one may obtain in this way
(see Definition 2.99 for precise definition). They suggested that when =kp and =y,
differ (i.e. when the latter is not type-definable), this “Borel cardinality” should be
nontrivial, which would mean that the class space of =y, is very complex.

In [New03], it was shown that if for some tuple a we have [a]z, # [a]=yp,
then the =kp-class of a splits into at least 2% = -classes (see Fact 2.144), which
supported that conjecture.

Later, in [KPS13], the authors described precisely in what sense the Borel
cardinality of Gal(T") is a well-defined invariant of the theory (see Definition 2.132
for the precise definition), and similarly for the Borel cardinality of = (even
restricted to a single =kp-class; see Fact 2.98). They also made a more precise
conjecture about the Borel cardinality: they conjectured that if a =kp-class is not
a single = -class, then the Borel cardinality of =, (restricted to that =kp-class) is
non-smooth (in the sense of Definition 2.42).

In [KMS14], the authors proved that this is indeed true (see Fact 2.146), showing
that the Lascar strong type =p, is smooth (in the sense of Borel cardinality) if and
only if it is type-definable. In a later paper [KM14] and, independently, in [KR16]
(which was based on my master’s thesis), the result was extended to arbitrary
“orbital F, strong types” (see Fact 2.149).

All of the definitions and results mentioned in the previous three paragraphs
have their counterparts in the context of the model-theoretic group components.

The methods of [KMS14], [KM14] and [KR16] were similar, but there seems to
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be no hope to extend them to arbitrary strong types (which are not F,). Moreover,
they do not seem to be capable of giving any precise estimates of the Borel cardinal-
ities of the Galois groups or strong types. In this thesis, we use completely different
methods, developing and taking advantage of a deep topological dynamical appar-
atus with roots in [KP17b], paired with the so-called Bourgain-Fremlin-Talagrand
dichotomy from the theory of Rosenthal compacta.

1.3 Results

The main results of the thesis are essentially contained in three papers: [KPR15]
(joint with Krzysztof Krupinski and Anand Pillay), [Rzel7] (which was my own)
and [KR18] (joint with Krzysztof Krupinski).

The essential contribution of this thesis, which did not appear in these papers
(and is of my own conception) is the introduction of weakly uniformly properly
group-like equivalence relations on an ambit. Using that notion, we redevelop the
topological dynamical machinery based on [KP17b] (which was later refined in
[KPR15] and [KR18]) in a much more general and abstract context. This allows
us to prove the following theorem.

Main Theorem A. Suppose E is weakly uniformly properly group-like, analytic
equivalence relation on an ambit (G, X,xq) (where X is an arbitrary compact
Hausdorff space).

Then X/ E is the topological quotient of a compact Hausdorff group by an ana-
lytic subgroup.

We conclude that E is either clopen (as a subset of X?), or it has 2% classes.

Moreover, if E is not closed, then for every closed and E-invariant Y C X,
Ely has at least 2% classes.

(See Lemma 5.43, Lemma 5.47, Theorem 5.50, and Theorem 5.51 for precise
statements.)
In the metrisable case, we can obtain a stronger conclusion.

Main Theorem B. Suppose E is weakly uniformly properly group-like equivalence
relation on an ambit (G, X, xq), where X is a compact Polish space.
Then X/E is the topological quotient of a compact Polish group by a subgroup.
Moreover, exactly one of the following holds:

(1) E is clopen and has finitely many classes,
(2) E is closed and has exactly 2% classes,

(8) E is not closed and not smooth. In this case, if E is analytic, then E has
exactly 2%° classes.

In particular, E is smooth (according to Definition 2.42) if and only if E is closed.
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(See Theorem 5.52 and Corollary 5.56)

The main results of the thesis (which are also the main theorems of [KPR15]
and [KR18]) can be deduced from the Main Theorems A and B. The main ad-
vantage of the abstract formulation is that we can obtain similar results in many
distinct contexts, which previously required careful repetitions of similar, but com-
plicated arguments. In contrast, to apply Main Theorems A and B, it is enough to
check that that several basic axioms are satisfied in each case, which is relatively
straightforward. Besides the other main theorems listed below, this allows us to
recover (or even improve) virtually all similar results in model theory, in addition
to providing corollaries in other contexts, occurring naturally in model theory. In
Section 6.4, we briefly discuss some examples, including the topological connected
components of [KP16] and the relative Galois groups of [DKL17].

The principal result in the thesis is the following theorem. It is essentially
Theorem 7.13 in [KR18] (joint with Krzysztof Krupinski). Here, we deduce it from
Main Theorem B (or rather, the more precise statement in Theorem 5.52).

Main Theorem C. Given a countable (complete, first order) theory T, there is a
compact Polish group G such that the Galois group of T is the quotient ofG by an
FE, normal subgroup, as a topological group, and if the theory has NIP, in terms of
Borel cardinality.

Moreover, the space of classes of a bounded invariant equivalence relation E
defined on single complete type over () (in a countable theory) is also a quotient of
G by some subgroup (which inherits the good descriptive set theoretic properties of
E), topologically, and under NIP, also in terms of Borel cardinality.

(For precise statements, see Theorem 6.18 and Corollary 6.12. See also The-
orem 6.9 for a related fact with relaxed NIP assumption for the second part.)

As a corollary, we obtain the following theorem, which essentially supersedes the
main results of both [KMS14] and [KM14]/[KR16] (see Fact 2.146 and Fact 2.149).
It originally appeared as Corollary 4.2 and Corollary 6.1 in [KPR15], and is basically
the main result of that paper (joint with Krzysztof Krupinski and Anand Pillay).

Main Theorem D. Suppose that the theory is countable, while E is a strong type,
and Y is type-definable, E-saturated, and such that Aut(€/{Y}) acts transitively
on'Y (e.g. Y is the set of realisations of a single complete type over 0, or a single
Shelah or Kim-Pillay strong type). Then exactly one of the following is true:

(1) Ely is relatively definable (as a subset of Y?) and has finitely many classes,

(2) Ely is type-definable and has exactly 2% classes,

(3) Ely is not type-definable and not smooth. In this case, if Ely is analytic,
then Ely has ezactly 2% classes.

In particular, Ely is smooth if and only if Ely is type-definable. (And this is true
even if Aut(€/{Y}) does not act transitively on'Y.)
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(This is Corollary 6.13 and Corollary 6.16.)

If we do not assume that the theory is countable, the relevant spaces of types
are not metrisable, and so Main Theorem B does not apply. However, we can
still apply Main Theorem A, yielding the following theorem, which generalises the
main theorem of [New03] (Fact 2.144). It originally appeared as Theorem 5.1 in
[KPR15].

Main Theorem E. Suppose E is an analytic strong type defined on |al=, while
Y C [a]= is type-definable and E-saturated, such that |Y/E| < 2%.

Then E is type-definable, and if, in addition, Aut(€/{Y}) acts transitively on
Y/E, then E|y is relatively definable (as a subset of Y?) and it has finitely many
classes.

(This is Theorem 6.8.)

Besides Main Theorems C, D and E, we recover analogous results for type-
definable group actions, which also significantly improve the previous results from
[KM14] and [KR16]. One of them is the following trichotomy, which supersedes the
corresponding statements from [New03] and [KM14] (Fact 2.145 and Fact 2.151).
It appeared originally in [KPR15] in the case when G is a type-definable subgroup
of a definable group (as Corollaries 5.4 and 6.2); for type-definable groups, this
appeared as [KR18, Corollary 8.6] (under the assumption that the language is
countable).

Main Theorem F. Suppose G is a type-definable group, while H < G is an
analytic subgroup, invariant over a small set. Then exactly one of the following

holds:
e (G : H] is finite and H is relatively definable in G,

o [G: H] > 2%, but is bounded, and H is not relatively definable.

e [G: H| is unbounded (i.e. not small).
In particular, [G : H] cannot be infinite and smaller than 2%°.

Moreover, in the second case, if the language is countable, and G consists of
countable tuples, then either H is type-definable, or G/H is not smooth.

(This is Corollary 6.37.)
The final series of results comes from my own paper [Rzel7], and is represented
by the following theorem (which was originally [Rzel7, Corollary 4.10]).

Main Theorem G. Suppose E is a strong type whose domain is a ()-type-definable
set X. Suppose, moreover, that E is orbital, or, more generally, weakly orbital by
type-definable. Then the following are equivalent:

e F is type-definable,
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e cach class of E is type-definable (equivalently, for every p € S(0) such that
pH X, El, ¢ is type-definable),

o I is smooth.

(See Corollary 7.58.)

The essential part of Main Theorem G is the implication from type-definability
of classes (a “local” property) to the “global” type-definability of the relation itself.
The other implications are straightforward or follow from Main Theorem D. When
X = p(€) for p € S(D), this is a simple exercise (see Proposition 2.96), but in
general, it is not true. We show that the hypotheses of Main Theorem G provide
a general context in which the implication holds.

Also, just like Main Theorems C, D and E, Main Theorem G has counterparts in
different contexts, including type-definable group actions (see e.g. Corollary 7.51).
It is also the most general known description of the (sufficient) conditions under
which the smoothness of a strong type implies its type-definability.

Main Theorem C (at least under NIP assumption) provides a way to identify the
Galois group, along with its Borel cardinality. Section 6.5 (which is the appendix
of [KR18]|, expanded to provide more details) contains precise examples of such
calculation. Namely, we determine the Galois group in the standard example of a
non-G-compact theory from [CLPZ01] and its modification from [KPS13] (in both
cases, the group and the Borel cardinality were given in [KPS13], but with very few
details of the proof, and using different methods). In order to do that, we compute
the Ellis groups associated with certain dynamical systems.

For virtually all the results mentioned above, we show or deduce analogues
which apply in the context of continuous actions of compact Hausdorff groups.

Besides the main theorems mentioned above, in Chapter 8, we discuss the ana-
logues of Main Theorem B which provide a degree of “non-smoothness” in the non-
metrisable/uncountable language case (giving more information than Main The-
orem A). This is based on [KPR15], but put into the general context introduced
here (the corresponding results of [KPR15] are recovered). In Section B.1 (which
is the appendix of [KPR15]), we show that the stability of any given theory is
equivalent to the existence of a canonical semigroup operation on a certain type
space, associated with a monster model of that theory.

1.4 Structure of the thesis

Chapter 2 contains the preliminaries, including basic facts and conventions. It is
divided into the following parts:

e topology,

e descriptive set theory,
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e topological dynamics,
e Rosenthal compacta and tame dynamical systems,
e model theory, and

e a short section containing the formal statements of previous results which we
improve in the thesis.
They contain mostly known facts (published or folklore) and their straightforward
generalisations. Nevertheless, for convenience of the reader, we recall complete
proofs for many of them.

Chapter 3 (partly based on Section 3 of [KR18]) contains some basic examples
coming from compact Hausdorff groups and their continuous actions on compact
Hausdorff spaces, and the relatively easy model-theoretic case of Galkp(T') and
strong types coarser than =kp. It is supposed to show some of the major ideas of
the proofs of all the main theorems, while avoiding the need to use the difficult
topological dynamical machinery, and other technical difficulties which are treated
in the later chapters.

In Chapter 4 (almost entirely based on Sections 4 and 5 of [KR18]), we develop
new tools in topological dynamics, and on the intersection of model theory and
topological dynamics. Some of them are folklore, but many seem to be completely
new.

In Chapter 5 (which is new, but borrows many ideas from [KP17b] and [KPR15]),
we introduce and study and the notion of a group-like equivalence relation and its
variants. In particular, we prove Main Theorem A and Main Theorem B.

In Chapter 6, we specialise the results of Chapter 5 in various situations. In
particular, we prove Main Theorems C, D, E, and F. In Section 6.5, we compute
the Galois groups in a couple of examples by applying Main Theorem C (and
computing certain Ellis groups).

In Chapter 7, we develop the notions of orbitality and weak orbitality in an
abstract framework, and then apply them to prove Main Theorem G (along with
several related statements in various contexts).

In Chapter 8, we discuss possible extensions of Main Theorem B and (by ex-
tension) D to non-metrisable dynamical systems (corresponding to uncountable
languages in model theory), with the aim to obtain the equivalence between closed-
ness and some sort of “smoothness” of an equivalence relation in such context. In
particular, we pose Question 8.4 (the positive answer to which would give such an
extension), and we show provide some partial results around it.

In Appendix A, we prove facts related to elementary topological dynamics
which, while folklore, apparently cannot be found in the literature (in sufficient
generality).

Appendix B contains some tangential results which appeared in the course of
the study. In particular, we give the criteria for the type space Sz(€) to have a
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natural left topological semigroup structure (namely, its existence is equivalent to
stability), and — using non-standard analysis — we show that a closed group-like
equivalence relation is always properly group-like (see Definitions 5.1 and 5.12).



Chapter 2

Preliminaries

Most facts in this chapter are classical or folklore. The few (apparent) exceptions
are, for the most part, straightforward generalisations of well-known facts, some of
which originate from [KPR15] (joint with Krzysztof Krupinski and Anand Pillay).

2.1 Topology

Compact spaces and analytic sets; Baire property

In this thesis, compact spaces are not Hausdorftf by definition, so we will add the
adjective “Hausdorftf” whenever it is needed.
Fact 2.1. For a compact Hausdorff space X the following conditions are equivalent:
e X is second countable,
e X s is metrisable,

e X is Polish (i.e. separable and completely metrisable).
Proof. 1t follows from [Kec95, Theorem 5.3]. O

Fact 2.2. Metrisability is preserved by continuous surjections between compact,
Hausdorff spaces.

Proof. This follows from [Eng89, Theorem 4.4.15]. O

The notion of a quotient map is one of the fundamental topological notions in
this thesis.

Definition 2.3. A surjection f: X — Y between topological spaces is said to be
a topological quotient map if it has the property that a subset A of Y is closed if
an only if f~1[A] is closed. (This is equivalent to saying that the induced bijection
X/E — Y is a homeomorphism, where E in the equivalence relation of lying in
the same fibre of f and X/F is equipped with the quotient topology.) O

15
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Remark 2.4. In the definition of a quotient map, we can replace both instances
of “closed” by “open”. It is also easy to see that continuous open surjections and
continuous closed surjections are always quotient maps, but in general, a quotient
map need not be open nor closed. O

The following simple observation will be rather useful.

Remark 2.5. Suppose we have a commutative triangle:

Aii

where A, B, C' are topological spaces, and the horizontal arrow is a quotient map.
Then if one of the other two arrows is a continuous or a quotient map, then so is
the other one (respectively). O

Remark 2.6. A continuous map from a compact space to a Hausdorff space is closed.
In particular, if it is onto, it is a quotient topological map. O

Fact 2.7. If X is a compact Hausdorff topological space and E is an equivalence
relation on X, then E is closed (as a subset of X? ) if and only if X/ E is a Hausdor{f
space, and E is open if and only if X/ E is discrete (and in this case, X/ E is finite).

Proof. For the first part, this is [Eng89, Theorem 3.2.11]. The second part is easy
by compactness: if £ is open, it has open classes, so points in X/FE are open. On
the other hand, if X/FE is discrete, then it must be finite (as a discrete compact
space), so E is open (as a finite union of open rectangles). ]

Definition 2.8. Recall that a Souslin scheme is a family (P;)se,<o of subsets of a
given set, indexed by finite sequences of natural numbers. The Souslin operation
A applied to such a scheme produces the set

AsPo= | ()P,
sEwY n
We say that a Souslin scheme (Ps)sew<w is regular if s C ¢ implies P; O P,

There seems to be no established notion of an “analytic set” in an arbitrary
topological space. The following one will be the most convenient for us.

Definition 2.9. In a topological space X, we call a subset of X analytic if it can
be obtained via the A operation applied to a Souslin scheme of closed sets. O

Remark 2.10. We will mostly consider analytic sets in compact Hausdorff spaces.
There, the definition above coincides with the classical notion of a K-analytic set,
see [Cho59, Théoreme 1]. O
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Remark 2.11. What we really need of the class of “analytic sets” is the following:
e if A is analytic in X and Y C X is a closed subspace, then ANY is analytic
inY,
e if A is analytic in Y and Y is a closed subspace of X, then A is analytic in
X,

e if A is analytic (in a compact Hausdorff space), it has the Baire property (see
below),

e if f: X — Y is a continuous surjection and X,Y are compact Hausdorff,
then for every A C Y, we have that A is analytic if and only if f~![A] is
analytic.

Any notion of an “analytic set” with these properties will also work. O

Remark 2.12. Tt is easy to check that if (P;)se,<e is a Souslin scheme and Q) :=
Nscy Prr then (Qg)scw<ew is regular and Ay Py = A, Q.

In particular, in the definition of an analytic set, we can consider only regular
Souslin schemes. O

Remark 2.13. If X is a Polish space, then this definition coincides with the standard
definition of analytic sets as continuous images of Borel sets (see [Kec95, Theorem
25.7]). In particular, all Borel sets are analytic. O

Definition 2.14. Suppose X is a topological space and B C X.

We say that B has the Baire property (BP) or that it is Baire if there is an
open set U and a meagre set M such that B is the symmetric difference of U and
M.

We say that B has the strict Baire property or that it is strictly Baire if for
every closed F' C X, FN B has BP in F. (This is equivalent to saying that the
same holds for all F', not necessarily closed, see [Kur66, §11 VIL.].) O

Fact 2.15. The sets with the Baire property form a o-algebra closed under the A
operation. In particular, every Borel set and every analytic set is strictly Baire.

Proof. See [Arh95, Theorem 25.3]. O

Definition 2.16. We say that a topological space X is totally non-meagre if no
closed subset of X is meagre in itself. O

Remark 2.17. Tt is easy to see that every compact Hausdorff space and every Polish
space is totally nonmeagre, by the Baire category theorem. O

Proposition 2.18. Assume that X is a compact (not necessarily Hausdorff) space
and that Y is a Ty-space. Let f: X — 'Y be a continuous map. Suppose (Fy,)new 1S
descending sequence of closed subsets of X. Then f|(, F.] =, fIFnl-
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Proof. The inclusion (C) is always true. For the opposite inclusion, consider any
y € N, fIF.). Then f~'(y) N F, # 0 for all n. Since (F},)e, is descending, we
get that the family {f~'(y) N F,, | n € w} has the finite intersection property.
On the other hand, since {y} is closed in Y (as Y is 71) and f is continuous,
we have that each set f~'(y) N F, is closed. So compactness of X implies that

) NN, =N, fH(y) N E, # 0. Thus y € f[N, Ful. O
Proposition 2.19. Let f: X — Y be a continuous map between topological spaces.
Then:

(1) The preimage by f of any analytic subset of Y is an analytic subset of X.

(2) Assume that X is compact (not necessarily Hausdorff) and that 'Y is Haus-

dorff. Then the image by f of any analytic subset of X is an analytic subset
of Y.

Proof. (1) is clear by continuity of f and the fact that preimages preserve unions
and intersections.

To show (2), consider any analytic subset A of X. Then A = (J,. . ), Fs1,
for some regular Souslin scheme (Fj)e<w of closed subsets of X. Because X is
compact, Y is Hausdorff and f is continuous, we see that each set f[F] is closed.

By Proposition 2.18,
X1="U N /1Fa)-

sEwY n

Hence, f[X] is analytic. O

The following proposition summarises various preservation properties of con-
tinuous surjections between compact Hausdorff spaces.

Proposition 2.20. Suppose f: X — Y is a continuous surjection between compact
Hausdorff spaces. Then:

e preimages and images of closed sets by f are closed,
e preimages and images of F, sets by f are F,
e preimages and images of analytic sets by f are analytic,

e preimages of Borel sets by f are Borel, and sets with Borel preimage are
Borel.
Furthermore, for every Yo C Y, CVY, Yy is open or closed in Yy if and only if
Xo := f71Yy] is open or closed (respectively) in X, := f~1[Y1].

Proof. For analytic sets, this follows from Proposition 2.19. For closed sets, this
follows from Remark 2.6. For F, sets, this follows from Remark 2.6 and Proposi-
tion 2.18. For Borel sets, it follows from Fact 2.46.
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For the “furthermore” part, just note that since f is continuous and closed and
X, = f71[Y1], the restriction f Ix,: X1 — Y is also continuous and closed (and
hence a quotient map), which completes the proof. O

Proposition 2.21 (Mycielski’s theorem). Suppose E is a meagre equivalence re-
lation on a locally compact, Hausdorff space X. Then |X/E| > 2%.

Proof. The proof mimics that of the classical theorem for Polish spaces (for ex-
ample see [Gao08, Theorem 5.3.1]), except we use compactness instead of metric
completeness to obtain a nonempty intersection.

Firstly, we can assume without loss of generality that X is compact. This is
because we can restrict our attention to the closure U of a small open set U: F
restricted to U is still meagre, and if we show that U/E has the cardinality of at
least the continuum, clearly the same will hold for X/FE.

Suppose E C J,,, Frn with F,, € X 2 closed, nowhere dense. We can assume
that the sets F,, form an increasing sequence. We will define a family of nonempty
open sets U, with s € 2<%, recursively with respect to the length of s, such that:

o U, Usa C U,

o if s#t and s,t € 2" then (U, x Uy) N F,, = 0.

Then, by compactness, for each 1 € 2* we will find a point z,, € (), Uy It is
easy to see that this will yield a map from 2¢ into X such that any two distinct
points are mapped to E-unrelated points.

The construction can be performed as follows:

(1) For s =0, we put Uy = X.
(2) Suppose we already have Uy for all |s| < n, satisfying the assumptions.

(3) By compactness (more precisely, regularity), for each s € 2" and i € {0, 1}
we can find a nonempty open set U}, such that U}, C U,.

(4) For each (ordered) pair of distinct o,7 € 2"*1 the set (U, x U.) \ F, is a
nonempty open set (because F), is closed, nowhere dense), so in particular,
U! x Ul contains a smaller (nonempty, open) rectangle U” x U” which is
disjoint from F,.

(5) Repeating the procedure from the previous point recursively, for each ordered
pair (o,7), we obtain for each o € 2" a nonempty open set U, C U’ such
that for o # 7 we have (U, x U,;) N F,, = (). It is easy to see that the sets U,
satisfy the inductive step for n + 1. m

Topological groups and continuous group actions

Definition 2.22. Given a group G acting on a set X, an orbit map is a map
G — X of the form g — g - x for some z € X. O
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Definition 2.23. If G acts on sets X and Y, then a function f: X — Y is called
G-equivariant (or a G-map) if for every x € X we have gf(z) = f(gz). O

Fact 2.24 (Pettis-Pickard theorem). Let G be a topological group. If A C G has
the Baire property (e.g. it is analytic) and is non-meagre, the set A7 A := {a'0 |
a,b € A} contains an open neighbourhood of the identity. In particular, if A is a
subgroup of G, then A is open.

Proof. This is [Kec95, Theorem 9.9]. O

Fact 2.25. Suppose G is a topological group. Then the multiplication map p: G X
G — G, (g1, 92) = 9192 and the map i’ G x G — G, 1'(g1,92) = g1 ‘g2 are both
continuous and open. In particular, they are topological quotient maps.

Proof. Continuity is immediate. For openness, note that if A C G x G is open,
then p[A] = U,cq 9Ay, where Ay is the section of A at g. Since open sets have
open sections, the conclusion follows. Openness of ' is analogous. n

Fact 2.26. Suppose G is a locally compact, Hausdorff group and H s a subgroup
which has the Baire property, but is not open. Then [G : H] > 2%,

Proof. 1t follows from Fact 2.24 that a non-meagre Baire subgroup of a topological
group is open, so, in our case, H is meagre. By Fact 2.25, we have that the orbit
equivalence relation of H acting by left translations on G is meagre (the preimage of
a meagre set by an open continuous map is meagre). But then by Proposition 2.21,
it follows that |G/H| > 2%. O

In the thesis, coset equivalence relations appear very often, so the simple obser-
vation made in the following remark is very useful.

Remark 2.27. Note that if G is a group and H < G, then the left coset equivalence
relation Fy of H on G is the preimage of H by the map y’ from Fact 2.25. In partic-
ular, if G is a compact Hausdorff topological group, we can apply Proposition 2.20
and Fact 2.25 to show that H and Ey share good topological properties. O

Fact 2.28. Suppose G is a (possibly non-Hausdorff) topological group and H < G
is a subgroup. Then G/H is Hausdorff (with the quotient topology) if and only if
H s closed, and G/H is discrete if and only if H is open.

Proof. For the closed-Hausdorff correspondence, see [Bou66, 111.2.5, Proposition
13].

For open-discrete, just note that H is open if and only if all of its cosets are
open, which is the same as G/H being discrete. ]
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While topological groups need not be Hausdorff, it is well-known that a Tj
topological group is completely regular Hausdorff. A related fact is that they (and
their quotients) are Ry spaces. First, recall the notion of a Kolmogorov quotient
of a topological space.

Definition 2.29. If X is a topological space, then the Kolmogorov quotient of X
is the quotient obtained by identifying topologically indistinguishable points, i.e.
x1 and x5 are identified if the closures of {z1} and {z3} are equal. O

Definition 2.30. We say that a topological space X is an R, space if for every
r1,r2 € X we have that 1 € 73 if and only if x5 € 77, or equivalently, the
Kolmogorov quotient of X is a T} space.

A topological space X is an R; space if its Kolmogorov quotient is Hausdorff. ¢

(Note that in particular, every R; space is Ry.)

Proposition 2.31. Suppose G is a topological group and H < G. Then G/H is
an Ry space.

Proof. Note that H is a subgroup of G (as the closure of a subgroup of a topological
group). Since G acts on itself by homeomorphisms, the closure of every gH is
gH = gHH, so ¢H € {gH} C G/H if and only if gH = ¢'H, and hence,
{¢H} ={gH} if and only if gH = ¢'H.

It follows that the Kolmogorov quotient of G/H is naturally homeomorphic to
G/H, which is Hausdorff by Fact 2.28. O

Fact 2.32. Suppose G is a compact Hausdorff group acting continuously on a
Hausdorff space X. Then:

e X/G is Hausdorff
e G x X — X is a closed map (i.e. images of closed sets are closed).
o X — X/G is a closed map.

Proof. See [Bre72, Theorems 1.2 and 3.1]. O

There are several different notions of a “proper map”. One that will be convenient
for us is the one used in [Bou66].

Definition 2.33. A continuous map f: X — Y is said to be proper if for every Z,
the map f xidy: X x Z =Y x Z is closed. O

Fact 2.34. Suppose f: X — Y is continuous. Then the following are equivalent:
e f is proper,

o f is closed and its fibres (preimages of points) are compact.
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Proof. See [Bou66, Theorem 1 in §10.2 of Chapter I]. O

An important fact in this context is that continuous actions of compact groups
are proper.

Fact 2.35. If G is a compact Hausdorff group acting continuously on a Hausdorff
space X, then it is also acting properly, that is, the function G x X — X x X,
defined by the formula (g,x) — (x,q - ) is proper.

Proof. See [Bou66, Proposition 2 in §4.1 of Chapter I11]. O

Recall that homeomorphisms of a compact Polish space form a Polish group
with the uniform convergence topology (which is unique in a compact space).

Fact 2.36. If X is a compact Polish space, then the group Homeo(X) of homeo-
morphisms of X, equipped with the uniform convergence topology, is a Polish group
(but not compact in general).

Proof. See [Kec95, 9.B(8)]. O

Proposition 2.37. Suppose G is a compact Hausdorff group acting transitively
and (jointly) continuously on a Polish space X. Then for any vo € X, if we
denote by H the stabiliser of xq, then G/ Core(H) is a compact Polish group (where
Core(H) is the normal core of H, i.e. intersection of all of its conjugates) and the
action of G on X factors through G/ Core(H).

In particular, if G is a compact Hausdorff topological group and H < G is such
that G/H is metrisable, then G/ Core(H) is a compact Polish group (since H is
the stabiliser of H for the natural left action of G on G/H ).

Proof. First, note that since GG acts transitively on X, the orbit map g+ g - xg is
onto. By continuity of the action, it is also continuous, so X is a compact Polish
space.

Let ¢: G — Homeo(X) be the homomorphism induced by the action, where
Homeo(X) is the group of homeomorphisms of X.

Since G x X is compact, continuity of the action of G on X implies uniform
continuity (see [Bou66, Theorem II in §4.2 of Chapter II]). Therefore, if (g;); is a
convergent net, then (g; - x); converges uniformly in = € X. This yields continuity
of ¢ with respect to the uniform convergence topology on Homeo(X).

It is easy to check that ker(p) = Core(H) (which implies that the action of G on
X factors through G/ Core(H)), and since X is a compact Polish space, Homeo(X)
is a Polish group (by Fact 2.36). By compactness of G, it follows that ¢[G] is a
Polish group, and hence — by Remark 2.6 — so is G/ Core(H). O
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2.2 Descriptive set theory

Definition 2.38. Suppose E and F' are equivalence relations on Polish spaces X
and Y. We say that E is Borel reducible to ' — written ¥ <p F' — if there is a
Borel reduction of E to F, i.e. a Borel function f: X — Y such that z; E x5 if
and only if f(zq) F f(xs).

If E<g F and F <p E, we say that F and F are Borel equivalent or Borel
bireducible, written E' ~p F'. In this case, we also say that I/ and F', or, abusing
the notation, X/E and Y/F, have the same Borel cardinality; informally speaking,
the Borel cardinality of E is its ~pg-equivalence class. O

Remark 2.39. Sometimes, we slightly abuse the notation and write e.g. X/FE <p
Y/F for E <p F. In particular, if G is a Polish group and H < G, then by G/H <p
Y /F we mean that there is a Borel reduction from the left coset equivalence relation
of H on G to the relation F'. O

Fact 2.40. If X and Y are Polish spaces and |X| < |Y|, then there is a Borel
embedding of X into Y. In particular, the equality on X is Borel reducible to
equality on'Y .

Proof. This is [Kec95, Theorem 15.6]. O

Remark 2.41. Note that even if £ ~pg F', it may not be true that there is a Borel
isomorphism of X and Y which is a reduction in both direction. For example,
if £ and F' are total, then trivially £ ~g F, but X and Y may have different
cardinalities. O

Definition 2.42. We say that an equivalence relation E on a Polish space X
(or the quotient X/FE) is smooth if E is Borel reducible to equality on 2N (or, by
Fact 2.40, equivalently, if it is Borel reducible to equality on some Polish space). ¢

Note that a Borel reduction of E to F yields an injection X/E — Y/F, so if
X/E <p Y/F, then in particular, | X/E| < |Y/F|. On the other hand, if £ and F
are Borel and have countably many classes, it is easy to see that the converse is
also true, i.e. £ <p F if and only if | X/FE| < |Y/F|. This, together with Fact 2.40,
justifies the term “Borel cardinality”.

Informally, we can think of F < F' as a statement that we can classify elements
of X up to E using classes of I’ as parameters. In particular, smooth equivalence
relations can be classified by real numbers, which is why they are sometimes called
“classifiable equivalence relations”.

Remark 2.43. Note that in the definition of a Borel reduction and the Borel car-
dinality, we do not require the relations to be Borel. On the other hand, it is not
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hard to see that if £ <p F' and F' is Borel, then so is E, by simply considering the
map X X X — Y x Y which is the square of the reduction of E to F.

In particular, smooth equivalence relations (in the sense just given) are all
Borel. O

Fact 2.44. FEvery closed (or, more generally, every Gs) equivalence relation on a
Polish space is smooth.

Proof. See [HKL90, Corollary 1.2]. O

Fact 2.45. If X, Y are compact Polish spaces and f: X — Y is a continuous
surjection, then f has a Borel section g.

In particular, if f is a reduction from E on X to F on'Y, then g is a Borel
reduction from F to E, whence E ~g F.

Proof. The first part is [Kec95, Exercise 24.20]. The second is an immediate
consequence of the first and the definition. O

Fact 2.45 immediately implies that a set A in Y with Borel preimage B in X
is Borel (because A is the preimage of B by any section of f). However, a more
general fact is also true.

Fact 2.46. Suppose X and Y are compact Hausdorff topological spaces, and
f: X =Y is a closed surjection, while B CY. Then B is Borel in'Y if and only
if f~Y[B] is Borel in X

Proof. Tt is clear that if B is Borel, then so is f~![B]

The converse follows from [HS03, Theorem 10] (because Borel sets are exactly
the sets obtained from open and closed sets by a sequence of operations consisting
of taking complements and countable intersections, which are descriptive operations

in the sense of [HS03]). O

The following two dichotomies are fundamental in the theory of Borel equival-
ence relations.

Fact 2.47 (Silver dichotomy). For every Borel (even coanalytic) equivalence rela-
tion E on a Polish space either E <p AN, or Ayn <p E. (So in particular, every
non-smooth Borel equivalence relation on a Polish space has 2% classes)

Proof. See [Kan08, Theorem 10.1.1]. O

By Eq we denote the equivalence relation of eventual equality on 2N (i.e. for
n,n" € 2N we have n Eq i when n(n) = n/(n) for all but finitely many n).
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Fact 2.48 (Harrington-Kechris-Louveau dichotomy). For every Borel equivalence
relation E on a Polish space X either E <p Ay~ (i.e. E is smooth), or Eg <p E.
In the latter case, the reduction is realised by a homeomorphic embedding of 2N
into X.

Proof. See [HKL90, Theorem 1.1] or [Kan08, Theorem 10.4.1]. O

Recall that for an equivalence relation E on a set X, a subset Y of X is said
to be E-saturated if it is a union of some classes of E. In this thesis, we will say
that a family {B; | i € w} of subsets of X separates classes of E if for every z € X,
[z]g = ({B: | € B;}. Note that this implies that all B; are F-saturated. Thus,
a family {B; | i € w} of subsets of X separates classes of F if and only if each B; is
E-saturated and each class of E is the intersection of those sets B; which contain
it. The following characterisation of smoothness is folklore.

Fact 2.49. Let X be an equivalence relation on a Polish space X. Then, E is
smooth if and only if there is a countable family {B; | i € w} of Borel (E-saturated)
subsets of X separating classes of E.

Proof. Let f be a Borel reduction of E to Ayn. Let {C; | i € w} be a countable
open basis of the space 2N. Then {f7![C;] | i € w} is a countable family consisting
of Borel (E-saturated) subsets of X separating classes of E.

For the converse, consider a family {B; | i € N} satisfying the hypothesis.
Define f: X — 2N by f(2) = X{eNpzen,) (i.e. the characteristic function of
{i e N |z € B;}). It is easy to see that this is a Borel reduction of E to Ayn. O

The following Fact provides a useful criterion of closedness for subgroups of
totally nonmeagre topological groups (including compact Hausdorff groups).

Fact 2.50. Assume G is a totally non-meagre topological group (e.g. G is Polish
or locally compact). Suppose H is a subgroup of G and {E; | i € w} is a collection
of right H-invariant (i.e. such that E;H = E;), strictly Baire sets which separates
left H-cosets (i.e. for each g € G, gH = (\{E; | g € E;}). Then H is closed in G.

Proof. This is [Mil77, Theorem 1]. O

Using Fact 2.50, we can prove the following proposition, which is one of the
more important tools in the proofs of Main Theorem D and Main Theorem F.

Proposition 2.51. Suppose G is a compact Polish group and H < G. Then
exactly one of the following holds:

e (G : H] is finite and H is open,
o [G: H|]=2% and H is closed,
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e H has the property of Baire, G/H is non-smooth (in the sense that the coset
equivalence relation is non-smooth) and [G : H| = 2%,

e H does not have the property of Baire (and G/H is non-smooth).

Proof. 1f H does not have the Baire property, then it is not Borel, and (by Re-
mark 2.27 and Proposition 2.20) neither is the coset equivalence relation, so G/H
cannot be smooth (see Remark 2.43). Thus, in the following, we may assume that
H is Baire.

If H is not meagre, then by Fact 2.24, it is open. By compactness of G, it
follows that G/H is finite.

If H is meagre, then by Fact 2.25, the coset equivalence relation of H is also mea-
gre (as the preimage of a meagre set by a continuous open map, cf. Remark 2.27),
and thus, by Proposition 2.21, |G/H| = 2%.

If G/H is smooth, then by Remark 2.43, it is Borel, and hence (by Remark 2.27)
so is H. Thus, H has the strict Baire property, and by Fact 2.49 we have a countable
Borel separating family for cosets of H, so by Fact 2.50, H is closed. [

The following example is essentially [KM14, Example 3.39].

Example 2.52. In Proposition 2.51, we cannot expect G/H to be large for an
arbitrary non-closed H. For example, if G = F?O is a vector space over the finite
field F,, then every nonzero linear functional n on G gives us a distinct subspace
H,, = kern of codimension 1, which is then a subgroup of index ¢g. But (by finite
index) if H is closed, it must be clopen. But as a compact Polish space, G has only
countably many clopen subsets, so (because there are 2% linear functionals) some
H, is not closed (even though it has finite index).

(In fact, a compact Hausdorff group has a non-open (equivalently, non-closed)
subgroup of finite index if and only if it has uncountably many subgroups of finite
index, see [SW03, Theorem 2].) O

Remark 2.53. Note that Proposition 2.51 shows that a subgroup of a Polish group
with the Baire property has index finite or 2%, so one can ask if the same is true
for arbitrary subgroups. In [HHM16, Theorem 2.3], the authors show that if G is
compact Hausdorff but not profinite, then it has a subgroup of index X,. The case
of profinite groups seems to remain open. O

2.3 Topological dynamics
All the relevant definitions and facts in topological dynamics (apart from the ones

related to tame dynamical systems, which are in Section 2.4) can be found in
Appendix A, along with complete proofs of most of them. They have been deferred,
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because they have little expository value at this point. Here, we only list some of
the most important ones.

Definition 2.54. By a dynamical system, in this paper, we mean a pair (G, X),
where (G is an abstract group acting by homeomorphisms on a compact Hausdorff
space X. Sometimes, GG is left implicit and we just say that X is a dynamical
system.

If 2o € X has orbit dense in X, then we call the triple (G, X, z¢) a G-ambit, or
just an ambit. Sometimes, when G is clear from the context, we also write simply

(X, ZE()). <>

Definition 2.55. If (G, X) is a dynamical system, then its Ellis (or enveloping)
semigroup EL = E(G, X) is the (pointwise) closure in X of the set of functions
Txg: & — g-x for g € G. (When there is no risk of confusion, we write simply
Ty, or — abusing the notation — just g for 7x ,. When (G, X) is clear from the
context, we also write E'L for E(G, X).) O

Fact 2.56. If (G, X) is a dynamical system, then EL is a compact left topological
semigroup (i.e. it is a semigroup with the composition as its semigroup operation,
and the composition is continuous on the left). It is also a G-flow with g- f == 7w, f
(i.e. m,; composed with f).

Proof. Straightforward (X* itself is already a compact left topological semigroup,
and it is easy to check that E'L is a closed subsemigroup). O]

Definition 2.57. A (left) ideal I < S in a semigroup S is a subset such that
ISCI. O

Remark 2.58. There is a corresponding notion of a right ideal in a semigroup
(satisfying ST C I), as well as that of a two-sided ideal, but we will never use
either of those in this thesis. Thus (for brevity), we often write just “ideal” for “left
ideal”. O

Fact 2.59 (minimal ideals and the Ellis group). Suppose S is a compact Hausdor{f
left topological semigroup (e.g. the enveloping semigroup of a dynamical system,).
Then S has a minimal (left) ideal M (in the sense of inclusion). Furthermore, for
any such ideal M:

(1) M is closed,
(2) for any element a € M, M = Sa = Ma,

(3) M =[], uM, where u runs over all idempotents in M (i.e. elements such
that u - w = u) — in particular, M contains idempotents,
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(4) for any idempotent u € M, the set uM is a subgroup of S with the identity
element u (note that u is usually not the identity element of S — indeed, S
need not have an identity at all).

Moreover, all the groups uM (where M ranges over all minimal left ideals and u
over idempotents in M) are isomorphic. The isomorphism type of all these groups
is called the ideal group of S; if S = E(G, X), we call this group the Ellis group of
the flow (G, X).

Proof. See Fact A.8. n

Throughout the thesis, we denote minimal ideals by M or A/, and we denote
idempotents in minimal ideals by w or v. Below, we summarise the basic facts
related to the so-called T topology of the Ellis groups of (G, X).

Fact 2.60. Consider the Ellis semigroup EL of a dynamical system (G, X). Fix
any minimal left ideal M of EL and an idempotent u € M.

(1) For each a € EL, B C EL, we write ao B for the set of all limits of nets
(gibi)i, where g; € G are such that w,, — a, and b; € B.

(2) For any p,q € EL and A C EL, we have:
po(goA) C(pg)o A,

pACpoA,

poA=poA,

po A is closed,
o f AC M, thenpo A C M.

(3) The formula cl.(A) := (uM) N (uo A) defines a closure operator on uM. It
can also be (equivalently) defined as cl.(A) = u(uo A). We call the topology
on uM induced by this operator the T topology.

(4) If (f:)i (a net in uM) converges to f € uM (the closure of uM in EL), then
(fi)i converges to uf in the T-topology.

(5) The T-topology on uM is refined by the subspace topology inherited from EL.

(6) uM with the T topology is a compact Ty semitopological group (i.e. with
separately continuous multiplication).

(7) All the ideal groups uM are isomorphic as semitopological groups, as we vary
M and u. We call them Ellis groups of (G, X).

(8) HuM) = (N, V, where V runs over the (-)closures of all the (-
neighbourhoods of the identity u € uM, is a T-closed normal subgroup of
uM, and uM/H(uM) is a compact Hausdorff topological group.
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Proof. See Facts A.25, A.26 A.27 A.28 for (2).

See Facts A.30, A.32 for the (3).

See Fact A.35, Fact A.33, Fact A.36, Fact A.37 and Fact A.40 for the remaining
points. ]

The following technical observation comes from [KPR15] (joint with Krzysztof
Krupinski and Anand Pillay) and is essential there, as well as in [KR18] and large
parts of this thesis.

Proposition 2.61. The function &: uM — uM (where uM is the closure of uM
in the topology of EL) defined by the formula f +— uf has the property that for
any continuous function (: uM — X, where X is a reqular topological space and
uM is equipped with the T-topology, the composition (o &: uM — X is continuous,
where uM is equipped with subspace topology from EL. In particular, the map
uM — uM/H(uM) given by f > uf/H(uM) is continuous.

Proof. See Proposition A.41. n

2.4 Rosenthal compacta and tame dynamical
systems

Rosenthal compacta, independent sets, and ¢' sequences

Here, we will discuss selected properties of Rosenthal compacta. For a broader
exposition, refer to [Deb14].

Definition 2.62. Given a topological space X, we say that a function X — R is
of Baire class 1 if it is the pointwise limit of a sequence of continuous real-valued
functions. We denote by B;(X) the set of all such functions. O

Definition 2.63. A compact, Hausdorff space K is a Rosenthal compactum if it
embeds homeomorphically into B;(X) for some Polish space X, where B;(X) is
equipped with the pointwise convergence topology. O

Definition 2.64. A Fréchet (or Fréchet-Urysohn) space is a topological space in
which any point in the closure of a given set A is the limit of a sequence of elements

of A. O
Fact 2.65. Rosenthal compacta are Fréchet.

Proof. [Debl4, Theorem 4.1]. ]
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Fact 2.66. Suppose X is a compact metric space and A C C(X) is a family of
0 — 1 valued functions (i.e. characteristic functions of clopen subsets of X ). Put
A:={U C X | xy € A}. The following are equivalent:

o A CRYX is Fréchet (equivalently, Rosenthal),

o A contains no infinite independent family, i.e. A contains no family (A;)ien
such that for every I C N the intersection (),c; Ai N ﬂieN\[ A is nonempty.

Proof. A is clearly pointwise bounded, so by [BFT78, Corollary 4G]|, A is relatively
compact in By(X) (which is equivalent to the first condition) if and only if it
satisfies the condition (vi) from [BFT78, Theorem 2F], which for 0 — 1 functions on
a compact space reduces to the statement that for each sequence (a,) of elements
of A there is some I C N for which there is no x € X such that a,(x) =1 if and
only if n € I. This is clearly equivalent to the second condition. O]

The next definition is classical and can be found for example in [K6h95, Section
5].

Definition 2.67. If (f,).en is a sequence of elements in a Banach space, we say
that it is an ¢! sequence if it is bounded and there is a constant # > 0 such that
for any scalars g, . .., ¢, we have the inequality

n
0-2_leil <
1=0

n

Zcifi

1=0

(This is equivalent to saying that e, — f, extends to a topological vector space
isomorphism of ¢! and the closed span of (f,), (in the norm topology), where e,
are the standard basis vectors.) O

In fact, /! sequences are very intimately related to “independent sequences” (via
the Rosenthal’s dichotomy). The following is a simple example of this relationship:

Fact 2.68. Suppose X is a compact, Hausdorff space and (A,), is an independent
sequence of clopen subsets of X. Then (xa,)n is an ' sequence in the Banach
space C(X) (with the supremum norm,).

Proof. Fix any sequence cq, ..., ¢, of real numbers. Write [n] for {0,...,n} and
put f = 3 cixa,. Let I :={i € [n] [ ¢; > 0}. Assume without loss of
generality that ) ., ¢; > — Zie[n]\ ; Ci (the other case is analogous). Then for any

T € (e AN ﬂie[n]\l Af we have f(z) =), ¢ > %Zie[n]]ci]. O
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Tame dynamical systems

Definition 2.69. If (G, X) is a dynamical system and f € C(X), then we say
that f is a tame function if for every sequence (g,), of elements of G, (f o g,), is
not an ¢! sequence.

We say that (G, X) is a tame dynamical system if every f € C(X) is tame. ¢

Remark 2.70. The notion of tame dynamical system is due to Kohler [K6h95]. She
used the adjective “regular” instead of (now established) “tame”, and formulated
it for actions of N on metric compacta, but we can apply the same definition to
arbitrary group actions on compact spaces.

Some authors use different (but equivalent) definitions of tame function or
tame dynamical system. For example, [GM12, Fact 4.3 and Proposition 5.6] yields
several equivalent conditions for tameness of a function (including the definition
given above and [GM12, Definition 5.5]). By this and [GM12, Corollary 5.8|, we
obtain equivalence between our definition of tame dynamical system and [GM12,
Definition 5.2]. O

The condition in the following fact can be used as a definition of tameness for
metric dynamical systems.

Fact 2.71. If (G, X) is a metric dynamical system and f € C(X), then f is tame
if and only if the pointwise closure {f o g | g€ G} CRX consists of Baire class 1
functions (note that it is true if and only if the closure is a Rosenthal compactum:
in one direction, it is clear, while the other follows from Fact 2.65).

Proof. Tt follows immediately from [GM12, Fact 4.3 and Proposition 4.6]. m

Fact 2.72. For any dynamical system, the tame functions form a closed subalgebra
of C(X) (with pointwise multiplication and norm topology).

Proof. First, by Remark 2.70, tame functions in (G, X) satisfy [GM12, Definition
5.5], i.e. for every f tame in X there is a tame dynamical system (G,Y}) and an
epimorphism ¢;: X — Yy such that f = ¢3(f') := f' o ¢y for some f € C(Yy).

Since tame dynamical systems are closed under subsystems and under arbitrary
products ([GM12, Lemma 5.4]), there is a universal Y for all tame functions f,
i.e. such that the set of all tame functions in (G, X) is exactly the image of
¢*: C(Y) = C(X), where ¢: X — Y is an epimorphism and Y is tame (just take
¢: X — [, Yy to be the diagonal of ¢y, and take Y := ¢[X] C [, Yy).

Since C(Y) is a Banach algebra and ¢* is a homomorphism and an isometric
embedding (as ¢ is onto), the fact follows. ]

Corollary 2.73. If (G, X) is a dynamical system and A C C(X) is a family of
functions separating points, then (G, X) is tame if and only if every f € A is tame.
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Proof. The implication (+—) is obvious.

(—). Since constant functions are trivially tame, by the assumption and the
Stone-Weierstrass theorem, it follows that tame functions are dense in C'(X), and
thus the conclusion follows immediately from Fact 2.72. [

Fact 2.74. Suppose (G, X) is a tame dynamical system. Then the following dy-
namical systems are tame:

e (H,X), where H < G,
e (G, Xy), where Xo C X is a closed invariant subspace,

o (G,Y), where Y is a G-equivariant quotient of X.

Proof. The first bullet is trivial. The second follows from the Tietze extension
theorem. For the third, note that any potentially untame function on Y can be
pulled back to X. O

The following is a dynamical variant of the so-called Bourgain-Fremlin-
Talagrand dichotomy, slightly modified for our needs from [GM06, Theorem 3.2].

Proposition 2.75. Suppose X is a totally disconnected metric compactum. Let
G act on X by homeomorphisms. Then the following are equivalent:

(1) (G, X) is untame,

(2) there is a clopen set U and a sequence (gn)nen of elements of G such that
the sets g,U are independent,

(8) EL := E(G, X) contains a homeomorphic copy of SN,
(4) |BL| =2"",
(5) EL is not Fréchet,

(6) EL is not a Rosenthal compactum.
If X is not necessarily totally disconnected, all conditions but (2) are equivalent.

Proof. The equivalence of all conditions but (2) is proved in [GM06, Theorem 3.2]
(based on the Bourgain-Fremlin-Talagrand dichotomy). For the reader’s conveni-
ence, we will prove here that all conditions (including (2)) are equivalent in the
totally disconnected case (the case which appears in our model-theoretic applica-
tions).

(1) — (2). Since the characteristic functions of clopen subsets of X are continu-
ous and separate points in X, by (1) and Corollary 2.73, the characteristic function
Xu is not tame for some clopen U C X. By Fact 2.71, this is equivalent to the fact
that {x,v | ¢ € G} is not a Rosenthal compactum. Hence, Fact 2.66 implies that
some family {g,U : n € N} (with g, € G) is independent.
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(2) — (1). The reversed argument works. Alternatively, it follows immediately
from Fact 2.68.

(2) — (3). Let (gn) be a sequence of elements of G such that the sets g,U are
independent. By the universal property of SN, we have the continuous function
B: fN — EL given by F + lim,_,7g, . It remains to check that /3 is injective.
Consider two distinct ultrafilters F; an F, on N. Choose F' € F; \ F,. By the
independence of the g,U, we can find z € (,cp gnU N(,enn p 9nU°. 1t suffices to
show that B(F;)(z) # B(Fs)(x). Note that {n € N | g,'z € U} = N\ F ¢ F;
and U°¢ is open, so S(F1)(z) € U. Similarly, 5(F2)(x) € U¢, and we are done.

(3) = (4). The group {7, | g € G} is contained in the Polish group Homeo(X)
of all homeomorphisms of X equipped with the uniform convergence topology (cf.
Fact 2.36). So {m, | g € G} is separable in the subspace topology (as a subspace of
a separable metrisable space), and hence also in the pointwise convergence topology
(which is weaker). Therefore, EL = {7, | ¢ € G} is of cardinality at most 22 On
the other hand, |3N| = 22°°. Hence, |EL| = 22",

(4) — (5). If EL is Fréchet, then, using the above observation that {r, | ¢ € G’}
is separable, we get that |FL| = 2%,

(5) — (6). This is Fact 2.65.

(6) — (1). Embed homeomorphically X in RN. Then EL embeds homeo-
morphically in R**N via the map & given by &(f)(x,4) := f(x)(i). Take f € EL,
and let m;: X — R be the projection to the i-th coordinate, i.e. m;(x) := x(7).
Suppose (G, X) is tame. Then m;0 f € B1(X) by Fact 2.71, so for every i € N there
is a sequence of continuous functions f’: X — R such that lim,, f! = m;0 f. Define
fn € RN by f(2,4) := fi(z). Then all f,’s are continuous and &(f) = lim,, f,.
So ®[EL] is a compact subset of B;(X x N), i.e. EL is Rosenthal. O

Fact 2.76. If (G, X) is a metric dynamical system, then (G, X) is tame if and
only if all functions in E(G,X) are Borel measurable.

Proof. By Proposition 2.75, if (G, X) is tame, E(G,X) is Fréchet. Since the
pointwise limit of a sequence of continuous functions between Polish spaces is
always Borel (cf. [Kec95, p. 11.2]), it follows that F(G,X) consists of Borel
functions.

In the other direction, since X is Polish, there are at most 2% many Borel
functions X — X (because a Borel function is determined by the preimages of the
basic open sets, and these preimages are among at most 2% many Borel sets in
X). In particular, if E(G, X) consists of Borel functions, |E(G, X)| < 2% < 22",
which implies tameness by Proposition 2.75. O]
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2.5 Model theory

In this section, we recall briefly some basic facts, definitions and conventions
which will be applied in the model-theoretical parts of this paper. This is not
comprehensive, and is only meant to remind the most important notions; for more
in-depth explanation, see e.g. [Hod93], [Mar02], [TZ12] for the elementary and
[CLPZ01], [GN08], [KP97], [KPS13], [LP01], [Zie02] for the more advanced topics.

Elementary matters

Throughout, T will denote the ambient (first order, complete, often countable)
theory.

Definition 2.77. Given a model M = T, a set A C M, and a (possibly infinite)
tuple x of variables, by S,(A) we mean the space of complete types over A in
variables x, i.e. the Stone space of the Lindenbaum-Tarski algebra of formulas
with free variables x and parameters from A modulo equivalence under T' (i.e.
we identify formulas ¢ (z), p2(x) when T F p1(x) <> @a(x)). (Note that this
implies that each S,(A) is a compact Hausdorft topological space, of weight at
most |A| 4 |z| + |T7].) O

We fix a strong limit cardinal & larger than |T'| and “all the objects we are
interested in”. We also fix a monster model €, satisfying the following definition.
(Note that if x is strongly inaccessible, then we can choose € as simply a saturated
model of cardinality . If x is not strongly inaccessible, a saturated model of
cardinality £ may not exist.)

Definition 2.78. A monster model is a model € of T' which is k-saturated (i.e.
each type over an arbitrary set of parameters from € of size less than x is realized
in €) and strongly k-homogeneous (i.e. any elementary map between subsets of €
of cardinality less than k extends to an automorphism of €). O

Sometimes we refer to the x fixed above as “the degree of saturation of €”, even
though this may not be strictly true (as € may be saturated in a higher cardinality).

Fact 2.79. For every k as above and every complete theory T, there is a monster
model.

Proof. See [Hod93, Theorem 10.2.1] (note that what we call a monster model is
referred to as a “k-big model”). O

Definition 2.80. We call an object small if it has cardinality smaller than the
degree of saturation of €. O
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The following remark highlights one of the most important features of the
monster model, which provides a very strong link between syntax and semantics.

Remark 2.81. If € is a monster model, then for every small A C €, and and any
small (but possibly infinite) tuple = of variables, if p(z) is a complete type over
A, then the set p(€) of realisations of p(x) is nonempty, and it is a single orbit of
Aut(€/A), the group of automorphisms of € fixing A pointwise.

Consequently, there is a natural bijection between the space S, (A) of types over
A in variables x and the orbits of Aut(€/A) in the product of sorts corresponding
to the variable x. O

By convention, whenever we mention a small model M of T', we assume that
M is an elementary substructure of € (i.e. for every formula ¢(x) with parameters

in M, M |= 3xp(z) if and only if € = Jzp(x)). Every small model of 7' can be
embedded this way (this follows from k-saturation of ).

Definition 2.82. Given a formula ¢(z) and a model M = T (including €), by
©(M) we mean the set of all realisations of ¢ in M, i.e. tuples a in M such that

M = ¢(a).
Likewise, if 7 is a partial type, by (M) we mean the set of all realisations of
min M. O

Definition 2.83. Let A C € be a small set, and let X be a subset of a fixed
product of sorts of X.

e We say that X is A-invariant if it is setwise invariant under Aut(€/A) (note
that by Remark 2.81, such a set is a union of sets of realizations of some
number of complete types over A). In this case, we denote by X4 (or by
Sx(A)) the set of types over A of elements of X. We say that X is simply
invariant if it is invariant over ), i.e. under Aut(¢).

e We say that X is A-definable or definable over A if for some formula ¢(z)
with parameters in A, we have X = ¢(€). We say that X is simply definable
if it is definable over some A.

o We say that X is type-definable over A or A-type-definable if it is the set of
realisations of a partial type over A, or, equivalently, it is the intersection of
a family of A-definable sets. We say that X is simply type-definable if it is
A-type-definable for some small A (equivalently, if it is the intersection of a
small family of definable sets).

e We say that X s analytic, F,, or Borel over A (respectively) if it is A-
invariant and X4 is analytic, F, or Borel (respectively) in the the compact
space S;(A), where z is the tuple of variables corresponding to the product
of sorts containing X. We say that X is simply analytic, F,, or Borel
(respectively) if it is such over some small A.
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e If Y C € is arbitrary (usually, type-definable), while X C Y, then we say
that X is relatively definable [over A] in Y if there is some [A-|definable X’
such that X = X'NY. O

It should be stressed that by “type-definable” we mean “type-definable with
parameters” whereas “invariant” means “invariant over ()’ (unless specified other-
wise).

Definition 2.84. For a tuple @ from € and a set of parameters A, by S3(A4) we
denote the space of all types tp(b/A) with b = a (i.e. the space of types over A
extending tp(a/0)). (In particular, S,(A) = ([a]=)a.) O

Fact 2.85. If X is as a subset of a fized product of sorts of € which is A-invariant,
then it is definable, type-definable, analytic, Borel or F, if and only if it is such
over A, and if and only if X 4 is clopen, closed, analytic or F, in S,(A) (for the
relevant tuple x of variables).

Likewise, if X CY and X,Y are A-invariant, then X s relatively definable in
Y if and only if it is relatively definable over A, if and only if X 4 is clopen in Yjy.

Proof. Note that (immediately or almost immediately by definition) X is definable,
type-definable, Borel, analytic, or F, over A if and only if X, is clopen, closed,
Borel, analytic or F, (respectively) in S,(A), and it is relatively definable in Y
over A if and only if it is clopen in Yy, so it is enough to show that this happens
for A if and only if it happens for every B over which X, Y are invariant.

We may assume without loss of generality that A € B. Then we have a
continuous surjection 7: S;(B) — S.(A) (given by restriction), Xp = 77 ![X 4] and
Yp = 7' [Ya]. The fact follows from Proposition 2.20. O

Definition 2.86. By =, we denote the equivalence relation (on all small tuples of
elements of €) of having the same type over (), or equivalently, of lying in the same
Aut(€) orbit. Likewise, for a small A C €, =4 denotes the relation of having the
same type over A. O

Definition 2.87. Suppose (a;);cr is a sequence of elements of €, indexed by a
totally ordered set (I,<). We say that (a;) is (order) indiscernible over A (where
A C €is asmall set) if for each n, for all increasing sequences i; < iy < ... < i, and
J1 < J2 <...< jn, there is some o € Aut(€/A) such that o(a;, ...a;,) = a;, ...a;j,,
or, equivalently, a;, ...a;, =4 aj, ...q;,.

We say that (a;); is simply indiscernible if it is indiscernible over (). O

Bounded invariant equivalence relations and strong types

Definition 2.88. We say that an [A-]invariant equivalence relation £ on an [A-
Jinvariant set X C € (in a small product of sorts of €) is bounded if it has a small
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number of classes. (Remark 2.104 implies that the number of classes is at most
2THAHAN when X is contained in a product of A sorts of €).

In a slight abuse of the terminology, we say that E is a strong type if E is a
bounded invariant equivalence relation and £ C =. The classes of E are also called
strong types. O

Definition 2.89. Let F be a bounded, invariant equivalence relation on a ()-type-
definable set X. We define the logic topology on X/E by saying that a subset
D C X/FE is closed if its preimage in X is type-definable. O

Remark 2.90. Note that if X and E are only invariant over some small A C €, we
can think of them as invariant in the language expanded by constants for elements
for A. Thus, if X is A-type-definable and FE is bounded, we can still talk about
the logic topology on X/FE and it will have properties analogous to the ones listed
below. O

Fact 2.91. Fiz M < €, a 0-type-definable set X and a bounded invariant equival-
ence relation E on X. Recall that Xy = {tp(a/M) |a € X}.

Then E is refined by =y, and thus the map X — X/E factors through a map
Xy — X/E, given by tp(a/M) w— [a]g. Moreover, the latter map is a topological
quotient map.

Proof. The inclusion =), C E follows from Fact 2.103.

Note that this implies that for every A C X/FE, the preimage A’ in X (via
the quotient map) is M-invariant. In particular, if A’ is type-definable, it is type-
definable over M. It follows that A’,, the preimage of A via the induced map
Xy — X/E, is also closed. Conversely, if A), is closed, then A’ is type-definable,
so A is closed. O

Definition 2.92. Given a bounded invariant equivalence relation £ on X and a
model M < €, by EM we denote the equivalence relation on X,; given by p = ¢
when for some (equivalently, every) a = p and = ¢ we have a E b. (Note that
EM C (Xj)? and it is distinet from Ej; C (X?)ys, which is its preimage by the

restriction map (X?)y — (Xar)2.) O
Remark 2.93. Fact 2.91 allows us to identify X/E and X,;/E* (which we do
freely). O

Fact 2.94. Suppose E is a bounded invariant equivalence relation on a ()-type-
definable set X. Then E is relatively definable (in X?), type-definable, F,, Borel or
analytic if and only if for some (equivalently, every) small model M, the equivalence
relation E™ is clopen, closed, F,, Borel or analytic (respectively) as a subset of
X2,

Furthermore, we have the same conclusion for Ely and (EM)ly, = (Ely)",
where Y is an arbitrary type-definable, E-invariant set.
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Proof. Note that since F is bounded invariant, it is also M-invariant (by Fact 2.91).
Thus, by Fact 2.85, E is relatively definable, type-definable, F,,, analytic or Borel
if and only if Ey; C (X?)y is clopen, closed, F,, analytic or Borel (respectively).
On the other hand, by Fact 2.91, it follows that Ej; is the preimage of EM by
the restriction map (X?)y — (Xar)?, so the fact follows by Proposition 2.20.
The “furthermore” part is analogous. [

Fact 2.95. For any 0-type-definable X and bounded invariant equivalence relation
E on X, X/E is a compact space, and it is Hausdorff if and only if E is type-
definable, and discrete if and only if E is relatively definable (as a subset of X?).

Proof. 1t follows easily from Fact 2.94, Fact 2.91 and Fact 2.7. O]

The following proposition (which appeared in [KPR15], joint with Krzysztof
Krupinski and Anand Pillay) gives an equivalent condition for type-definability
of an equivalence relation defined on some p(€) for p € S()). The idea that
having a type-definable class is equivalent to being type-definable was one of the
main motivations for Chapter 7, where we find a more general context where type-
definability of classes implies type-definability of a bounded invariant equivalence
relation (see in particular Theorem 7.57 and Corollary 7.58).

Proposition 2.96. If E is an invariant equivalence relation defined on a single
complete type [a]= over 0, then E has a type-definable [resp. relatively definable]
class if and only if E is type-definable [resp. relatively definable].

Proof. We prove the type-definable version; the relatively definable version is sim-
ilar. The implication (<) is obvious. For the other implication, without loss of
generality [a]g is type-definable. Since [a]g is a-invariant, we get that it is type-
definable over a, i.e. [a]gp = 7(€,a) for some partial type 7(z,y) over (). Then,
since E is invariant, for any b = a we have [b]p = 7(&,b). Thus, 7(z,y) defines
E. ]

Remark 2.97. Proposition 2.96 immediately implies that if Y C [a]= is type-
definable and FE-saturated, then E[y is type-definable if and only if F is type-
definable. O

Fact 2.98. Assume that the language is countable. For any E which is a bounded,
invariant equivalence relation on some D-type-definable and countably supported
set X, and for any Y C X which is type-definable and E-saturated, the Borel
cardinality of the restriction of EM to Yy does not depend on the choice of the
countable model M. In particular, if X =Y, the Borel cardinality of E* does not
depend on the choice of the countable model M.

Analogously, if E and X are invariant over a countable set A, then the Borel
cardinality of EM ly,, does not depend on the choice of a countable model M 2 A.
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Proof. This follows from Fact 2.45. See [KR16, Proposition 2.12] for details. [
This justifies the following definition.

Definition 2.99 (7" countable). If E is a bounded invariant equivalence relation
on a (-type-definable set X (in countably many variables), then by the Borel
cardinality of E we mean the Borel cardinality of E™ for a countable model M. In
particular, we say that E is smooth if EM is smooth for a countable model M.
Similarly, if Y is type-definable and E-saturated, the Borel cardinality of E'y
is the Borel cardinality of B [YM for a countable model M. O

Remark 2.100. Note that if E is as in Definition 2.99, and type-definable, then it
is smooth by Fact 2.44. O

Classical strong types and strong automorphism groups

We provide proofs of various facts related to the classical strong types, strong
automorphism groups and the corresponding Galois groups. They are all well-
known, but the proofs are rather scattered, and different authors use different (but
equivalent) definitions of some notions, and so most have been collected here for
the convenience of the reader. Most (if not all) of them can be found in [CLPZ01],
[KP97], [LPO1] and [Zie02].

Fact 2.101. Suppose E is a bounded invariant equivalence relation and (a;) is an
infinite indiscernible sequence. Then all elements of (a;) are E-related.

Proof. Suppose not. Then for all i # j we have —(a; E a;). Since (a;) is infinite
and indiscernible, it can be extended to an arbitrarily long indiscernible sequence

(whose elements are pairwise E-inequivalent), which contradicts boundedness of
E. O

Fact 2.102. Suppose p € S(M). Then p has a global coheir p' € S(€), i.e. an
extension of p such that for every p(zx) € p', w(M) is nonempty.

Proof. Note that {¢(M) | ¢ € p} is a centered family of subsets of M (because M
is a model), so it can be extended to an ultrafilter p. For every such p, the type
pi={p(zr,c) | c€ €N p(M) € p} has the desired property. O

Fact 2.103. Suppose a,b are tuples and M is a model such that a =5 b. Then
there is an infinite sequence I such that al and bl are indiscernible. In particular,

by Fact 2.101, for every bounded (M -)invariant equivalence relation E we have
a Eb (and hence =, C E).
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Proof. Let p =tp(a/M), and let p’ € S(€) be a global M-invariant extension of p
(e.g. a coheir extension). Then construct recursively sequence I = (¢, )nen S0 that
Cn = D' I nsabes, -

Let us show that all pairs in al have the same type over M. The case of
arbitrarily long tuples follows by straightforward induction. Take any i; < 1s.
Then ¢;, = p'[y = p = tp(a/M), so we can choose some o € Aut(€/M) such that
o(a) = ¢;,. On the other hand, we had co |= p'l - 1t follows that o(co) = P, -
Since also ¢;, |= p'l e, , there is some o1 € Aut(€/Mc;, ) such that o1(o(co)) = ¢z,
but then o4(c(acy)) = ¢;,¢;, and 010 € Aut(€/M), and we are done. O

Remark 2.104. Note that Fact 2.103 immediately implies that every bounded in-
variant equivalence relation E on a set X of tuples of length A variables has at
most | X ;| < 2M+HT1 and thus by Lowenheim-Skolem, it has at most 2271
classes. O

Fact 2.105. Let © be the relation on tuples in a given product of sorts of lying
in the same infinite indiscernible sequence. Consider the relation E, which is the
transitive closure of ©. Then E is the finest bounded invariant equivalence relation.
(In particular, such relation exists.)

Proof. © is clearly invariant, symmetric and reflexive, so E is an invariant equi-
valence relation. By Fact 2.103, E is refined by =), so it is bounded. Fact 2.101
implies that it refines every bounded invariant equivalence relation, so F has to be
the finest such relation. O

Fact 2.106. On every product of sorts, there is a finest bounded -type-definable
equivalence relation.

Proof. Note that the relation F from Fact 2.105 refines every bounded (-type-
definable equivalence relation on a given product of sorts X. It follows that there
is only a small number (at most 21X/ E') of those, which easily implies that the
intersection is both type-definable and bounded. O]

Fact 2.107. Suppose I is a small indiscernible sequence. Then there is some model
M such that I is indiscernible over M, and in particular, all of its elements have
the same type over M.

Proof. Fix any small M’ < €. Then by Ramsey’s theorem compactness, we can
find a sequence I’ which is indiscernible over M’, and such that I’ = I. but then
there is an automorphism moving I’ to I, and it moves M’ to some model M over
which [ is indiscernible. O]

Definition 2.108. The following are the three classical strong types. (For their
existence, see Facts 2.105 and 2.106.)
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e the Lascar strong type =y, is the finest bounded, invariant equivalence relation
on a given product of sorts,

e the Kim-Pillay strong type (sometimes called also the compact strong type)
=kp is the finest bounded, (-type-definable equivalence relation on a given
product of sorts,

e the Shelah strong type =g, is the intersection of all (#-definable equivalence
relations with finitely many classes (note that by compactness, a definable
equivalence relation is bounded if and only if it has finitely many classes). ¢

Remark 2.109. Strictly speaking, the names given in Definition 2.108 are an abuse
of terminology. In more standard terms, a Lascar, Kim-Pillay or Shelah strong
type is a single class of =1, =kp or =gy, (respectively). However, we use the names
for both the relations and their classes, the same as in the general case, as indicated
in Definition 2.88. O

Remark 2.110. It is not hard to see that =g, is the same as =,qearg) (i.e. the
relation of having the same type over the imaginary algebraic closure of the empty

set). O

Remark 2.111. Tt is easy to see using Fact 2.95 that if X is (-type-definable, then
X /=y, is a compact space, X/=kp is a compact Hausdorff space, and X/=g, is a
profinite space. O

Definition 2.112. The group Autf(€) Lascar strong automorphisms consists of
those automorphisms of € which preserve all = -classes.

Analogously, the groups Autfxp(€) of Kim-Pillay strong automorphisms and
Autfgs, (€) of Shelah strong automorphisms consist of automorphisms fixing all
Kim-Pillay and Shelah strong types (respectively). O

Remark 2.113. It is easy to see that all strong automorphism groups are normal
subgroups of Aut(<). O

The following fact gives us an explicit description of the Lascar strong type.

Fact 2.114. For any tuples a, b, the following are equivalent:

(1) a =y b,

(2) for some n, there are small models My, ..., M, and tuples a = ag,...,a, =b
such that for each i =1,...,n we have a;_1 =y, a; (so in particular, =y C
=1, and if p € S(M) and both a and b realise p, then a =, b),

(8) for some n, there are tuples a = ay, . ..,a, = b such that for eachi=1,...,n

there is a sequence (c!)new such that a;_ya; ~ (c)new is indiscernible (so in
particular, if a and b are in an infinite indiscernible sequence, then a =g, b).
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Proof. The equivalence of (1) and (3) is Fact 2.105. (3) implies (2) by Fact 2.107.
(2) implies (3) by Fact 2.103. O

The group Autf(€) is especially important. It can be also described in the
following way.

Fact 2.115. The group Autf(€) is generated by Aut(€/M), where M runs over
all M < €, and for any tuples a,b we have that a =g, b if and only if for some
o € Autf(€) we have o(a) = b.

Proof. Denote by G the group generated by all Aut(€/M). By Fact 2.103, each
Aut(€/M) is contained in Autf(€), so G < Autf(€). On the other hand, by
Fact 2.114, for all tuples a =i, b there is some o € G such that o(a) = b. In
particular, if m enumerates any model M, and 7 € Autf(€) is arbitrary, then
there is some o € G such that o(m) = 7(m). But then o7!'7 € Aut(€/M), so
T=o(c7'7) € G. O

Definition 2.116. The Lascar distance dy,(a,b) is the minimum number n as in
Fact 2.114(2) (or oo if it does not exist).

The Lascar diameter of an automorphism o € Aut(€) is the largest n such that
for some tuple a we have dy,(a,o(a)) = n (or co if it does not exist). O

Fact 2.117. The Lascar distance is type-definable, i.e. for each n, dy(a,b) < n is
a type-definable condition about a and b (in a given product of sorts).

Proof. First we have the following claim.

Claim. There is a type Il without parameters such that whenever M < € has
cardinality at most |T'|, then some enumeration m of M (possibly with repetitions)
satisfies IT(m), and conversely, whenever a tuple m satisfies IT, the set it enumerates
is an elementary submodel of €.

Proof. We use a variant of the Henkin construction. Suppose for simplicity that
the language is countable and one-sorted. Consider all formulas of the form ¢(z, y)
(with no parameters), where z is a single variable and y is a finite tuple. Then
we can assign to each pair (¢(x,y),n), where 7 is a sequence of (not necessarily
distinct) natural numbers of length |y| a natural number n,, greater than all
elements of 7, and we can do it injectively, so that each pair corresponds to a
distinct natural number. Let z = (2;);en be a sequence of distinct variables, and
for each 7 = ny ... ng, write z, for the finite tuple z,, ... z,,.

Then let I1(z) = {Jzp(x, 2;) — ©(22n,.,, 2y) | ©,n} shows that the claim is true.
Indeed, if m |= II, then by the Tarski-Vaught test, it enumerates an elementary
submodel of €. On the other hand, if M enumerates a model, we can enumerate
the whole M as (ma,41)nen. Then we can fill the even positions recursively: for
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each 2n, if for some ¢ and n we have that n = n,, and = Jrp(x,m,), then we
take for ms, any witness of that in M, and otherwise, we take for it any element
of M. Then clearly = II((m,)neN)- O(claim)

Note that by Loéwenheim-Skolem, it follows that the models witnessing
dy(a,b) < n can be chosen to be of size at most |T'|. Thus the fact follows
immediately by the Claim. O

Remark 2.118. It follows immediately from the definition that the Lascar distance is
a metric (which may attain co), and in particular, it satisfies the triangle inequality.
Likewise, the Lascar diameter satisfies the inequality di,(o7) < di(o) +dp(7). O

Fact 2.119. If di(a,b) < n, there is some o € Aut(€) such that o(a) = b and
dL<O') =n.

If m enumerates a model, then whenever o € Aut(€) satisfies di,(m,o(m)) < n,
then dp(c) < n+1, i.e. for any tuple a we have dy,(a,o(a)) < n+ 1.

In particular, for every o € Aut(€), if m =g, o(m), then o € Autf(€) and for
every tuple a we have a =1, o(a).

Proof. The first part is immediate by the definitions of df..

For the second part, note that since dy,(m,o(m)) < n, by the first part, there is
some 7 € Aut(€) with dp,(7) < n such that 7(m) = o(m). But then 7o (m) = m,
so 770 € Aut(€/M) (where M is the model enumerated by m). It follows that
dr,(t7'o) < 1, and hence dy,(0) = di(7(770)) < dn(7) + dp(t70) = n + 1.

The third part follows immediately by the definitions and Fact 2.114. m

Remark 2.120. It follows immediately from Fact 2.114 that two tuples are =-
related precisely when they are in finite Lascar distance from one another. This,
along with Fact 2.119, implies that a ¢ € Aut(€) is a Lascar strong automorphism
if and only if dy,(0) < oc. O

Remark 2.121. The Lascar distance can also be defined in terms of the third bullet
in Fact 2.114. The resulting metric is bi-Lipschitz equivalent to dy, defined above
(it follows immediately from Facts 2.103 and 2.107), and it is also sometimes called
“the Lascar distance”. O

Remark 2.122. Fact 2.114 and Fact 2.117 imply that =, is F,, on each product of
sorts. O

Galois groups

Here, we recall fundamental facts about Galois groups of first order theories.
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Definition 2.123. The (Lascar) Galois group of T is the quotient Gal(7) =
Aut(C)/ Autf(C).

Similarly, the Kim-Pillay Galois group and the Shelah Galois group of T are
the quotients Gale(T) = Aut(Q:)/ Aut pr(Q:) and GalSh(T) = AU_t(Q:)/ Authh(Qf)
(respectively).

Galy(T) is the preimage in Gal(7T') of the identity in Galkp (7). O

Remark 2.124. Note that the natural maps Gal(7T") — Galgp (7)) — Galg,(7T') are
group epimorphisms. O

Remark 2.125. Note that by Fact 2.119, if a,a’ are arbitrary small tuples, while
m,m’ enumerate small models, then ma =1, m/a’ if and only if m =1, m’ and
ma = m'ad’. O

Fact 2.126. If for some tuple m enumerating a model M, and for some oy,09 €
Aut(€) we have tp(ay(m)/M) =M tp(os(m) /M), then oy Autf(€) = gy Autf(<).

Consequently, the map S, (M) — Gal(T) given by tp(c(m)/M) — o Autf(€)
is a well-defined surjection, and we may identify Gal(T) and S,,(M)/=M

We also have analogous surjections onto Galgp(T) and Galg,(T'), which induce
bijections with S,,(M)/=xp and S,,(M)/=sy (respectively).

(Throughout the thesis, we freely identify Gal(T) with S, (M)/=M for all M,
and Galgp(T') with S,,(M)/=kp.)

Proof. If tp(o1(m)/M) =M tp(o9(m)/M), then by the definition of = (see Defin-
ition 2.92), o1(m) = o9(m), so by Fact 2.115, there is some 7 € Autf(€)
such that 7o1(m) = o9(m). Since Autf(€) is normal in Aut(€), there is some
7' € Autf(€) such that 701 = 0,7, so 0,7/ (m) = o2(m), whence o; 'oy(m) =, m.
Since m enumerates a model, by Fact 2.119, it follows that o] 'oy € Autf(€), i.e.
o1 Autf(€) = oy Autf(€). Conversely, if o1 Autf(€) = o9 Autf(<), then of course
o1(m) =p, 02(m), so in particular, tp(oy(m)/M) =M tp(os(m)/M). Thus, we have
a bijection between Gal(T) = Aut(€)/ Autf(€) and S,,(M)/ =M.

The surjections onto Galkp(T") and Galg,(T) are easily obtained by composing
the surjection onto Gal(T") with the epimorphisms from Gal(7'). O

Fact 2.127. The quotient topology on Gal(T) induced by the surjection Sy, (M) —
Gal(T) from Fact 2.126 does not depend on M and it makes Gal(T') a compact
(but possibly non-Hausdorff) topological group.

In the same way, we induce a topology on each of Galkp(T') and Galgy(T'), with
which the first one is a compact Hausdorff group, and the second one is a profinite
group.

Gal(T'), Galgp(T') and Galgy(T') do not depend on the choice of € (as topological

groups).
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Proof. Choose any models M and N, enumerated by m and n. We may assume
without loss of generality that m C n. Then we have a continuous surjection
Sn(N) = Sp(M) (and hence, by compactness, a topological quotient map), which,
by Remark 2.125 induces a bijection S,(N)/=N — S, (M)/=M. Tt follows that
the induced bijection is a quotient map, and hence a homeomorphism.

The fact that Gal(T) is a topological group is [Zie02, Lemma 18].

The fact that Galgp(7") and Galgy, (7") are topological groups follows immediately
(the quotient of a topological group is a topological group). Since =kp is type-
definable, it follows by Fact 2.95 that Galkp(T') is compact Hausdorff, and it is not
hard to see that Galg,(T) is profinite.

The fact that the Galois groups do not depend on the monster model follows
immediately form Fact 2.126 — the space S,,,(M) does not depend on € = M, and
neither does =M. O

Remark 2.128. If T and M are countable, then S,,(M) is a compact Polish space,
so by Fact 2.2, if T" is countable, Galkp(7") and Galg,(T") are Polish. O

Definition 2.129. By the logic topology on the Galois groups, we mean the topo-
logy induced from S,,(M) via Fact 2.127. O

Remark 2.130. It follows easily from the definition of the logic topologies on Galois
groups that the natural epimorphisms between them are topological group quotient
maps. O
Proposition 2.131. If T is countable, M, N are countable models, enumerated
by m and n, respectively, then the relations =M and = on S,,(M) and S,(N)
(respectively) have the same Borel cardinality.

Proof. We may assume without loss of generality that M O N. Then we have a
continuous surjection S, (M) — S,(N). From Remark 2.125, it follows that it is a
reduction of =} to ={, so the proposition follows by Fact 2.45. O

This justifies the following definition.

Definition 2.132. If the theory is countable, then the Borel cardinality of the
Galois group Gal(T) is the Borel cardinality of =M on S,, (M), for some countable
model M enumerated by m. O

Proposition 2.133. Gal(T') acts on X/E for any bounded invariant equivalence
relation E defined on an invariant X. If X = p(€) for some p = tp(a/0) € S(0),
then the orbit map ry,: Gal(T) — X/E given by o Autf(€) — [o(a)lp is a
topological quotient map.

If E is type-definable (or, more generally, refined by =xp), then this action
factors through Galgp(T) (yielding a topological quotient map Galgp(T) — X/E

if X =p(€)).
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Proof. Aut(€) acts on X, and by invariance of E, it also acts on X/E. On the
other hand, by definition of Autf(€) (Definition 2.112), Gal(T') = Aut(€)/ Autf(¢)
acts on X/=p. Since F is bounded invariant, it is refined by =p, and we have a
natural map X/=;, — X/E, which is trivially Aut(€)-equivariant, so it induces an
action of Gal(T") on X/FE.

If X = p(€), this action is clearly transitive, and for any a = p and m 2 a
enumerating a model M, we have a commutative diagram

Spn(M) —— Gal(T)

| !

S,(M) —— X/E

where the top map comes from Fact 2.126, the left one is the restriction, the bottom
one comes from Fact 2.91, and the right one is the orbit map. Since the top, left
and bottom arrows are topological quotient maps, so is the orbit map (e.g. by
Remark 2.5 with A = S5,,,(M), B = Gal(T) and C' = X/E).

If E is refined by =kp, then we can do the same analysis with Galkp (7)) and
=kp in place of Gal(T") and =. O

The logic topology on Gal(T") can also be characterised in several different ways.

Fact 2.134. Denote by u the quotient map Autf(€) — Gal(T), and take an
arbitrary C C Gal(T'). The following conditions are equivalent:

(1) C closed.

(2) For every (possibly infinite) tuple a of elements of €, the set {c(a) | o €
Aut(€) and p(o) € C} is type-definable [over some [every] small submodel
of €J.

(8) There is some tuple a and a partial type w(Z) (with parameters) such that
pC) = {0 € Aut(@) | o(a) k= n(2)}.

(4) For some tuple m enumerating a small submodel of €, the set {o(m) | o €
Aut(€) and u(o) € C} is type-definable [over some [any] small submodel of

¢/
Proof. A part of this fact is contained in [LP01, Lemma 4.10]. The rest is left as
an exercise. ]

Fact 2.135. Galy(T) is the closure of the identity in Gal(T).

Proof. This is essentially the first part of [Zie02, Theorem 21] (note that our Galy(T')
is denoted there by I7(T)). O

Fact 2.136. =xp and =g, are orbit equivalence relations of Autfxp(€) and
Autfg, (&) (respectively).
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Proof. For =kp, this is [CLPZ01, Fact 1.4(ii)]. For =gy, this is clear, as Autfg, ()
is simply Aut(€/ acl®y(()). O

The following proposition comes from [KPR15] (joint with Krzysztof Krupinski
and Anand Pillay).

Proposition 2.137. Suppose Y is a type-definable set which is =i, -saturated.
Then:

(1) Autf(€) acts naturally on'Y.

(2) The subgroup S of Gal(T) consisting of all o Autf(€) such that o[Y] =Y (i.e.
the setwise stabilizer of Y /=y, under the natural action of Gal(T')) is a closed
subgroup of Gal(T'). In particular, Autfxp(€)/ Autf(€) = Galy(T) < S.

(8) Y is a union of =kp-classes.

Proof. (1) follows immediately from the assumption that Y is = -saturated.

(2) The fact that S is closed can be deduced from Fact 2.134 and from the
fact that this is a topological group. To see this, note that S = PN P~!, where
P = \,eylo/Autf(€) | o(a) € Y} is closed in Gal(T") by Fact 2.134(3). The
second part of (2) follows from the first one and the fact that Autfxp(€)/ Autf(€) =
Galp(T') = cl(id / Autf(€)).

(3) is immediate from (2) and the fact that =kp is the orbit equivalence relation
of Aut pr<Q:) ]

Model-theoretic group components

Fact 2.138. If G is a type-definable group and H < G has small index and
is invariant over a small set, then G/H has a well-defined logic topology (as in
Definition 2.89), which is compact, and is Hausdorff if and only if H is type-
definable.

Proof. Note that the coset equivalence relation of H is the preimage of H by the
type-definable map (g1, g2) — g1 Lgo, so it is invariant over a small set and type-
definable if and only if H is type-definable. Thus, the fact follows from Fact 2.95
(having in mind Remark 2.90, we may add all parameters to the language). O

Remark 2.139. In Fact 2.138, in the same way, if A and the theory are countable,
while G consists of countable tuples, then the Borel cardinality of G/H is well-
defined (per Fact 2.98). O

Fact 2.140. Fiz a small set A of parameters.

Suppose G is an A-type-definable group and N < G is an Aut(€/A)-invariant
normal subgroup such that [G : N| is small. Then G/N is a topological group (with
the logic topology).
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Proof. To see that G/N is a topological group, notice that because the map
w: (g1, 92) — gy'gs is type-definable (by type-definability of the group), it fol-
lows immediately that the induced map (G/N)* — G/N is continuous with respect
to the logic topology on G?/N? = (G/N)?; we need to show that it is continuous
with respect to the product topology (which a priori might be coarser). If N is
type-definable, then G/N and G*/N? are compact Hausdorff, so the logic topology
on G?/N? and the product topology on (G/N)? coincide (e.g. by Remark 2.6
applied to the natural bijection G*/N? — (G/N)?).

Otherwise, if N is not type-definable, because it is bounded, there is a minimal
type-definable N < G containing N, and it is easy to see that it is (-type-definable
and normal. Now, fix a closed A C G/N. Then there is a, type-definable A’ C G
which is a union of cosets of N, such that A = A’/N. It follows that A" must
also be a union of cosets of N (because its setwise stabiliser is an intersection
of type-definable unions of cosets of N, so it is a type-definable group). Thus,

by the preceding paragraph, pu~'[A’] /N2 is closed in (G/N)2. Finally, note that
(G/N)? — (G/N)? is trivially continuous, so the preimage of ~'[A]/N" is closed
in (G/N)?. But this preimage is just u~*[A’]/N?, so we are done. O

Definition 2.141. Suppose A is a small set of parameters, and let G be an A-type-
definable group. Then the following are the classical model-theoretic connected
group components of G:
e G (or G) is the smallest A-invariant subgroup of G of bounded index,
o G is the smallest subgroup of G of bounded index which is type-definable
over A,

e (Y is the intersection of all relatively A-definable subgroups of G of bounded
index.

Remark 2.142. It is known that if 7" has NIP (see Definition 4.17), then for all
small A we have GY° = G, G¥ = G}’ and G = G}, see [Gis11]. When this
happens, they are called simply G°°, G% and G°. O

Fact 2.143. Suppose G is an A-type-definable group. Then G/GY is a compact
Hausdor{f group and G/GY is a profinite group.

Proof. For G/GY follows from the first part and Fact 2.140. For G/GY it is similar,
as G/GY is the inverse limit of quotients by finite index subgroups. ]
2.6 Former state of the art

In this section, having recalled the necessary language, we list some former results,
along with the result in the thesis which improve them.
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[ stress that all of the facts listed below only applied to F, strong types (some-
times with additional constraints), while the main results of this thesis apply to
either arbitrary or to analytic strong types (and generally speaking, in those cases
where we require analyticity, there are examples when conclusion fails for arbitrary
non-analytic strong types).

For more detailed discussion of the historical background, see the introduction.

Fact 2.144. Suppose E is an F, equivalence relation on X = p(€) (in particular,
if E is the Lascar strong type) (where p € S(0)) which is not type-definable. Then
for every type-definable, E-invariant Y C X we have |Y/E| > 2%.

Proof. This is essentially [New03, Corollary 1.12]. O

The above fact is entirely superseded by Theorem 6.8, where we only require
that E is analytic, an not F,. See also Corollary 8.16.

Note that if the language is countable and E = =g, the above corollary says
that, in particular, either = | has only one class, or Ay Borel reduces to it
(by Fact 2.47).

There is also a corresponding statement for groups

[al=kp

Fact 2.145. Suppose G is a O-definable group, while H < G is F,.
Then either H is type-definable, or [G : H] > 2%,

Proof. This is a part of [New03, Theorem 3.1]. O

The above Fact is superseded by Corollary 6.37, as we require only that H is
analytic, and in the case of index smaller than 2%, we obtain relative definability
of H in G.

The following is the main theorem of [KMS14], proving an earlier conjecture
from [KPS13].

Fact 2.146. Assume that T is a complete theory in a countable language, and
consider =y, on a product of countably many sorts. Suppose Y is an =y,-saturated,
Gy (i.e. the complement of an F,) subset of the domain of =1,. Then either each
=, class in'Y is type-definable, or Ely is non-smooth.

Proof. See [KMS14, Main Theorem A]. ]

In [KM14] and [KR16], the last fact was generalized to a certain wider class of
bounded F, relations. In order to formulate this generalization, we need to recall
one more definition from [KR16].

Definition 2.147. Suppose FE is an invariant equivalence relation on a set X. We
say that E is orbital if there is a group I' < Aut(€) such that F is the orbit
equivalence relation of I" acting on X. O
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Remark 2.148. Note that immediately by the definition, a bounded orbital equival-
ence relation is a strong type according to Definition 2.88 (because = is the orbit
equivalence relation of the whole Aut(€)). Furthermore, each of =1, =xp, and =g
is orbital, by Facts 2.115 and 2.136. O

Fact 2.149. We are working in the monster model € of a complete, countable
theory. Suppose we have:

o a set X = p(€) for some p € S(0),
e an F,, bounded invariant equivalence relation E on X, which is orbital,

e a tlype-definable and E-saturated set Y C X such that ETy is not type-
definable.

Then Ely is non-smooth.
Proof. This is essentially [KR16, Theorem 3.4]. ]

Essentially the same was proved independently, using slightly different methods,
in [KM14, Theorem 3.17]. The assumptions in [KM14, Theorem 3.17] are slightly
weaker, namely X is only required to be type-definable with parameters, and Y
is only Gy, and the orbitality assumption is replaced by a slightly weaker one.
However, for X = p(€) and type-definable Y, the two theorems are equivalent.

Both Fact 2.146 and Fact 2.149 are superseded by Corollary 6.16 (albeit for
type-definable Y'): we drop orbitality assumption, and E need not be F,.

Fact 2.150. Suppose T is countable. Let A C € be countable.

Suppose in addition that G is an type-definable group, and X is an type-definable
set of countable tuples on which G acts type-definably and transitively (all with
parameters in A), while H < G is F, over A and has small index in G.

Then if for some a, the orbit H - a is not type-definable (and a satisfies a mild
technical assumption), then the H-orbit equivalence relation on X is not smooth.

Proof. This is essentially [KM14, Theorem 3.33]. ]

This is superseded by Corollary 6.36: using that, we can drop the assumption
that H is F, (as well as the technical assumption), and we obtain a stronger
conclusion.

In [KM14], the following corollary was also obtained.

Fact 2.151. Suppose G is a definable group, while H < G is F, and invariant
over a small set, of finite index in G. Then H is definable.

Proof. This is [KM14, Corollary 3.37]. O

This is superseded by Corollary 6.37: in our case, we only assume that G is
type-definable, and for a definable GG, to obtain definability of H, we only need to
assume that H is analytic and of index smaller than 2%°.
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Basic examples

In this chapter, we discuss some cases where the analogues of some of the main
theorems of the thesis are relatively easy to obtain. Roughly speaking, in proving
the general theorems in later parts of this thesis, we will try to imitate the proofs
from this chapter. The main problem will be “getting into the position” from which
we can imitate successfully. The results of the third section in this chapter originate
from [KR18] (joint with Krzysztof Krupinski).

3.1 Transitive action of a compact group

Proposition 3.1. Consider a compact Hausdorff group G acting transitively and
continuously on a Hausdorff space X (which is also compact, as the continuous
image of G).

Let E be a G-invariant relation on X.

Choose any point xy € X and let H be the setwise stabiliser of [xo)g.

Then G/H is homeomorphic to X/E (via the map induced by the orbit map
g g o).

Moreover, whenever one of H, E is open, closed, F,, Borel or analytic, so is
the other one.

Furthermore, if G and X are Polish, then G/H ~p X/E (i.e. the Borel
cardinality of the relation of lying in the same left coset of H is the same as the
Borel cardinality of E, cf. Definition 2.538).

Proof. Consider the orbit map R: G — X, R(g) = gzo. Since G acts transitively,
R is onto, and because G is compact and X is Hausdorff, it is a closed map, and as
such, a topological quotient map (cf. Remark 2.6). It follows that the composed
map 7: G — X/E, r(g) = [gxo]r is also a quotient map (as the composition of two
quotient maps).

o1
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Then, since F is G-invariant, G acts on X/E, so whenever g1zq E gaxo, wWe
have g E g 'gazo, or equivalently, g;'go € H, which means just that g H = goH.
It follows that fibres of r are exactly the left cosets of H, so by the preceding
paragraph, G/ H is homeomorphic to X/FE.

For the “moreover” part, note that the relation Ey of lying in the same left coset
of H is the preimage of E by the continuous surjection R x R: G x G = X x X,
and it is also the preimage of H by the map (g1, g2) — g1 *g2, G* — G, and apply
Proposition 2.20.

Finally, since the fibres of r are the left cosets of H, R is a reduction of the
coset, equivalence relation Fy to F, and since it is also continuous and surjective,
using Fact 2.45, we obtain F ~pg Fy. O

The following lemma is a fairly simple example showing how Proposition 2.51
can be used to prove similar results in wider contexts.

Lemma 3.2. Suppose we have a compact Polish space X, an equivalence relation
E on X, and a compact Polish group G acting transitively on X/E, such that for
some xg € X we have the following:
e the orbit map g — glxo|g is a topological quotient map,
o the stabiliser H < G of [xo|g is analytic if E is analytic,
o if E is smooth (in the sense of Definition 2.42), then so is G/H (this is true
e.g. if E > G/H).
Then exactly one of the following holds:
(1) X/E is finite and E is clopen,
(2) | X/E| =2% and E is closed,
(3) E is non-smooth; in this case, if E is analytic, then |X/E| = 2%.
In particular, E is smooth if and only if it is closed.

Proof. Apply Proposition 2.51 to H < G.

If H is open, then (by Fact 2.28) G/H is discrete, and so is X/FE. By Fact 2.7,
it follows that F is open (and by compactness of X, this implies that E' is clopen
and X/F is finite).

If H is closed and [G : H] = 2% then G/H is Hausdorff (by Fact 2.28) and
thus so is X/E, so E is closed by Fact 2.7, and of course | X/E| = [G : H] = 2%,

Otherwise, G/H is not smooth, so E' is not smooth.

If G/H is not smooth but E is analytic, then H is analytic, so it has the
property of Baire, and |X/E| = |G/H| = 2%. O

Corollary 3.3. If G, X, E are as in Proposition 3.1, and X is Polish, then E is
smooth (according to Definition 2.42) if and only if E is closed (as a subset of X?).
In fact, exactly one of the following holds:
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(1) E is clopen and has finitely many classes,
(2) E is closed and has exactly 2% classes,

(8) E is not closed and not smooth. In this case, if E is analytic, then E has
exactly 2% classes.

Proof. Note that by Proposition 2.37 we may assume without loss of generality that
G is Polish (replacing it by the compact Polish group the action factors through,
if necessary).

Then the corollary is immediate by Proposition 3.1 and Lemma 3.2. [

3.2 Orbital equivalence relations

Proposition 3.4. Suppose G is a compact Hausdorff group acting continuously
on a Hausdorff space X.

Let E be the orbit equivalence relation of some H < G (i.e. x1 E x5 if and only
if for some h € H we have hxy = x5).

Then E is closed if and only if each class of E is closed.

Proof. If F is closed, then trivially each class of E is closed.

In the other direction, suppose all E-classes are closed and let H be the group
of all elements h € GG such that for all z € X we have hx E x. Then it is easy to
see that H D H, so E is the orbit equivalence relation of H.

Note that H = Msex1h | hx € [z]g}, so it closed in G. As such, H is a compact
Hausdorff group, and so, by Fact 2.32, X/F = X/ H is Hausdorff, which implies
that E is closed (as the preimage of the diagonal in X/E via the natural continuous
map X? — (X/FE)?). O

The following corollary is a toy version of Corollary 7.47.

Corollary 3.5. Suppose G, X, E are as in Proposition 3./, and in addition X 1is
Polish and H is normal. Then E s closed if and only if it is smooth.

Proof. In one direction, if F is closed, then it is smooth by Fact 2.44.

Now, suppose E is smooth. It is easy to see that E is G-invariant, as the
orbit equivalence relation of a normal subgroup of GG. By Corollary 3.3, for each
X' = G-z, Ely is smooth if and only if it is closed. But we have trivially
Ely, <p E, so each Ey, is smooth, and therefore closed. This implies that each
FE-class is closed, so by Proposition 3.4, F itself is closed as well. O
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3.3 Relations coarser than the Kim-Pillay strong
type

In this section, we will discuss the model-theoretic case of bounded invariant re-
lations coarser than the Kim-Pillay strong type, and prove an analogue of The-
orem 6.18 (which is also Main Theorem C) and of Corollary 6.16 (i.e. Main The-
orem D). The main point is that — unlike the general case — we do not need to
construct any group using topological dynamics: we can just use Galkp(7') instead.
This makes the problem much simpler (and quite analogous to Proposition 3.1).
Note that this approach applies to all strong types if the underlying theory is
G-compact (which includes all stable and, more generally, simple theories).

Lemma 3.6. Suppose we have a commutative diagram

A——s G

o

C — @

where:
e A C and G are compact Polish spaces,
o the surjections A — C' and A — G are continuous.
Denote by E|c and E|g the equivalence relations on C' and G (respectively) induced
by equality on Q). Then:
(1) E|g is closed [resp. Borel, or analytic, or F,, or clopen (equivalently, with
open classes)] if and only if E|c is such,

(2) Elg ~ Elc.
Proof. Denote by E|4 the equivalence relation on A induced by equality on @ via
the composed map A — Q.
(1) Since E|4 is the preimage of each of F|¢ and F|g by a continuous surjection
between compact Polish spaces, by Proposition 2.20, we conclude that closedness
[resp. Borelness, or analyticity, or being F,, or being clopen| of E|4, E|¢c and E|g

are all equivalent.
(2) It is clear that the top and the left arrow are continuous, surjective reductions

of E|4 to E|g and E|4 to E|¢, respectively. So E|g ~p E|a ~p E|c by Fact 2.45.
O]

The following theorem is a prototype for Theorem 6.18.

Theorem 3.7. Suppose E is a strong type defined on p(€) for some p € S(0) (in
countably many variables, in an arbitrary countable theory) and E is refined by

=xp. Fiz any a = p.



CHAPTER 3 55

Consider the orbit map ri,,: Galgp(T) — p(€)/E given by o Autfyp(€) —
lo(a)]g (the orbit map of the natural action of Galkp(T') on p(€)/E introduced in
Proposition 2.133), and put H = kerr,, = r[;}lE[[a]E] Then:

(1) H < Galgp(T) and the fibres of ri,, are the left cosets of H,

(2) T, 15 a topological quotient mapping, and so p(€)/E is homeomorphic to
Gale (T)/H,

(8) E is type-definable [resp. Borel, or analytic, or F,, or relatively definable on
p(€) x p(€)] if and only if H is closed [resp. Borel, or analytic, or F,, or
clopen/,

(4) Eg ~p E, where Ey is the relation of lying in the same left coset of H.

Proof. The first two points follow from Proposition 2.133, as H is just the stabiliser
of [a]g € p(€)/E

Let M be a countable model containing a, and let m O a be an enumeration of
M. Then we have a commutative diagram, as in the proof of Proposition 2.133.

l lmm

Sa(M) — [al_/E

The top arrow is defined in the same way as the map to Gal(T') given by Fact 2.126.
The left arrow is the restriction map, and the bottom one is the quotient map given
by Fact 2.91.

It is easy to check that this diagram is commutative and consists of continuous
maps. Moreover, S,,(M), S,(M) and Galkp(T') are all compact Polish (see Remark
2.128).

Since Galkp(T') is a compact Hausdorff group, we may apply Remark 2.27 and
Proposition 2.20 to deduce that H is closed, clopen, Borel, F,, analytic if and only
if Fy is such.

By Lemma 3.6, this is equivalent to E* having the same property, and EM ~p
Ep. By Fact 2.94, we obtain (3), and by the definition of Borel cardinality of a
bounded invariant equivalence relation (Definition 2.99), we also have (4). O

It is worth noting that with some work, we can actually deduce Theorem 3.7
from Proposition 3.1.

More precisely, one can show that if E is refined by =kp, then Galkp(7T) acts
continuously on p(€)/=kp, and note that E and E|ye)/= (i.e. the induced
equivalence relation on p(€)/=kp) are Borel equivalent, that F is type-definable
if and only if E|p¢) =y, is closed, and so on, and then apply Proposition 3.1 to
Galgp (1) acting on p(€)/=kp.
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However, the general case (when E' is not refined by =kp) does not have such
a straightforward reduction, as we do not have any obvious choice of a compact
Hausdorff group acting on the strong type space. To prove Theorem 5.52 (which
will be the main ingredient of the proof of Main Theorem C), we construct another
compact Polish group G acting on a class space instead of Galgp(T"), with properties
similar to the action of Galkp(T') above.

The following corollary may be considered a toy version of Main Theorem B.

Corollary 3.8. Assume T is countable. Let E be a strong type on p(€) for some
p € S(0) (in countably many variables). Assume that E is coarser than =gp. Then
exactly one of the following conditions holds:

(1) p(€)/E is finite and E is relatively definable,

(2) |p(€)/E| = 2% and E is type-definable and smooth,

(3) E is non-smooth; in this case, if E is analytic, then |p(€)/E| = 2%.
In particular, E is smooth if and only it it is type-definable.

Proof. Fix any a |= p, and let X = p(€). Note that by Theorem 3.7, we have an
action of Galkp(7') on X/FE such that that the stabiliser H of [a]g is analytic if E
is, the orbit map of [a|g is a quotient map, and E ~p G/H. On the other hand,
for any countable model M, X, is a compact Polish space, the quotients X/E and
Xar/EM are homeomorphic, EM is analytic (by Fact 2.94) if and only if F is and
by definition, EM ~p E. Thus, the assumptions of Lemma 3.2 are satisfied for
X = Xy, E = EM and x5 = tp(a/M) (note that since T is countable, Galkp(T) is a
compact Polish group). Since relative definability, type-definability and smoothness
of E are equivalent to E* being clopen, closed or smooth (respectively) and X/E
and X,/ E™ have the same cardinality, the conclusion follows. O



Chapter 4

Toolbox

In this chapter, we develop some more advanced tools in topological dynamics,
which are more advanced than the ones listed in Chapter 2. They will be to prove
the main theorems in the last two sections of Chapter 5. We also explore the
connections between the model-theoretic notion of NIP and the dynamical notion
of tameness, which will be useful mainly in Chapter 6. Most of the content of this
chapter comes from [KR18] (joint with Krzysztof Krupinski).

4.1 From topological dynamics to Polish spaces

The main outcome of this section is the construction of a Polish compact group
associated with a given metrisable dynamical system. We also obtain some more
general statements useful in the non-metrisable case.

Throughout this section, G is an abstract group and (G, X, z¢) is a (compact)
G-ambit, i.e. G acts on X by homeomorphisms and G - z( is dense in X. We use
the notation of Section 2.3. In particular, we use EL for the Ellis semigroup of G
acting on X, M for a fixed minimal left ideal in F'L, and u for a fixed idempotent

in M.

Good quotients of the Ellis semigroup and the Ellis group

In this subsection, we find a rich Polish quotient of the Ellis group of a metric
dynamical system (i.e. when X is metrisable).

We have a natural map R: EL — X given by R(f) = f(zo). This gives us an
equivalence relation = on EL given by f; = f; whenever R(f;) = R(f2). Note
that R is continuous, so = is closed, and by compactness and the density of G - xg
in X, R is surjective, so, abusing notation, we topologically identify EL/= with
X. Similarly, for A C EL, we identify A/= with R[A] C X as sets (the topology

o7
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need not be the same, but it is if A is closed, by compactness; whenever there is
risk of confusion between distinct topologies, it will be clarified). The goal of this
subsection is to find a Polish quotient of uM/H (uM) which will be sufficiently
well-behaved with respect to R.

Proposition 4.1. R commutes with (left) multiplication in EL. More precisely,
suppose fi1, fo € EL. Then R(fifs) = fi(R(f2)). In the same way, R commutes
with multiplication by the elements of G.

Proof. R(f1f2) = (f1f2)(w0) = fi(f2(x0)) = fi(R(f2)). From this, the second part
follows, since ¢ - f = 7w, f for g € G. m

Let D = [u]= N uM. More explicitly, D = {f € uM | f(zo) = u(zo)}. This D
will be important in much of the thesis.

Lemma 4.2. D is a (7-)closed subgroup of uM (see Fact 2.60(3)).

Proof. Consider any d € cl, (D). Let (g;), (d;) be nets as in the definition of uo D, i.e.
such that ¢; € G, g; — u and g¢;d; — d. By continuity of R, because R(d;) = R(u)
(by the definition of D), and by the preceding remark, as well as left continuity of
multiplication in £ L, we have

R(d) = lim R(g;d;) = lim g; R(d;) = lim g; R(u) = R(lim g;u) = R(u*) = R(u).

This shows that D is 7-closed.
To see that D is a subgroup of uM, take any d,d;,dy € D. Then:

R(didy) = di(R(d2)) = di(R(u)) = R(dyu) = R(dy) = R(u),
R(d) = R(d"'u) = d"'(R(u)) = d"'(R(d)) = R(d"'d) = R(u). O

The following simple example shows that the subgroups D and H(uM)D do
not have to be normal in uM.

Example 4.3. Consider G = S acting naturally on X = {1,2,3} (with the
discrete topology), and take o = 1. Then G = uM and D = H(uM)D is the
stabilizer of 1, which is not normal in uM. O

Lemma 4.4. Let f1, fo € uM. Then f1 = fo (i.e. R(f1) = fi(xo) = fa(zo) =:
R(f2)) if and only if f{'f, € D (note that here, f; ' is the inverse of f1 in uM,
not the inverse function), i.e. fiD = foD. (And thus uM /= and uM /D can and
will be identified as sets.)
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Proof. In one direction, if fi; = fo,

R(fi'fo) = [T (R(f2)) = [T (R(f1) = R(fT i) = R(u).
In the other direction, if R(f;'f,) = R(u), then

R(fi) = R(fiw) = [i(R(w)) = [l(R(f f2)) = RU1 ST f2) = R(f2) N

Recall that by Fact 2.60(8), we have the compact Hausdorff topological group
uM/H(uM). Since D is closed in uM (and hence compact), it follows that the
quotient H(uM)D/H (uM) is a closed subgroup in uM/H (uM). Consequently,
uM/(H(uM)D) (which one may also describe as the quotient of uM /H (uM) by
H(uM)D/H(uM), as in any case the topology is the quotient topology from uM
induced by the obvious maps) is a compact Hausdorff space (by Fact 2.28). By
applying Lemma 4.4, we conclude that the quotient map uM — uM /(H(uM)D)
factors through uM /=, which we identify with R[uM] C X, giving us the following
commutative diagram:

uM — uM/H(uM)

Js |

RluM] ——s uM/(H(uM)D).

Proposition 4.5. Suppose ~ is a closed equivalence relation on a compact Haus-
dorff space X, while F C X is closed. Then the set [F]. of all elements equivalent
to some element of F' is also closed. O

Proof. [F]. is the projection of (X x F') N~ onto the first axis. O

Lemma 4.6. On uM/= = uM/D, the topology induced from the T-topology on
uM is refined by the subspace topology inherited from FL/==X.
Consequently, j in the above diagram is continuous (with respect to the quotient

T topology on uM/H(uM)D.)

Proof. We need to show that if F¥ C uM is 7-closed and right D-invariant (i.e.
FD = F), then there is a closed =-invariant F C EL such that FNuM = F. By
the preceding remark, since = is closed, it is enough to check that [F]= NuM = F,
where I is the closure of F in EL.

Let f € [F]= NuM. Then we have a net (f;) C F such that f; — f and
f=f. By Fact 2.60(4), in this case, f; converges in the T-topology to uf, which
is an element of F' (because F is 7-closed). Since F' is right D-invariant (and hence

=-invariant in uM), it is enough to show that f' = uf. But this is clear since

R(uf) = u(R(f)) = u(R(f")) = R(uf") = R(f"). O



60 TOOLBOX

As indicated before, we want to find diagrams similar to the one used in
Lemma 3.6, which we will later use to prove Theorem 5.52 (and indirectly, Main The-
orems B, C, D and F). As an intermediate step, we would like to complete the
following diagram (for now, we do not care about continuity).

EL .y > M " > uM
EL/= ----- »y M/= --—-- > uM/D

| [

X RIM|

The dashed arrow on the right exists: if R(f1) = R(f2), then u(R(f1)) = u(R(f2)),
so, by Proposition 4.1, also R(uf;) = R(ufy), and hence, by Lemma 4.4, ufiD =
ufoD. Unfortunately, there is no reason for the arrow on the left to exist (i.e.
fi = fa does not necessarily imply fiu = fou). However, we can remedy it by
replacing FL/= with EL/=', where =’ is given by f; = fo when R(f) = R(f2)
and R(fiu) = R(fou). This gives us a commutative diagram, substituting for the
above one (again, not all of these arrows have to be continuous):

EL > M > uM

l = fu l fuf l

EL/Z= —— M/= —— uM/D
i [
X R[M|

Proposition 4.7. EL/= and EL/=" are both compact Hausdorff spaces.
If X is second-countable (by compactness, equivalently, Polish), so is EL/=, as
well as EL/='.

Proof. Since FL/= is homeomorphic to X, the part concerning E'L/= is clear.
For EL/=', note first that M /= is a closed subspace of FL/=, and hence it is
Polish whenever X is. To complete the proof, use compactness of F' L, Hausdorffness
of EL/= and M/=, and continuity of the diagonal map d: FL — EFL/=x M/=
given by f — ([f]z,[fu]=) in order to deduce that FL/=" is homeomorphic to
d[EL] which is closed. O

Proposition 4.8. The formula [f]= = f(xo) = R(f) — uf/H(uM)D describes
a well-defined continuous surjection RluM] — uM/H(uM)D, where uM is the
closure in EL.

Proof.
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| |

RluM| = uM/= —— uM/H(uM)D

In the above diagram, the top arrow, given by f +— uf/H (uM), is continuous
by Proposition 2.61. The induced map uM — uM/H (uM)D factors through the
quotient map uM — uM /= yielding a continuous map uM /= — uM/H(uM)D:
to see that, just notice that if f; = f5, then uf; = ufs, and then apply Lemma 4.4.

O

Corollary 4.9. If X is metrisable, then uM/H(uM)D is a Polish space.

Proof. Note that uM is a compact space (equipped with the subspace topology
from EL). Consequently, R[uM] = uM /= is a compact Polish space.

Hence, by Proposition 4.8, uM /H(uM)D is a compact Hausdorff space which
is a continuous image of a compact Polish space. As such, it must be Polish by
Fact 2.2. O

Tameness and Borel “retractions”

Proposition 4.10. Suppose (G, X) is a tame metric dynamical system. Then for
any fo € EL, the map f — fof is =-preserving and the induced transformation of
EL/= is Borel.

In particular, the map M /= — uM /= induced by p — up is Borel, where both
spaces are equipped with the subspace topology from X = EL/=.

Proof. Preserving = follows immediately from Proposition 4.1. The induced trans-
formation of FL/= is the same as simply fy, once we identify X with EFL/=, and
fo is Borel by Fact 2.76. O]

Corollary 4.11. The map M/= — uM/H(uM)D which takes each [f]= to
uf/H(uM)D is Borel, where the former is equipped with subspace topology from
EL, while the latter has topology induced from the T topology.

Similarly, the map EL/="— uM/H(uM)D, given [f]= — ufu/H(uM)D, is
Borel.

Proof. The first map is the composition of the continuous map j: uM /= —
uM/H(uM)D from Lemma 4.6 and the Borel function from the second part
of Proposition 4.10. The second map is the composition of the first one with the
continuous map [f]= — [fu]=. O
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Polish group quotients of the Ellis group

By Corollary 4.9, we already know that for metric dynamical systems, the quotient
uM/H(uM)D is a Polish space. However, we want to obtain a Polish group, and
as we have seen in Example 4.3, H(uM)D may not be normal, so we need to
slightly refine our approach.

Corollary 4.12. For a metric dynamical system, uM / Core(H (uM)D) is a com-
pact Polish group, where Core(H (uM)D) is the normal core of H(uM)D, i.e. the
intersection of all conjugates of H(uM)D in uM.

Proof. Immediate by the Proposition 2.37, as uM/H (uM) is a compact Hausdorff
group and uM /H (uM)D is a compact Polish space (by Corollary 4.9). O

In the case of tame metric dynamical systems, the situation is a little cleaner.
Namely, we will show that uM /H (uM) itself is already Polish.

Definition 4.13. A topological space X “has countable tightness (or is countably
tight) if for every A C X and every x € A, there is a countable set B C A such
that x € B. O

Fact 4.14 (Engelking). A compact Hausdorff topological group of countable tight-
ness is metrisable.

Proof. [ATO08, Corollary 4.2.2]. ]

Proposition 4.15. The image of a countably tight space via a closed continuous
map 1S countably tight.

Proof. Let X be a countably tight space, and let f: X — Y be a closed and
continuous surjection. Choose an arbitrary A CY and y € A. Note that since f

is closed and onto, we have that A C f [ f _1[A]], so there is some = € f~1[A] such

that f(z) =y. Choose B’ C f~'[A] countable such that = € F,_and let B = f[B].
Since f is continuous, f~! [B] 2 B’, so in particular, z € f7' [B],soy € B. O

Proposition 4.16. If (G, X) is a tame metric dynamical system, then the group
uM/H(uM) is metrisable (and hence a Polish group).

Proof. Note that if (G, X) is tame, then, by Proposition 2.75, uM C EL is
a Rosenthal compactum, so — via the Fréchet-Urysohn property we have by
Fact 2.65 — it is countably tight. Furthermore, by Proposition A.41, the function
f = wf/H(uM) defines a continuous surjection from uM to uM/H(uM), and
hence a continuous closed mapping. Hence, the result follows by Proposition 4.15
and Fact 4.14. O
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4.2 Independence, tameness and ambition

In this section, we discuss the relationship between model-theoretic NIP and dynam-
ical tameness. A relationship between the Bourgain-Fremlin-Talagrand dichotomy
and NIP seems to have been first noticed independently in [CS18], [Khal4], and
[Ibal6]; see also [Sim15] and [KP17a] for related research. Many parts of this
section appear to be folklore, but I have not found them stated and proved in this
form. Because of that, and because they are interesting in their own right, we
present them along with their proofs. The introduced notions of tame models and
ambitious models seem to be new. Ambitious models will be essential later.

Definition 4.17. If A, B C €, then we say that a formula ¢(z,y) has the inde-
pendence property (IP) on A x B if there is an infinite sequence (b,) of elements
of B such that ¢(€,b,) N A are independent subsets of A. Otherwise, we say that
it has NIP on A x B.

We say that ¢ has IP if it has IP on the whole €, otherwise we say that it has
NIP.

We say that T" has NIP if every formula has NIP. Otherwise, we say that T’
has IP. O

Remark 4.18. Note that if A and B are type-definable, then in the above definition
we can assume without loss of generality that the sequence (b,,) is indiscernible over
any given small set of parameters (by Ramsey’s theorem and compactness). O

Definition 4.19. Given a model M =< € and a set A which is invariant over
M, by Aut(M/{A}) we denote the set of all automorphisms of M which fix the
canonical parameter of A (as a hyperimaginary), or equivalently, which fix the set
Ay = A{tp(a/M) | a € A} setwise. O

Definition 4.20. We say that a formula ¢(z,y) is tame if for every small model
M and b € M, the characteristic function of [p(z,b)] C S,(M) is tame in
(Aut(M), S.(M)) (in the sense of Definition 2.69).

Similarly, if A, B are type-definable sets, we say that ¢(z,y) is tame on
A x B if for every small model M over which A and B are type-definable, and
every b € B(M), the characteristic function of [¢(x,b)] N Ay C Ay is tame in
(Aut(M/{A}), Ay). 0

Note that tameness of ¢(x,y) does not change when we add dummy variables,
even allowing infinite sequences of variables.

Lemma 4.21. [For any type-definable sets A, B] p(x,y) is NIP [on A x B]if and
only if o(x,y) is tame [on A x BJ.
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Proof. For simplicity, we will treat the absolute case here. The relative (i.e. Ax B)
case is proved similarly.

If o(x,y) has IP, there is an indiscernible sequence (b,) witnessing that, and
we can find a small model M which contains (b,,), and such that all b,’s lie in a
single orbit under Aut(M). It follows from Fact 2.68 that ¢ is untame (which is
witnessed in (Aut(M), S,(M))).

In the other direction, suppose ¢(z,y) is untame. Fix a small model M and
b € M witnessing that. Then we have a sequence (o,), in Aut(M) such that
On * X[p(xp) 18 an £' sequence.

Let X < Aut(M) be the group generated by all ¢,,’s and put By := X - b.
Then By is countable and S,(By) is a totally disconnected, compact metric space.
Moreover, the characteristic function of [¢(z,b)] C S,(By) is untame with respect
to (X, S,(By)). Then, by Prop 2.75, there is a ¢-formula ¢ with IP. Since NIP is
preserved by Boolean combinations, it follows that ¢ has IP. O

Remark 4.22. Lemma 4.21 is basically equivalent to [Ibal6, Corollary 3.2] (though
the latter uses a slightly different language). There is also an analogous equivalence
between stability and the so-called WAP property of a function in a dynamical
system (see e.g. [BT16]). O

Lemma 4.23. Suppose p(z,y) has IP on A X B, where A, B are type-definable
over a small set C' of parameters. Then there are p,q € S(C) such that p - A,
gt B and p(z,y) has IP on p(€) x ¢(€).

Proof. As noticed before, we can choose (by,)ne, € B indiscernible over C' and such
that ¢(C,b,) N A are independent subsets of A. So we can choose a € A such that
©(a, b,) holds if and only if n is even. It is easy to check that p := tp(a/C) and
q = tp(by/C') satisty our requirements. ]

Definition 4.24. We say that M is a tame model if for some (equivalently, every)
enumeration m of M, the system (Aut(M), S,,,(M)) is tame. O

Corollary 4.25. Let T' be any theory. Then the following are equivalent:

(1) T has NIP.

(2) Every formula ¢(x,y) is tame.

(8) For every small model M and a small tuple x of variables, the dynamical
system (Aut(M), Sp(M)) is tame.

(4) For every small model M and a small tuple a of elements of €, the dynamical
system (Aut(M), S,(M)) is tame.

(5) Every small model of T is tame.

Moreover, in (3)-(5), we can replace “every small model” with “every model of
cardinality |T|”, and “small tuple” with “finite tuple”.
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Proof. The equivalence of (1) and (2) is immediate by Lemma 4.21.

To see that (2) is equivalent to (3), note that by Corollary 2.73, tameness can be
tested on characteristic functions of clopen sets, so tameness of (Aut(M), S, (M))
follows from tameness of formulas.

Similarly, (2) is equivalent to (4), because by Lemmas 4.21 and 4.23, we can
test tameness on complete types.

Finally, (4) trivially implies (5). In the other direction, if (Aut(M), S.(M))
is untame and we choose N > M such that a € N and N is strongly |M|*-
homogeneous, then also (Aut(N), S,(N)) is untame (by Fact 2.74), where n is an
enumeration of V.

For the “moreover” part, for tuples, it is trivial (untameness is witnessed by
formulas, and formulas have finitely many variables). For models, suppose that
T has IP, i.e. some formula ¢(z,y) has IP. By Lemma 4.23, ¢(z,y) has IP on
p(€) x € for some p € S(0). Take a |= p. The proof of (+) in Lemma 4.21 easily
yields a model M of cardinality |T'|, containing a, and such that (Aut(M), S,(M))
is untame for a = p. Then, by Fact 2.74, the systems (Aut(M),S,(M)) and
(Aut(M), S,,(M)) are untame as well, where m is an enumeration of M. O

In the w-categorical case, we obtain a simpler characterization of NIP.

Corollary 4.26. Suppose T is a countable w-categorical theory. The following are
equivalent:
e T has NIP,

e the countable model of T is tame.

More generally, a theory T is NIP if and only if it has a tame, Ry-saturated, strongly
No-homogeneous model.

Proof. The main part is immediate by Corollary 4.25. Then implication (—) in
the “more general” case also follows from Corollary 4.25 (and the existence of Rg-
saturated and strongly homogeneous models). In the other direction, we argue as
in the “moreover” part of Corollary 4.25, noticing that Ny-saturation and strong
No-homogeneity of M allow us to use M in that argument. O

Definition 4.27. If Y is a type-definable set (with parameters), we say that Y is
NIP if for every small product of sorts Z, every formula ¢(y, z) is NIP on Y x Z.
If Y does not have NIP, we say that it has IP. O

Corollary 4.28. IfT has NIP, then for every small model M < &€ and tuple a € €,
the dynamical system (Aut(M), So(M)) is tame.

More generally, if T is arbitrary, M is a small model and Y 1is type-definable
over M and NIP, then (Aut(M/{Y'}),Ywn) is tame (cf. Definition 4.19).
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Proof. The first part is contained in Corollary 4.25. The second part follows
similarly from Lemma 4.21 and Corollary 2.73. [

We introduce the following definition.

Definition 4.29. We say that M is an ambitious model if for some (equivalently,
for every) enumeration m of M, the Aut(M)-orbit of tp(m/M) is dense in S,,(M)
(i.e. (Aut(M),S,,(M),tp(m/M)) is an ambit).

Given a subgroup GY < Gal(T), we say that M is ambitious relative to GY if it
is ambitious and for G¥ (M) = {o € Aut(M) | [tp(c(m)/M)]=, € G*} (which may
also be described as the set of o € Aut(M) such that for some (equivalently, every)
global extension & 2 o we have & Autfy,(€) € GY), the orbit G¥ (M) - tp(m/M)
is dense in Yj;, where Y’ := {n € [m]= | [n]z, € G¥} (remember that we identify
[m|=/=L with Gal(T)). O

Proposition 4.30. Any set A C € is contained in an ambitious model M of
cardinality |A| + |T'| + No.

More generally, if G¥ is a subgroup of Gal(T), then we can find such M which
is ambitious relative to GY .

Proof. Put k = |A| + |T| + Ro. Extend A to some M, = € of cardinality &,
enumerated by mg. The weight of S,,,(M)) is at most &, so it has a dense subset
of size at most x, so we can find a group Xy < Aut(€) of size k such that the types
over My of elements of X - mg form a dense subset of S,,,(Mp).

Then we extend M, to a setwise XLy-invariant M; =< €: namely, we can extend
Yo+ My to amodel M < €, and then extend Xy- M to Mg < € and continue. After
countably many steps, we take the union of the elementary chain M; = J, M§,
and it will be Xy-invariant.

Then we continue, finding an appropriate X; O 3 and a Yy -invariant My < €,
and so on. Then M =, M,, satisfies the conclusion: if we take X' = J,, 2, then
M is Y-invariant, so X[, < Aut(M) and X[, - tp(m/M) is dense in S,,(M).

For the “more generally” part, the proof is analogous, only each time we choose
X, we ensure that it contains enough o € GY (€) to witness the appropriate density
condition. It works in the end because if 0 € Aut(€) restricts to an automorphism
of M (i.e. fixes M setwise), then o’ Autf(€) € G¥ ifand only if o'[,, € G¥(M). O

Remark 4.31. Alternatively, one can show that if M is a model which together
with some group X acting on it by automorphisms satisfies (M, Y) < (€, Aut(¢)),
then M is ambitious, whence the first part of Proposition 4.30 follows from the
downward Lowenheim-Skolem theorem. O

Remark 4.32. One can also show that every strongly Ng-homogeneous and Ny-
saturated model is ambitious. O
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One might ask whether we can extend Corollary 4.25 to say that T has NIP if
and only if 7" has a tame ambitious model — we know that this is the case if T is
w-categorical, but the following example shows that it is not enough in general.

Example 4.33. Suppose M = dcl(()) is a model (this is possible in an IP theory:
for instance if we name all elements of a fixed model of an arbitrary IP theory).
Then S,,,(M) is a singleton, so M is trivially tame and ambitious. O

However, any example of this sort will be G-compact, so in this case the the
main result (Theorem 6.18) essentially reduces to Theorem 3.7, which is simpler
by far to prove, and as such, not interesting from the point of view of the following
analysis. This leads us to the following question.

Question 4.34. Is there a countable theory T which is IP but not G-compact, such
that some countable M =T is tame and ambitious? O
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Chapter 5

Group-like equivalence relations

In this chapter, we introduce the notions of group-like and weakly group-like
equivalence relations, along with various strengthenings of both. We prove many
of their properties, including abstract Theorems 5.50, 5.51 and 5.52, which are the
formal statements behind Main Theorems A and B, and which will be later used
to prove (the precise versions of) Main Theorems C, D and E.

Throughout the chapter, unless noted otherwise, we have a fixed G-ambit (X, o)
along with an equivalence relation £ on X. EL = E(G,X) is the enveloping
semigroup of (G, X), M is a fixed minimal (left) ideal in F'L, and u € M is an
idempotent.

5.1 Closed group-like equivalence relations

Definition 5.1. Let E be an equivalence relation on X. We say that E is G-
group-like (or just group-like) if it is G-invariant and the partial operation given
by formula

970k - [2]E = gl7]E,

for all ¢ € G and = € X, extends to a group operation on X/FE, turning it into
(possibly non-Hausdorff) topological group (with the quotient topology).

(It follows that X/FE is a topological group (with the quotient topology) and
g — [gxo)g is a well-defined group homomorphism.) O

Note that when discussing particular group-like equivalence relation, we have
in mind a specific group structure on X/FE. In general, it may be not unique, as
we will see in Example 5.11.

Remark 5.2. Note that the definition of group-likeness implies that [xo]g = [e- zo|g
is the identity in X/F. O
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Example 5.3. Consider the action of a compact Hausdorff group G on itself by
left translations, so that X = G and take xy = e. Then given any normal N < G,
the relation £ = Fy of lying in the same coset of N is group-like, and it is closed
if and only if N is closed. (See Example 6.1 for more details.) O

Proposition 5.4. An equivalence relation E is G-group-like if and only if X/E
has a topological group structure (with the induced topology) and for every x we
have gz € [gxolE - [2]p.

Proof. Suppose E is group-like, so we have a group structure on X/F witnessing
it. Choose any g, x. Then by the assumption [gz]r = g[z|g = [gx0]E - [¢]E, Which
means that gz € [gzo|g - [2]g.

In the other direction, suppose for all g,z we have that gz € [gzo|g - [2]E.
Then, in particular, whenever [z1]p = [x2] g, we have that gz € [gxo]g - [x1]E and
gxs € [gxo|E - [x2) B, and since the classes on the right hand side are equal, it follows
that gzo E gz, so E is G-invariant. Thus g[z]g = [92]g, so g[z]g C [g920]E - [7]E,
and in fact g[x]g = [gzo|E - [z]p (because the latter is a single E-class). O

Proposition 5.5. If E is group-like, then for all g € G we have that whenever
gxo E o, then gz E x for allx € X. In particular, the stabilizer of [xo]g is normal

i G.

Proof. 1t [gz] = [x0]p = [egwo]k, then by group-likeness g[z]r = [eczolp - [2]5 =
eG[«T]E = [m}E ]

Proposition 5.6. If E is a closed, G-invariant equivalence relation on X, then it
s also EL-invariant.

Proof. 1t f = limg;, then for any x; E x5 we have that g;(z1) F g¢;(x2), so by
closedness f(z1) E f(x2). O

Definition 5.7. In the remainder of this chapter, we will denote by R the orbit map
EL — X, R(f) = f(x¢), an by r the induced map FL — X/E, r(f) = [f(zo)]e. ©

Lemma 5.8. Suppose F is a closed, group-like equivalence relation on X.
Then:

(1) E is EL-invariant,

(2) r: EL — X/E, r(f) = [f(x0)]g is a semigroup homomorphism,

(3) Tl m 1S onto and a topological quotient mapping (with uM equipped with the
T-topology),

(4) H(uM) < kerr and the induced map uM/H(uM) — X/E is a topological
group quotient mapping.
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Proof. Note that because F is closed, by Fact 2.7, X/E is Hausdorff, so convergent
nets have unique limits.

(1) is immediate by Proposition 5.6.

To see that r is a homomorphism, choose any fi, fo € EL. We know that
R(f1f2) = fiR(f2). By (1), it follows that r(f1f2) = fir(f2). Let g; converge to fi.
Then fir(fs) = lim(g; - r(f2)). But by the assumption g; - 7(f2) = r(g:) - r(f2), so
by continuity of multiplication and r we have that lim(g;r(f2)) = lim(r(g;)r(f2)) =
(limr(g:))r(f2) = r(fi)r(f2)-

Note that 7], is surjective, because uM = uELu, X/E is a group and r is
surjective (so r(uM) =r(u) - (X/E) - r(u) = X/E).

To prove that r[, is continuous in the 7 topology, we show that if F C X/E
is closed, then (uor~'[F]) NuM = r~'[F]NuM. Note first that of course r is
continuous (as a map EL — X/E). Take any net (f;); in r—'[F] and g; — u such
that (g;fi); converges to some h € uM. We want to show that r(h) € F. Passing
to a subnet if necessary, we can assume that f; converges to some f € r~![F]. Then
we have (by continuity) that r(h) = limr(g;f;) = Um(r(g;)r(f;)) = r(u)r(f) = r(f)
(because r(u) is the identity, since it is the only idempotent in a group).

In conclusion, [, — X/F is a continuous surjection from a compact space
to a Hausdorff space, and thus it is closed, and in particular a quotient mapping.

The last point follows immediately from Corollary A.15 and the second and
third points above. O

Note that Lemma 5.8 implies that if E is closed, then the group structure on
X/FE witnessing its group-likeness is unique.

Proposition 5.9. Suppose E is group-like. Then E defined as ©1 E x5 when
{[x1]e} = {[z2]r} C X/E is a closed group-like equivalence relation Furthermore,

E is the finest closed equivalence relation coarser than E.

Proof. Note that X/FE is simply the quotient of the topological group X/E by the
closure of the identity [z¢]g. As such (by Fact 2.28), it is a Hausdorff group and
X/E — X/E is a homomorphism. The conclusion follows.

For the “furthermore” part, note that if F' O E is closed, then by Fact 2.7, X/F
is Hausdorff. It follows that the preimage of any point by the map X/E — X/F
is closed in X/F, which implies that any class of F' contains a class of £, which
completes the proof. n

Corollary 5.10. If E is a group-like equivalence relation (not necessarily closed),
then 1|, \ is continuous.

Proof. Let E be as in Proposition 5.9. Write 75 for the induced map EL — X/E.
Consider the commutative diagrams:
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uM EL
PN
M r

X/E — X/E X/E —— X/E

Let ' C X/E be closed. Then F is [x]g-invariant (because it contains the closure
of each of its points), so F'/[zq]p is closed, and r~'[F] = r YF/[xo]g]. But since
(by Proposition 5.9) E is closed and group-like, we know by Lemma 8 that rg [,
is continuous, so [, \([F] = 7zl \[F/[z0]E] is closed. O

5.2 Properly group-like equivalence relations

We have seen that if F is closed group-like, then the group structure on X/FE is
determined uniquely. In general, this need not be true (so in particular, we cannot
hope to have a homomorphism as in Lemma 5.8), as the following example shows.

Example 5.11. Let G = Q act on the circle X = R/Z with 2o = 0+ Z by
addition; clearly, (G, X, zg) is an ambit. Then if we take for E the relation of lying
in the same orbit of G, then as a topological space, X/E = X/G = R/Q is a
space of cardinality 2% with trivial (antidiscrete) topology, and [gx|p = Q for all
g € G. Thus, any group structure on R/Q such that Q is the identity witnesses
group-likeness of E, and of course there is a large number of such structures. ¢

Since we do want to treat relations which are not necessarily closed, and still
recover a statement in the spirit of Lemma 5.8, we impose further restrictions on
the group structure of the quotient.

Definition 5.12. We say that an equivalence relation E on X is properly group-
like if it is group-like and there is a group G, an equivalence relation = on it, an
identification of X with G//=, such that:

G —— EL = EL(G, X)

[m T

X=G/=— G/N=X/E

e ¢ [[g]=]r is a group homomorphism (for brevity, we will denote it by 7),

e (pseudocompleteness) whenever (g;) and (p;) are nets in G and X (respect-
ively) such that g; " To = T1, Pi — Ty and g; - p; — x3 for some x1, z9, 23 € X,
there are g;, go € G such that [§;|= = 21, [§2]= = 22 and [§192]= = =3,

o oy ={[3i')=| 51 = Go} is closed in X. 0
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Example 5.13. The Ey from Example 5.3 is actually properly group-like: indeed,
we can just take G = G with = being just equality in G = G. (See Example 6.1
for more details.). O

Example 5.14. If F is closed group-like, then it is properly group-like. (See
Proposition B.8.) O

In the remainder of this section, unless we specify otherwise, £ is a properly
group-like equivalence relation on X, and we fix G and = witnessing that.

Proposition 5.15. For every f € EL and x € X there are §1,§s € G such that
we have [go]= = z, f(z) = [192]= and [g1]= = f(x0).

Proof. Immediate by pseudocompleteness: take for (g;); a net convergent to f and
for (p;); a constant net with all p; equal to x. ]

Lemma 5.16. r: EL — X/FE is a semigroup epimorphism.

Proof. The fact that r is onto is trivial, because R is onto.
Take any f1, fo € EL. Let §1,92 € G be such that [§1]= = fi(x0), [§1G2]= =

fi(fa(zo)) and [ga]= = fa(xo) (they exist by Proposition 5.15). Then we have
r(fi) = g:N for i =1,2. At the same time, r(f1f2) = [R(f1./2)]p = [f1(f2(20))]e =
[9192]=]E = 3192N = 1N G2 N = r(fi)r(f2). 0

Note that because X/FE is a group, Lemma 5.16 immediately implies from that
for any idempotent v € EL we have that u € kerr. Furthermore, Lemma 5.16
immediately implies that if E is a properly group-like equivalence relation, then
the group structure witnessing it is unique, so there is no analogue of Example 5.11
for proper group-likeness.

We have the following proposition, generalising Proposition 5.6.

invariant. In fact, we have for every f € EL and v € X that flz|g = r(f)[z]r =
[f(x)]g. Moreover, we have a “mized associativity” law: for every f € E(G,X)

and every x1,x9 € X, (flz1]p)x2]e = f([z1]glxe)R)-

Corollary 5.17. If E is closed group-like or properly group-like, then it is E(G, X)-
[z
(&

Proof. Note that in each case, the function r is a semigroup homomorphism (either
by Lemma 5.8 or by Lemma 5.16).

Choose any f € EL and x € X. Then for some f' € EL, v = R(f). Now,
note that [f(x)|g = [fR(f")]g = [R(ff")]g = r(ff'). Since r is a homomorphism,
[f(@)]g =r(f)r(f") =r(f)[z]g. But the right hand side depends only on [z]g, so
E is EL-invariant. Since clearly f(x) € [f(2)]g, it follows that f[z|g = [f(2)]r =
r(f)lz]e.

For the mixed associativity, just note that by what we have already shown, for
every f € EL and x1, 29 € X, we have that (f[z1]g)[z2]e = (r(f)[z1]r)[z2]r and
apply the associativity in X/FE. ]
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Proposition 5.18. [, : uM — X/E is a group epimorphism.

Proof. Since uM = uELu and X/E is a group, it follows that r(uM) =
r(u)r(EL)r(u) = r(u)X/Er(u) = X/E. O

Proposition 5.19. r[,,: M — Gal(T') is a topological quotient map.

Proof. FL is compact and X is Hausdorff, so R: EL — X is a quotient map
(because it is closed), and thus so is r (as the composition of R and the quotient
X = X/E).

Since the map f +— fu is a quotient map EL — M (by Remark 2.6) and
r(f) = r(fu) (because r(u) is the identity in X/FE), r[M is a factor of r via
f +— fu, and hence it is also a quotient map, by Remark 2.5 (with A = EL,
B=Mand C = X/E). O

Proposition 5.20 (Corresponding to [KP17b, Lemma 4.7]). Denote by J the set
of idempotents in M. Then J C kerr N M.

Proof. For any given v € J, we have that

R(U) e by = {[§1_1§2]E | g1 = §2}}

Indeed, let us fix v € J, and then take gy, go according to Proposition 5.15 for
f=wvand z = R(v). Then

Go]= = vR(v) = Vi = vay = R(v),

50 [G1Go]= = [G1]= = [go)= = R(v). Since g» = g ' (§12), it follows that R(v) =
[Ga]= € Fo.

On the other hand, if §; = ., then of course 7(§;) = 7(g2), so §; ‘2 € ker 7,
and hence R™'[Fy] C kerr, which (by the assumption in Definition 5.12 that Fj is
closed) shows that J C kerr. Since J C M and M is closed, we are done. O

Lemma 5.21. 7|, uM — X/E is a topological group quotient map (where uM
is equipped with the T topology).

Proof. In light of Proposition 5.18, it is enough to show that [, is a topological
quotient map.
We already know that [, is continuous (by Corollary 5.10).
Put P, := kerr N oM (= ker(r[, ) for each idempotent v € M, and let
:=u(uo P,) = cl(P,). We will need the following claim.

Claim. r![r[S]] N M is closed.
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By the claim, ~![r[S]] N M is closed in M, so by Proposition 5.19, r[S] is a
closed subset of X/FE. In particular, it must contain the closure of the identity in
X/E, i.e. [xo]g. On the other hand, by continuity of 7|, ,, the preimage of [zo] by
. 18 & T-closed set containing P,, and thus also S. It follows that r[S] = [z¢].

Note that because X/FE is a compact topological group and [x¢]g is the identity,
(X/E)/[zo]z = X/FE (cf. Proposition 5.9) is a compact Hausdorff group.

Now, suppose F' C X/FE is such that r[ +,[F] = r~}[F]NuM is 7-closed. Then
the preimage is also S-invariant (because it is P,-invariant). Since r[S] = [x]r and
7 is a homomorphism, it follows that F' is [xo]z-invariant, i.e. F' = F[zo|z. Thus,
F is closed if and only if F/[z¢]g is closed in X/E. On the other hand, we already
know (by Proposition 5.9 and Lemma 5.8) that the composed map 7: uM — X/E
is a quotient map. Since the preimage of F' /m by 7 is the same as the preimage
of F' by r[, . it follows that F/[zo|g is closed, and hence so is F'. Thus, we only

need to prove the claim.

Proof of claim. Roughly, we follow the proof of [KP17b, Lemma 4.8]. Denote by
J the set of idempotents in M. First note that (using Fact A.25 and Fact A.21):
e For any v,w € J, we have wP, = P,. Indeed, since v,w € kerr N M, we

have vP, C P, and wP, C P,, and because wv = w, we have P, = wP,, =
wvP, CwP, C P,, and hence wP, = P,,.

e S=5-P,;: forany f € P, we have Sf = u(uo P,)f = u(uo (P,f)) and
clearly P, f = P,.

e Since P, = ker(r[, ), it follows immediately from the preceding point that
S =r~Hr[S]] NuM.

o rI[r[S]]NM = J-S: tosee C, take any f € r~t[r[S]] N M. Then f €
r~r[S]]NvM for some v € J, and r(f) = r(uf) € r[S], so, by the preceding
point, uf € S, and thus f = vf = vuf € vS, so f € J-S; the reverse
inclusion is clear, as J C kerr.

o r Mr[SNM = U, ;v o P.. Tosee C, note that (using Fact 2.60(2)),
for every v € J we have vS = vu(uo P,) C (vuu) o P, = vo P, so,
by the preceding point, v o P, 2 r~![r[S]] N vM, and thus |J,v o P, D
r SN (U, vM) = rHr[S]JNn M. For D, note that because u € kerr, we
have rjvo P,] = rlu(vo P,)] C r[(uv) o P,] =rluo P, = r[u(uo BP,)] = r[S].

In summary, to prove the claim, we need only to show that | J, v o P, is closed
in M.

Let f € U,vo P,. Then we have nets (v;); in J and (f;); in M such that
fi €v;0 P, and f; — f. By compactness, we can assume without loss of generality
that the net (v;) converges to some v € .J. Then, by considering neighbourhoods of
v and f, we can find nets (g;); in G and (p;); in P, such that g; — v and g;p; — f,
so f € vo P,. By Proposition 5.20, v € kerr N M, so by the first bullet above,
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v € P, =wP, for some w € J, so v = wp for some p € P,. Furthermore, P, is a
group (as the kernel of a group homomorphism), so (using Fact 2.60(2))

fe€voP,=vo(p'P)Cuvo(ptoP,)C (vpHoP,=woP,

(where p~! is the inverse of p in uM), and we are done. O(claim)

]

Definition 5.22. A properly group-like E is uniformly properly group-like if E =

U &, where € is a family of closed, symmetric subsets of X? containing the diagonal,

with the property that (for some G witnessing proper group-likeness) for any D € £

we have some D’ € £ such that whenever (zo, [§]=) € D, we have that for every §’
~~/

also ([¢']=,[9d']=) € D', and Do D C D' (here, o denotes composition of relations;
note that since D contains the diagonal, this implies that D C D'). O

Proposition 5.23. If ' C X is closed, then for every f € EL and f' € foR7'F],
there are gy, go € G such that [g1]= = R(f), [§2]= € F and [G132]= = R(f'). O

Proof. Take (g;), (fi;) such that g; — f, fi € R7'[F], and g; f; — f’. Without loss of
generality we can assume that (f;) is convergent to some f”. Then R(f;) — R(f")
and g;R(f;) = R(g:f;) — R(f’) and by pseudocompleteness (applied to (g;); and
(R(fi)):), we have gy, go such that [§:1]= = R(f), [g2]= = R(f") and [G1G2]= = R([").
But since F'is closed, R(f"”) € F and we are done. O

The proof of the following proposition is based on the proofs of [KP17b, Theorem
0.1] and [KPR15, Theorem 2.7] (the latter paper is joint with Krzysztof Krupinski
and Anand Pillay). Recall that H(uM) is the intersection of closures of the 7-
neighbourhoods of u € uM (see Fact 2.60(8)).

Proposition 5.24. Suppose E is uniformly properly group-like.
Then H(uM) < ker(r).

Proof. Note that R[kerr] is precisely [zo]p C X.

Let S € £ be such that R(u) € S,, (i.e. (xo, R(u)) € S — it exists because
u € kerr). Choose 5", 5" = (5’) € £ as in Definition 5.22.

Let U C X be an arbitrary open set such that K := U is disjoint from Sro
(i.e. for no k € K we have (zg,k) € S”). Consider Fy = R7'K] N uM and
Ay = R7Y(X \ U) 0 9] (o denotes relation composition, so this makes sense, as
(X\U)oS C X'oX?=X!= X).

Claim. o u ¢ cl.(Fy),
[ CIT(UM \ ClT<FU)) - AU,
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Proof. Suppose towards contradiction that u € cl,(Fy). Then by Proposition 5.23
applied to u € u o R7'[K], we have gy, go such that [§;]= = [§172)= = R(u) and
[G2]= € K. In particular [§1]= = R(u) € Sy, so ([G2]=, [G172]=) € S’. Thus, since
[9192]= = R(u) € Sy € S, we have [go]= € S} so [§o]= € KNS}, a contradiction.

For the second bullet, it is enough to show that cl (uM \ R~U]) C Ay. Take
any f € cl.(uM\ R7'[U]) = cl,(uM N R7[X \ U]). By applying Proposition 5.23
to f € wuo R7YX \ U], we find g1, §» such that [§;]= = R(u), [g1g2]= = R(f) and
[g2]= € X\ U. Then, as before, R(f) = [g1go]= € S[;,,_ € (X \ U)o 5"

For the third bullet, note that H(uM) is, by its definition and the first bullet,
contained in cl.(uM \ cl.(Fy/)), and then apply the second bullet. O(claim)

By the claim, (,; Ay 2 H(uM), where the intersection runs over all U with
closures disjoint from S’ . We will show that the opposite inclusion holds as well,
so the two sides are equal.

Notice that R[Ay] = (X \ U)o 5", so for any f € Ay, we have that Sp ) N (X '\
U) # 0, and so by compactness, if f € (), Ay, then Si N, (X \U) # 0.

Moreover, because X is normal (as a compact Hausdorff space) and S, is closed,
S =y X\ U (where U are as above; this means just that 57 is the intersection
of all closed sets containing S/ in their interior). It follows that for f € (,; Ay, we
have S N Sy # 0, whence R(f) € (5" 05"y, € Sy C [20]p C Rlkerr] (where

S" = (8") € & is chosen according to Definition 5.22). Thus f € kerr. O
The following lemma summarises the results of this chapter up to this point.

Lemma 5.25. Suppose E is a group-like equivalence relation on X. Let M be a
minimal left ideal in EL = E(G, X), and let u € M be an idempotent. Consider
TTum: uM — X/E defined by r(f) = [f(zo)|g. Then:
(1) Tl s continuous (where uM is equipped with the T topology),
(2) if E is closed or properly group-like, then it is E(G,X)-invariant, r is a
homomorphism and 1,4 is a topological quotient map (once more, with uM
equipped with the T topology),

(3) if E is closed or uniformly properly group-like, then r[,\, factors through
uM/H(uM) and induces a topological group quotient mapping from the
compact Hausdorff group uM/H(uM) onto X/E.

Proof. (1) is Corollary 5.10. (2) follows from Corollary 5.17 and Lemmas 5.8, 5.16
and 5.21. (3) follows from Lemma 5.8 and Proposition 5.24. O

5.3 Weakly group-like equivalence relations

The following notation will be very convenient throughout this section.
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Definition 5.26. Suppose X is a set and F is an equivalence relation on X, while
Z is another set with some distinguished map f: Z — X/E (which is usually left
implicit, but clear from the context, e.g. if we have a distinguished map Z — X, the
map Z — X/FE would be its composition with the quotient map X — X/FE). Then
by E|z we mean the pullback of E by f, i.e. y1 E|z yo when f(y1) E f(y2). O

Remark 5.27. In the context of the above definition, if f is surjective, we have a
canonical bijection between X/FE and Z/FE|z.

Furthermore, if f is induced by a continuous surjection Z — X, while 7 is
compact and X is Hausdorff (which will usually be the case), then X/FE and Z/E|
are homeomorphic (by Remarks 2.5 and 2.6).

In both cases, we will freely identify the two quotients. O
Z ——» ZJF — (Z/F)/Elyr = Z/El;
X — X/FE

Definition 5.28. If (Z, zy) is a G-ambit and F is a group-like equivalence relation
on Z, while E' is an equivalence relation on X, we say that F' dominates E if there
is a G-ambit morphism Z — X such that F' refines F|; and the induced map
Z|F — X/E is Z/F-equivariant with respect to some left action of Z/F on X/FE,
i.e. E|zp is left invariant. (This makes sense because if F' refines E|;, then the
morphism Z — X induces a surjection Z/F — X/E.) O

Remark 5.29. Note that if F' dominates F, as witnessed by ¢: Z — X, then the
induced map Z/F — X/FE is not only a topological quotient map (because ¢ is

a quotient map, as a continuous surjection between compact spaces), but also an
orbit map (at [zo]g) of the action of Z/F on X/FE. O

Definition 5.30. We say that an equivalence relation £ on the ambit (X, xg) is
weakly [closed/properly/uniformly properly] (G-)group-like if it is dominated by
some [closed /properly /uniformly properly, respectively| (G-)group-like equivalence
relation. O

Example 5.31. If G is a compact Hausdorff group, acting on X = G by left
translations, while H < G, then the relation Epy of lying in the same left coset of
H is weakly uniformly group-like, as it is dominated by equality on X, which is
closed, and it is not hard to see that it is uniformly group-like in this case. Thus,
FEy is weakly uniformly properly group-like and weakly closed group-like. O

Example 5.32. Recall Example 5.11. There, X = R/Z is a compact Hausdorff
group and E = Ey for H = Q/Z, so this is a special case of Example 5.31. Thus, £
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is weakly closed group-like and weakly uniformly properly group-like. This shows
that even if E is an equivalence relation which is simultaneously group-like and
weakly uniformly properly group-like and weakly closed group-like, there may be
multiple group structures on X/FE witnessing group-likeness. O

In the definition of a weakly group-like equivalence relation, we did not specify
that it needs to be invariant. The following proposition shows that it actually
follows from the definition.

Proposition 5.33. A weakly group-like equivalence relation is invariant.

Proof. Let E be weakly group-like on X, dominated by a group-like F' on some Z.
It is easy to see that F is invariant if and only if F|z is, so we can assume without
loss of generality that X = Z.

Now, for any g € G and x1,29 € X, if x1 E x5, then by weak group-likeness,
[z1]r Elx/r [zo]r and [ga1]r = [gzolr - [w1]r Elx/r [g20]F - [z2]r = [g22]F, so
gr1 E gxs. O]

The following proposition describes some basic topological properties of weakly
group-like equivalence relations. In particular, it generalises Proposition 2.31 for
compact Hausdorff groups, and as we will see later (in Remark 6.7), also Proposi-
tion 2.96.

Proposition 5.34. Suppose E is a weakly group-like equivalence equivalence rela-
tion on X. Then:

(1) X/E is an Ry-space (see Definition 2.30),
(2) E is closed if and only if it has a closed class, if and only if X/E is Hausdorff.

Proof. Let F' be a group-like equivalence relation on Z dominating F.

By Remark 5.29, if H < Z/F is the stabiliser of [z9]p € X/FE, we have that
X/E is homeomorphic to (Z/F)/H, which is an R;-space by the Proposition 2.31,
which gives us (1).

It follows immediately from (1) that X/E is Hausdorff if and only if all E-
classes are closed, and by Fact 2.7, X/FE is Hausdorff if and only if F is closed.
On the other hand, it is not hard to see that Z/F acts on X/FE transitively by
homeomorphisms, so if one class of E is closed, then all of them are, which gives
us (2). O

In general, a product of quotient maps need not be a quotient map. The
following proposition establishes a sufficient condition for that to hold, which we
will use in a moment.
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Proposition 5.35. Suppose X1, X5,Y1,Ys are compact spaces, and Y1,Ys are R;-
spaces.

Then if f;: X; — Y; are quotient maps (for i = 1,2), then the product f; X
fo: X1 x Xo = Y1 X Y5 is also a quotient map.

Proof. Let Y1, Y, be the Hausdorff quotients of Y7, Y, (respectively) which we have
by the R; condition.

Consider the natural maps f;: X; — Y; induced by f; for i = 1,2. They are
clearly continuous and surjective, and hence so is fl X fgz X X Xo = Y] X Ys.
X1 x X5 is compact and Y; x Ys is Hausdorff, so by Remark 2.6, fl X fg is a quotient
map, fitting into the following commutative diagram:

XIXXQMYIX}/Q

A

Vi x Y,

We need to show that if A C Y] x Y, has closed preimage A’ = (f; x fo) '[A] C
X1 X Xo, then it is closed. Note that since A’ is closed, it has closed fibres (both in
Xj and in X5). Since f1, fo are quotient maps, it follows that fibres of A are closed,
so they are preimages of subsets of Y; and Y. Thus A itself is the preimage of
some A” C Y] x Y,. But then it follows that A’ = (f; x f2)"![A"], so, since f; X fo
is a quotient map, A” is closed, and thus so is A (as its continuous preimage). [

Similarly, as mentioned in the introduction, a quotient map need not be open
in general. However, suitable algebraic assumptions can force that to be true, as
in the following proposition.

Proposition 5.36. If G is a left topological group (i.e. for any fixed gy € G, the
left multiplication g — ggo 1s continuous), then for any H < G, the quotient map
v: G — G/H is an open mapping.

Proof. Note that the assumption implies immediately that for every gq, the left

multiplication by g is a homeomorphism G — G, and in particular, it is open.
Let U C G be open. Then UH = |J, .y Uh is also open (as a union of open

sets). Since clearly ¢ '[p[U]] = UH, it follows that ¢[U] is open. O

Proposition 5.37. Suppose we have:
e left topological semigroups S, T,
e topological spaces A, B,

e a continuous semigroup action j1: S X A — A,
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e a topological quotient homomorphism qs: S — T and a topological quotient
map qa: A — B such that p induces an action pur: T X B — B (satisfying
the natural commutativity conditions; see the diagram in the proof).

Then if either:
(1) T and B are Ry, or

(2) S and T are groups and qa is an open mapping (e.g. B = A and g4 = id,),
then pr is continuous.

Proof. Note that by the assumption, we have a commutative diagram:

Sx Aty A

] N o

Tx B ——» B.
1%

Since p and g4 are continuous, it follows that the diagonal arrow is continuous.
Thus, by Remark 2.5 (applied to the lower left triangle), it is enough to show that
ds X qa is a topological quotient map.

If we assume (1), this follows from Proposition 5.35. Under (2), it follows from
Proposition 5.36 that gg is open, so gs X g4 is open (as a product of open maps).
Since it is trivially a continuous surjection, it follows that it is a quotient map. [J

Proposition 5.38. If F' dominates E, then the action of Z/F on X/E is (jointly)
continuous.

Proof. Since F' is group-like, the multiplication Z/F x Z/F — Z/F is continuous
and Z/F is a topological group (so in particular, it is a left topological group).
The conclusion follows immediately by Proposition 5.37 to S = T = Z/F,
A=Z/F and B= X/E. In fact, both (1) and (2) apply ((1) by Proposition 5.34,
and (2) by Proposition 5.36). O

Proposition 5.39. Suppose S and T are compact Hausdorff left topological semig-
roups and ¢: S — T is a continuous epimorphism.

Then for any minimal (left) ideal N < S and idempotent v € N';, M := @[N]
is a minimal left ideal in T and u := @(v) is an idempotent in M.

Conversely, given a minimal (left) ideal M < T and an idempotent u € M, we
can find a minimal ideal N < S and an idempotent v € N such that o(v) = u and
e[N] =M.

Proof. The fact that ¢(v) is an idempotent is immediate by the fact that ¢ is a
homomorphism. By continuity and compactness, p[N] is a closed subset of T,
and because ¢ is an epimorphism, it is a left ideal. In particular, it contains a
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minimal left ideal M of T'. Similarly, o~![M] is a closed ideal in S containing N
In particular, M = ¢[N].

For the “conversely” part, notice that ¢~ '[M] is an ideal in S, so it contains a
minimal ideal . By the preceding paragraph, ¢[N] is a minimal ideal contained
in M, so it must be equal to M. It follows that there is some idempotent v € N/
such that u € p[uN] = p(v)M. Since p(v) is an idempotent, and since u is the
only idempotent in uM, it follows that p(v) = wu. O

Proposition 5.40. If G, Gy are compact T} semitopological groups and ¢: G —
G is both a homomorphism and a topological quotient map, then o '[H(G3)] =
H(Gy)ker ¢ (where H(G1) and H(G2) are the derived subgroups, see Fact A.12).

Proof. Write K for ker . Consider the composed map ¢': Gy — Gy/H(Gs).
Clearly, its kernel is o '[H(G5)], and it contains K. Furthermore, G5/ H(G>) is
Hausdorff (by Fact A.12), so by Corollary A.15, it also contains H(Gy).

On the other hand, since Gs is T7, K is closed in G;. Since G1/H(G,) is
Hausdorff and G is compact, K H(G1) is a closed normal subgroup of G/H(G1),
and by Fact 2.28 it follows that G /K H(G,) is a Hausdorff topological group. But
the map G; — G1/KH(G) factors through Gy = G1/K, so by Corollary A.15,
the factor map Gy — G1/KH(G,) factors through Gs/H(G5), so ¢ ' [H(Gy)] is
contained in K H(G). O

The following proposition will allow us to translate the properties of group-like
equivalence relations (mainly those from Lemma 5.25) to the weakly group-like
quotient.

Proposition 5.41. If p: (Z, z0) — (X, x0) is a G-ambit morphism, then ¢ induces
a continuous epimorphism ¢.: E(G,Z) — E(G,X) (by the formula o.(f)(p(2)) =
o(1(2))).

Moreover, for any minimal ideal N in E(G, Z), with idempotent v € N, the
restriction . [\ 15 @ topological quotient map (with respect to T topologies), and
it induces a topological group quotient map vN/H(vN) — uM/H(uM), where
u = i(v) and M = @[N] (note that uM is an Ellis group in E(G,X) by
Proposition 5.39).

Proof. To see that ¢, is well-defined, take any f € E(G,Z) and z1, 29 € Z such
that v(z1) = ¢(z2). We need to show that p(f(21)) = ©(f(22)).

Recall that for g € G, by 7z, we denote the function Z — Z given by z — gz,
and by mx 4 we denote the analogous function X — X.

Take any net (g;); such that 7z, — f. Then for all i we have ¢(g;(z1)) =
gi((21)) = gi(¢(22)) = ¥(gi(22)). Since ¢ is continuous, it follows that ¢(f(z1)) =
lim; g;(¢(21)) = @(f(22)) (which also shows that ¢,.(f) =lim; 7x,, € E(G, X)).
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To see that ¢, is onto, note that for every f € E(G, X) we can find some (g;);
such that if 7x 4, — f. Then by compactness, we can assume without loss of gen-
erality that (7z,,); is also convergent to some f’ € E(G, Z). By the parenthetical
remark in the last paragraph, o.(f') = f.

To see that ¢, is continuous, it is enough to show that the preimage of a subbasic
open set of the form B,y = {f € E(G,X) | f(z) € U} (wherex € X an U C X
is open) is open. But ¢.(f)(z) € U if and only if for some z such that p(z) =z
we have that f(z) € p~![U], which is an open condition about f.

To see that .|, is continuous, take any 7-closed set F' C uM, i.e. such
that FF = u(uo F), put F’ = ¢ '[F] NvN and take any f € (vN) N (vo F’).
We need to show that f € F’. Take any nets (g;); and (f;); such that g;f; — f,
Tz — vand f; € F'. Then by continuity of ¢,, we have mx ,, — u and g;0.(f;) =
0e(gifi) = @«(f), and thus p.(f) € uwo F. Since f = vf and p,.(v) = u, we have
0u(f) = pu(vf) = ups(f) € u(uo F), whence f € F'.

To see that ¢.[,y is a quotient map, take any F' C uM such that F’ :=
o [F]NwN is T-closed, and take any f € uoF, along with nets (g;), (f;) witnessing
it, i.e. such that 7x 4 — u, f; € F and ¢, f; — f.

We need to show that uf € F. For each i, fix some f/ € F” such that ¢.(f/) =
fi- By compactness, can assume without loss of generality that 7z, — v' and
gifl — f' for some v/, f" € E(G, Z). Note that by continuity of ¢., ¢.(v") = u and
Ou(vf") = (V) (f') = uf, so it is enough to show that . (vf’) € F.

We certainly have vf’ € v(v' o F'). But using Fact 2.60(2), we have:

v(v' o F') = vu(v o (vF')) Cwv(vo (v o(vo F))) Co((vv'v)o F').
Note that v" = vv'v € vN. Thus we have
U(U” o F/) — UU”(’U”)_I(’U” o Fl) g ’UU”(((U”)_IUH) o F/) — U”’U(U o F/) — U”F,.

Since p,(v") = u, it follows that ¢.[v(v' o F')] CuF = F, so p.(vf') € F and we
are done.

The fact that ¢.[,, is continuous implies (immediately by definition, or by
Proposition 5.40) that ¢ 1[H (uM)] D H(vN'), which gives us an induced mapping
oN/H(wN) = uM/H(uM). Since @, is a quotient map, so is the induced
map. 0

Remark 5.42. In Proposition 5.41, if we take Dy := {f € oN | f(20) = v(20)}
and D = Dx = {f € uM | f(zo) = u(xg)}, then clearly p;'[D] 2 Dy, so ¢.
induces also (among others) a quotient mapping vN'/H(vN)Dyz — uM/H(uM)D,
as well as a topological group quotient mapping from v/ Core(H(vN)Dyz) to
uM/ Core(H(uM)D). O
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The following Lemma is crucial, and will be one of the most important ingredi-
ents in the proofs of all main results in this chapter (and by extension, the main
results of the next chapter).

Lemma 5.43. Suppose E is weakly group-like. If we letr: EL — X/E be r(f) :=
[R(f)]e(=[f(x0)]E), then for every minimal ideal M < E(G,X) and idempotent
ue M:

(1) 7T s continuous (with uM equipped with the T topology);
(2) if E is weakly closed or weakly properly group-like, then:

e the action of G on X/E extends to a (jointly) continuous action of
E(G, X) by homeomorphisms (given by f([z]g) = [f(x)|g), and r is its
orbit map (at [xo)g),

e that action, restricted to uM, is also jointly continuous (and a group
action, i.e. with u acting as identity), and r[ \, is its orbit map, and
also a topological quotient map;

(3) if E is weakly closed or weakly uniformly properly group-like, then the action
of uM on X/E factors through a continuous action of uM/H(uM). Fur-
thermore, 1|, factors through uM /H (uM), yielding an orbit map of this
action, which is also a topological quotient map.

Proof. The main idea of the proof is to combine Propositions 5.39 and 5.41 to
translate Lemma 5.25 into the weakly group-like context.

Let ¢: (Z, 2z9) — (X, xo) be the G-ambit morphism witnessing that /' dominates
E, where F'is group-like (and also closed, properly group-like, or uniformly properly
group-like, if possible).

By Propositions 5.39 and 5.41, we have a minimal left ideal N” < E(G, Z) and
an idempotent v € A such that . (v) = u and @[N] = M, so that ¢. [, is an
epimorphism and a topological quotient vN — uM.

Let rp: E(G,Z) — Z/F be the map rr(f) = [f(20)]r, and let 7z 1= r o ¢,.

Then we have a commutative diagram

E(G,Z) -5 Z/F

2 \ Jer

E(G,X) —— X/E

(the arrow ¢p on the right exists because ¢ witnesses that F' dominates E, and it
is a quotient map, because ¢ is a quotient map).

Now, rg[,n is continuous (with respect to the 7 topology on vwN') by
Lemma 5.25, and hence so is 7z [, . Since ¢, [, is a quotient map onto uM, it
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follows (by Remark 2.5 with A = vN, B = uM and C' = X/FE) that r[,,, is also
continuous, which gives us (1).

For (2), note that if F' is closed or properly group-like, then by Lemma 5.25,
rp and rpl,\ are semigroup epimorphisms and topological quotients and [ is
E(G, Z)-invariant. Since pp is the orbit map of a jointly continuous action (see
Proposition 5.38), it follows that so are rz and rz[,, (where the action factors
is the composition of action of Z/F with epimorphisms 7z, 7p[, ). Then, notice
that not only does rz factor through ¢,, but so do the actions on X/FE: indeed,
we have that for every f € E(G,Z) and = € X, there is some z € Z such that
©(z) = z, and then, by commutativity of the above diagram and Corollary 5.17
(applied to F'), we have, for every f € E(G, Z) (having in mind the identification
of X/E, Z/E|; and (Z/F)/(E|z/r)):

flzle = re(f)zle = [f(20)]F(z]E = [f(20)]F[2]E1, = [[f(20)]F[2]FlE),,» =
= [flz0lrl2lFlEl,» = [[f(2)FlE, = [f(2)]E, = [p«(F) @) = [p.(f)(@)]E.

Since ¢, an epimorphism, this means that f[z]g = [f(z)]g describes a well-defined
semigroup action of F(G, X) on X/E. Furthermore, since rp(v) is the identity in
Z/F, v acts as identity, and hence so does u = ¢.(v). We need to show that the
action is jointly continuous.

First, the action of Z/F on X/FE is jointly continuous by Proposition 5.38, which
immediately implies that the action of F(G,Z) on X/FE is also jointly continuous.
Then, since E(G, X) is R; as a Hausdorff space, and X/FE is Ry by Proposition 5.34,
we can apply Proposition 5.37(1) (with S = E(G, Z), T = E(G,X), A= B = X/E)
to conclude the joint continuity of the action of E(G, X) on X/E.

Since p.[vN] = uM, it follows that the action of vA on X/E (induced by
the quotient map rr[,\) factors through an action of uM on X/E. As in the
preceding paragraph, we easily conclude that v\ acts continuously on X/E. Since
vN and uM are (semitopological) groups, we can then apply Proposition 5.37(2)
(with S =oN, T =uM and A = B = X/E) to conclude that the factor action of
uM on X/F is jointly continuous.

Likewise, since @, [, and rz[ v = Tl © @« lon are quotient maps, by Re-
mark 2.5 (applied to A = vN, B = uM and C = X/E), it follows that r[, is
also quotient map.

For (3), note that since (by (2)) u acts on X/E as identity, so does ker . [,
Under the hypotheses of (3), H(vA) also acts trivially (by Lemma 5.25(3)) Since

— by Proposition 5.40 — ¢, [\ [H(uM)] = H(vN)ker p.[, 5, we conclude that
H(uM) acts trivially as well. Therefore, both r[,,, and the action of uM on
X/FE factor through uM/H(uM). The action of uM /H(uM) is continuous by
another application of Proposition 5.37 (with S = uM, T = uM/H(uM) and
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A =B = X/E). Also as before, the map uM/H(uM) — X/E induced by 7,
is a quotient map by Remark 2.5. This completes the proof. O

If E is group-like, we can ask whether the map r is a homomorphism. The
following proposition establishes reasonable sufficient condition for that. Note that
in general, this need not be true, not even if E is dominated by an equivalence
relation which is both closed and uniformly properly group-like, as Example 5.32
shows.

Proposition 5.44. In Lemma 5.43, if E itself is group-like, and F' is a properly
group-like or closed group-like relation dominating E, such that the induced map
Z/F — X/FE (denoted by @p in the proof of Lemma 5./3) is a homomorphism,
then r is also a homomorphism (and thus so is r{, ).

Proof. Consider the diagram in the fourth paragraph of the proof of Lemma 5.43.
Note that r o ¢, = pr o rp. Since F' is properly group-like or closed group-like,
rp is a homomorphism, and by assumption, ¢ is also a homomorphism, so 7 o ¢,
is a homomorphism.
But because ¢, is an epimorphism, it follows easily that » must be a homo-
morphism. O

Note that the hypotheses of Proposition 5.44 are trivially satisfied if E it-
self is closed group-like or properly group-like, so it extends Lemma 5.16 and
Lemma 5.8(2).

We have the following simple property of abstract group actions.

Proposition 5.45. If G is a group acting transitively on a set X, and D < G
stabilises some point o € X, then the action factors through G/ Core(D), where
Core(D) is the normal core of D, i.e. the intersection of all conjugates of D.

Proof. Since D stabilises zg, for any g € G, it is easy to see that gDg~! stabilises
gxo. Since G acts transitively on X, it follows that Core(D) stabilises every point
of X. The conclusion follows. O

In the last case described in Lemma 5.43, we have some additional factorisations.
Recall that by D < uM, we denoted the 7-closed group of all f € uM such that
f(zo) = u(zg) (cf. Lemma 4.2).

Lemma 5.46. Suppose E satisfies the conclusion of Lemma 5.43(3), i.e. we have
a natural continuous group action of uM/H(uM) on X/E, and its orbit map at
[zo]E (induced by r) is a topological quotient map.

Then 71 factors through a map 7: uM/H(uM)D — X/E, and also through
75: uM/ Core(H (uM)D), and both factors are topological quotient maps.
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Furthermore, the action of uM/H(uM) on X/E, factors through a continuous
action of uM/ Core(H (uM)D) (consequently, 73 is the orbit map of the factor
action, also at [xo)|g).

Proof. To obtain the first factorisation, note that if the two cosets f1H (uM)D
and foH (uM)D are equal, then for some f| € fiH(uM) and f} € foH(uM) we
have that the cosets f{D and fiD are equal as well. Therefore, by Lemma 4.4,
fi(zo) = f}(xg), so in particular,

P1(f1) = [filwo)le = [fi(zo)]le = [fa(z0)]e = [f2(x0)]2 = 71(f2).

Factoring through uM / Core(H (uM) D) follows immediately, as Core(H (uM)D) <
H(uM)D. (Note that because 7 is a topological quotient map, so are 7, and 7.)

For the “furthermore” part, note that by the first paragraph, H(uM)D sta-
bilises [xo]p € X/E. On the other hand, since 7, is a surjective orbit map,
uM/H(uM) acts transitively on X/E. Thus, by Proposition 5.45, that action
factors through (uM/H(uM))/ Core(H (uM)D) = uM/ Core(H(uM)D). Con-
tinuity of the factor action is an easy consequence of the continuity of action of
uM/H(uM) and Proposition 5.37. O

Lemma 5.46 can be further extended with the following “niceness preservation”

properties, which will be very important for the proofs of the main theorems.

Lemma 5.47. In Lemma 5.46, let Hy C uM/H(uM), Hy C uM/H(uM)D and
H; C uM/ Core(H(uM)D) be the preimages of {[xo]r} by the respective 1, 7o or
r3. Then:

e [ is clopen or closed if and only if some (equivalently, all) H; are such,

e if £ is F,, Borel or analytic, then so is each H;.

Proof. For the first bullet, note that since 71 is a quotient map, X/FE is homeo-
morphic to (uM/H(uM))/H,. Hence, by Fact 2.7 and Fact 2.28, E is closed or
clopen if and only if H; is (respectively). The fact that 7; factors through 79, 73
easily implies that if one of Hy, Hy, Hs is closed or clopen, so are the other two (e.g.
by Proposition 2.20).

If E is F,, Borel or analytic, then so is [zo]g, and thus also [zo]z N R[uM].

But, by the hypotheses, [zo]g N R[uM] is the preimage of Hs via the continuous
map RuM] — uM/H(uM)D from Proposition 4.8. Since H; and Hj are also
continuous preimages of H,, the second bullet follows by several applications of

Proposition 2.20. []

Remark 5.48. Note that under the assumptions of of Proposition 5.44, if we have 7
as in Lemma 5.46 (e.g. E is weakly uniformly properly group like or weakly closed
group-like), then 7; is homomorphism, and thus so is 73. It follows that both are
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topological group quotient maps, and the subgroups H; and Hj in Lemma 5.47 are
both normal. O

Remark 5.49. In fact, we can extend Lemma 5.47 to also say that if (G, X) is tame
and metrisable, then if one of E, H,, Hy, H3 is Borel or analytic, then so are the
other three. The proof is mostly straightforward, but somewhat technical. (It uses
Proposition 4.16, Fact 2.45, Corollary 4.11, and the fact that the preimage of an
analytic set by a Borel map between Polish spaces is analytic.) O

5.4 Cardinality dichotomies

In this section, we apply the results of the preceding sections, along with properties
of compact Hausdorff groups, to deduce two dichotomies related to weakly group-
like equivalence relations. In contrast to the next section, we do not assume
metrisability. Theorems of this section, along with Lemma 5.47, and Lemma 5.43,
yield Main Theorem A.

Theorem 5.50. Suppose E is analytic and either weakly uniformly properly group-
like or weakly closed group-like. Then either E is closed, or for every Y C X which
is closed and E-saturated, we have |Y/E| > 2%.

Proof. Suppose E is not closed.

Let G = uM/H(uM) and #: G — X/E be the induced quotient map we have
by Lemma 5.43(3) (so that in particular, 7 is an orbit mapping and #(es) = [zo]g).
Because E is not closed, by Lemma 5.47, ker 7 := 7~ '{[z¢]g} is not closed, so it is
not open (note that it is a subgroup of G, as it is just the stabiliser of [zo]p € X/E).

Since Y is closed and E-saturated, Y/E C X/FE is closed and so is Y’ :=
PY/E].

We can assume without loss of generality that ey € Y’. Otherwise, for any
go €Y', we have es € Y := g;'Y’, and then Y” is a closed right ker 7-invariant
set and we have a bijection between Y/E =Y’ /ker7 and Y /ker 7 (which can be
identified with #[Y"] C X/E).

Under this assumption, we also have that ker # C Y, and because Y is closed,
ker7# C Y. Since ker# is not closed, it is not open in ker#. On the other hand
ker 7 is analytic — by Lemma 5.47 — so it has the Baire property. By Fact 2.26,
it follows that |ker 7 /ker 7| > 2%. It follows that Y'/ker? = Y/E has cardinality
at least 2%, O

Theorem 5.51. If E is analytic and weakly closed group-like or weakly uniformly
properly group like, then E is clopen or E has at least 2%° many classes.

More generally, suppose Y C X is closed and E-saturated, and suppose that
GY (the setwise stabiliser of Y') has a dense orbit in Y/E. Then either Ely is
clopen in Y? (and Y/E is finite) or |Y/E| > 2%,
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Proof. We will treat the general case. Suppose |Y/E| < 2%. Then by Theorem 5.50,
E is closed (note that this implies that ker7 is closed and Y/E' is Hausdorff). If
Y/ E is finite, it follows easily that E[y is clopen, so suppose towards contradiction
that it is infinite.

Consider G = uM /H(uM) acting continuously on X/E as in Lemma 5.43(3),
and let G¥ be the setwise stabiliser of Y/E. Since Y is closed an E-saturated, so
is Y/E, and thus (by continuity) also GY, which is therefore a compact group (as
a closed subgroup of G) Note that for every g € G, we have uguH (uM) € GY.
It follows that GY has a dense, and therefore (because Y/E is Hausdorff) infinite
orbit in Y/E. We may assume without loss of generality that [z¢]p € Y/E and
[2o]p has an infinite GY-orbit (otherwise, we can replace Y/E by g~ (Y/E) and
GY by ¢ 1GYg, for some g such that g[zo]r € Y has infinite GY- orbit).

Under this assumption, we have a bijection between GY - [zo]z € Y/E and
GY /(ker# N GY). Since E is closed, ker is a closed subgroup of G, so HY :=
ker 7 N GY is a Baire subgroup of GY. Using the aforementioned bijection between
GY /HY and the orbit GY - [2o], we conclude that [GY : HY] is infinite, so by
compactness of G’Y HY is not open. But then by Fact 2.26, it follows that
[GY - HY] > 2%, and thus G - [z0]r C Y/E has cardinality at least 2% which is
a contradiction. ]

In the case when Y = X and X is metrisable, we can refine the dichotomy from
Theorem 5.51 by another dividing line, as we will see in Corollary 5.56. Later, in
Chapter 8, we will discuss a possible variant of this refinement which would apply
in the non-metrisable case.

5.5 Group-like quotients and Polish groups and
Borel cardinality

In this section, we study the consequences of Lemma 5.25 for metrisable ambits.
In particular, we present the class space of a (weakly uniformly properly or weakly
closed) group-like equivalence relation as the quotient of a Polish group by a
subgroup, which will later be used to prove Main Theorem C.

The following theorem can be considered the principal result of the thesis
in the general abstract context. The main results in Chapter 6 (in particular,
Theorems 6.9, 6.18 and 6.33) are essentially its specialisations. In Chapter 8, we
discuss possible extensions of this Theorem to the case when X is not metrisable.

Theorem 5.52. Suppose X is metrisable, while E is weakly uniformly properly
group-like or weakly closed group-like. Write D" for Core(H(uM)D) < uM and
G for the Polish group uM /D" (cf. Corollary 4.12).
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Then G acts continuously and transitively on X/E (as (fD') - [x]g = [f(2)]&),
and the orbit map 7: g — § - [xo|g, the induced equivalence relation E|s, and
H < G, defined as the stabiliser of (o], have the following properties:

(1) H < G and fibres of # are ewactly the left cosets of H (so G/E|s; = G/H),

(2) # is a topological quotient map (so it induces a homeomorphism of G/H and
X/E),

(8) E is clopen or closed if and only if H is (respectively)

(4) if E is F,, Borel, or analytic (respectively), then so is H,

(5) Elg < E

Furthermore:

(6) if (G, X) is tame, then E|s ~p E, and

(7) if E itself is closed group-like or properly group-like (0]", more generally,
satisfies the assumptions of Proposition 5.44), then H QG and 7 is a homo-
morphism (and hence, by (2), a topological group quotient map).

Proof. Recall that by Corollary 4.9 and Corollary 4.12, we know that the group G
and the space G’ := uM/H(uM)D are both compact Polish.

Lemma 5.43 applies, and so do Lemmas 5.46 and 5.47. This gives us the
continuous action and (1)-(4) (with 7# = 73 from Lemma 5.46).

Note that we have a continuous surjection G — G, and again by Lemma 5.47,
7 factors through it. As both G and G’ are compact Polish, Fact 2.45 applies, and
we have E|s ~p Elga.

For (5), note that trivially F' >p Elgz;~ (where we identify uM /= with
R[uM|] C RIEL/=] = X). On the other hand, we have a commutative diagram:

uM/= — G’ = uM/H(uM)D

| I

X » X/E

where the map uM/= — uM/H(uM)D is the function [f]= ~ ufH(uM)D
given by Proposition 4.8. Commutativity follows in a straightforward manner from
the definitions (and the fact that u and the whole H(uM) act trivially on X/E,
because the action of uM on X/FE factors through uM/H (uM)), and it implies
that uM /= — uM/H(uM)D is a reduction of Eluzi/= to Ela. By Fact 2.45, we
have El 51— ~5 Ela, s0

Elg ~p Ele ~p Elizg)= <p E.

For (6), note that if (G, X) is tame and metrisable, we can apply Corollary 4.11
to obtain a commutative diagram:
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EL/=" 2Z% &' = uM/H(uM)D

! l

X » X/FE.

EL/="is Polish (by Proposition 4.7) and the function FL/="— X is a continuous
surjection, so by Fact 2.45, E' ~p E|pr/=. On the other hand, the Borel function

EL/= — G is clearly a reduction of E|gr = to E|z, so
E ~p Elgr)= < El¢es ~B El¢.
Finally, for (7), just apply Remark 5.48. ]

Remark 5.53. By Proposition 4.16, it follows that if (G, X) is tame and metrisable,
then uM/H(uM) is Polish, so in this case, in Theorem 5.52, we can take G
to be uM/H(uM) instead of uM /D’ and (with the obvious modifications) the
conclusion still holds, with essentially the same proof. O

Corollary 5.54. In Theorem 5.52, if we have a G-ambit morphism (X, zg) —
(Z, z0) with (G, Z) tame, and an equivalence relation F' on Z such that E = F|x,
then E ~p E|s (even if (G, X) is untame).

Proof. Note that by assumption, Z is metrisable (cf. Fact 2.2).
Choose an Ellis group uM < E(G, X) and take D’ := Core(H (uM)D), so that
G =uM/D' is as in Theorem 5.52. Denote by ¢ the morphism (X, z¢) = (Z, z).
Then by Proposition 5.41, ¢,[uM]| = v is an Ellis group in E(G, Z), and if we
take G to be N/ D), (where D, = Core(H(v/N)Dy) for the naturally defined D),
then by Remark 5.42; ¢, induces a topological group quotient mapping G — Gy
This quotient map fits into the following commutative diagram.

G — X/E

L]

Gy — Z/JF.

The vertical arrows are the quotient map mentioned before and the bijection induced
by ¢ (by the assumption that £ = F|x). The horizontal arrows are given by
fD" — [f(xo)]g and fD% — [f(z0)]r (they are well-defined by Theorem 5.52).
Since for every f € E(G, X) we have ¢.(f)(20) = ©(f(x0)), the diagram commutes.

It follows immediately that the quotient map G — Gy is a continuous reduction
of F|g = Elg to F|g,. Thus, by Fact 2.45, E|4 ~p F|g, ~p F. But the morphism
(X,20) — (Z,2) induces a reduction of E = F|x to F, so again by Fact 2.45,
F~E soE|lg~pE. O
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Remark 5.55. Similarly, one can show that if either £ is weakly closed group-like or
(G, X) is tame (or, more generally, it satisfies the assumptions of Corollary 5.54),
then in Theorem 5.52, E|s ~p E (also in the first case) and E is Borel or analytic
if and only if H is. Briefly, in the first case, if we take a closed group-like F'
dominating F, then we can consider F|z/p as a Z/F-invariant equivalence relation
on Z/F, and then we can apply Proposition 3.1 withG = X = Z/F and E = E|zp,
and conclude by successive applications of Fact 2.45 and Proposition 2.20. In the
second case, it can be shown via Remark 5.49 and Proposition 2.20. O

The following corollary is a part of Main Theorem B.

Corollary 5.56. For E as in Theorem 5.52, E is smooth (according to Defini-
tion 2.42) if and only if E is closed (as a subset of X?).
Moreover, exactly one of the following holds:

(1) E is clopen and has finitely many classes,
(2) E is closed and has exactly 2% classes,

(8) E is not closed and not smooth. In this case, if E is analytic, then E has
exactly 2%° classes.

Proof. Immediate by Theorem 5.52 and Lemma 3.2. [



Chapter 6

(Weakly) group-like equivalence
relations in model theory and
beyond

In this chapter, we apply the main results of Chapter 5 in specific contexts, mostly
model-theoretic. In particular, we prove Main Theorems C, D and E.

6.1 Compact group actions

G —— FL=G

o I

=G — X=G —— G/N

Example 6.1. Suppose G is a compact Hausdorff group and consider X = G with
G acting by left translations, with zyp = e € G. Then for any normal N < G the
relation £ = Ey of lying in the same N-coset is properly group-like on G, with =
on G being just the equality relation.

Pseudocompleteness means just that whenever g; — 1, h; — z2 and g;h; — x3
for some nets (g;);, (hi); in G and xg, z1,x2 € G, then z129 = x3. But this is clear
by joint continuity. Other axioms are easy to verify.

Furthermore, Ey is also uniformly properly group-like: indeed, we can take for
€ to be just the family of sets of the form D4 := {(g,hg) | g € G,h € A}, where
A ranges over finite symmetric subsets of N containing the identity. Each D, is
closed (as the continuous image of G x A by multiplication, which is closed by
compactness) and (D4)" = D 4.4 has the properties required by Definition 5.22.

93
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The conclusion of Lemma 5.25 is trivial in this case: the map G — G¢ (g —
Ta,g) is continuous and injective, and therefore an embedding into a closed subset,
so EL = (G, and the only idempotent is the identity in GG, and thus uM = G, while
H(uM) = {e}.

Likewise, the conclusion of Corollary 5.56 reduces to Proposition 2.51. O

Example 6.2. Consider a transitive action of a compact Hausdorff group G on a
compact Hausdorff space X, and let F be any G-invariant equivalence relation on
X. Then E is dominated by equality on G, which is clearly closed group-like (and
also properly uniformly group-like), so E is weakly closed group-like. By applying
Theorem 5.52, we recover most of Proposition 3.1 (the rest can be essentially
recovered via Remark 5.55, although this reasoning is circular), and by applying
Corollary 5.56, we recover Corollary 3.3. O

6.2 Automorphism group actions

In this section, we will be looking at dynamical systems stemming from automorph-
ism group actions, of the form (Aut(M),S,,(M),tp(m/M)) (and other similar
ones). In this context, we will find the naturally occurring (weakly) group-like
equivalence relations and then apply to them what we learned from Chapter 5.
Thus we will recover (with some improvements) the main results of the papers
[KPR15] (joint with Krzysztof Krupinski and Anand Pillay) and [KR18] (joint
with Krzysztof Krupinski).

Lemmas

We intend to apply results of Chapter 5. In the following lemmas, we will show
that their hypotheses are satisfied in the case of actions of automorphism groups
on certain type spaces.

Lemma 6.3 (pseudocompleteness for automorphism groups). Suppose M is a
model and a is an arbitrary tuple in M (e.g. an enumeration of M ), while N = M
is an |M|*-saturated and |M|"-strongly homogeneous model (for example, N = €
and M is small in €).

Then whenever (0;); and (p;); are nets in Aut(M) and S,(M) (respectively)
such that tp(o;(a)/M) = qi, pi = q2 and o;(p;) — qs for some q1,q2,q3 € So(M),
there are oy, 0 € Aut(N) such that tp(oy(a)/M) = q, tp(oy(a)/M) = ¢ and
tp(c)o(a)/M) = qs. (This is pseudocompleteness for G = Aut(N), X = S,(M)

and the map G — S,(M) given by o +— tp(o(a)/M), see Definition 5.12.)

Proof. Let for each i, choose b; € N such that b; = p; (so in particular, b; = a), and
extend o; to a; € Aut(N). Then by the assumptions, for every ¢1(x), p2(x), p3(z)
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in q1,q2 and g3 (resp.) we have, for sufficiently large i, N |= p1(d:(a)) A @2(b;) A
03(a;(b;)) Na = b; A ab; = 5;(a)d;(b;). Now by compactness, we have ay, as, a3 € N
such that N = q1(a1) A ga(az) A gs(az) Aa = as A aay = ajas. Any oy, 0 € Aut(N)
such that o(a) = as, 0}(aas) = ajas satisfy the conclusion of the lemma. O

Lemma 6.4. Suppose A C € is small, enumerated by the tuple a, while Y 1is
type-definable over A.

Then the set Fy = {tp((a})Lob(a)/A) | 1,0y € Aut(€)Ac)(a) =4 oh(a) € Ya}
is closed in Sq(A).

Proof. Let F be the set of tp(b/A) such that € |= (a1, az)aa; = aasNa = agAab =
ajas A ay; € Y. Clearly, F} is a closed subset of S,(A). We will show that Fy = F.

For C, take some p € Fp, as witnessed by 0,0, € Aut(€) and take b =
(oh)~ 105(@), a; = o}(a) and ay = oi(a). It is easy to check that they witness that
tp(b/A) € Fy.

For D, take some p € F, witnessed by b,a;,as. Take 07,0} € Aut(€), such
that of(ab) = ajas and ob(a) = as. It is easy to check that these o7, 0} witness
that p = tp(b/A) € Fy. O

When reading the proof of Lemma 6.5, it may be useful to compare the diagram
below to the diagram in Definition 5.12.

Aut(M) —— E(Aut(M), S,,(M))

Aut( —— S (M) /=M = Gal(T)
Lemma 6.5. Let M be a small ambitious model (see Definition 4.29), enumerated
by m. Consider the Aut(M)-ambit (Aut(M), S,,(M),tp(m/M)). Then E = =M
is a uniformly properly group-like equivalence relation on S, (M).

More generally, if G¥Y < Gal(T) is closed, and M is ambitious relative to GY
(see Definition 4.29), then (GY (M),Y},tp(m/M)) (where Y' is as there) is an
ambit and =} fyj/u 15 a uniformly properly group-like equivalence relation on it.

Proof. Notice that the “base” case follows from the “moreover” case simply by
taking G¥ = Gal(T'), so we will treat the second case.

Note that Y’ is type-definable over M immediately by Fact 2.134. The fact
that (GY(M),Y],,tp(m/M)) is an ambit follows immediately by definition of a
relatively ambitious model

Note that almost immediately by our assumptions, Y}, is the preimage of G¥
by the quotient map S,,(M) — Gal(T) from Fact 2.126, so we may identify GY
and Y,/=M and =M [y, is evidently group-like.
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Let G = {0/ € Aut(€) | o’ Autf(¢) € G¥}. Immediately by the definitions,
G maps onto Y7, via o’ — tp(o’(m)/M), and the induced map G — G is just
o' +— o' Autf(€), which is of course a homomorphism. By applying Lemma 6.3,
we obtain pseudocompleteness (in the sense of Definition 5.12) — to see that, just
notice that if o; € G¥ (M) and p; € Y], then (since Y}, is closed), the qi, 2, g3 as
in Lemma 6.3 are in Y}, so ¢},0) € G.

By Lemma 6.4 (applied to Y = Y’ and A = M), we conclude that =} ly;, s
properly group-like.

To see that it is uniformly properly group-like, let £ = {F}, | n € N}, where F,
is the set of pairs of types p1, p2 € Y}, such that there exist some my, mq satisfying p;
and py (respectively) and such that dp,(mq, my) < n (cf. Definition 2.116). Clearly,
each F), is symmetric, reflexive and by Fact 2.117, they are all closed in S,,(M)?.
We will show that (F),) := Fy,.2 has the properties postulated in Definition 5.22.

Indeed, if dy,(a,b1) < n and d, (b, ¢) < n and by =) by, then dp (b1, be) < 1, so
by triangle inequality dp(a,c) < 2n+1, so F, 0 F,, C Fy,11 C Fy,19. On the other
hand, and if (tp(m/M ), tp(a(m)/M)) € F,, then there are some oy, 09 € Aut(&€/M)
such that di,(o1(m), oe0(m)) < n, so di(m,o; 'oeo(m)) < n, so by Fact 2.119,
di (o7 o90(m)) < n+1, and hence (because o] ' o, fixes M pointwise) dy,(0) < n+2,
i.e. for every a we have dy,(a,o(a)) < n+ 2, in particular, for every o’ € Aut(€)
we have (tp(o'(m)/M),tp(co’(m)/M)) € F41o C Fo,io. Finally, from Fact 2.114,
it follows easily that =/ = J, F,,, which completes the proof. ]

Lemma 6.6. Given any strong type E on p(€), where p € S(0), and a small model
M enumerated by m, such that some a C m realises p, the relation =M on S,, (M)
dominates the relation E™ on S,(M) (via the restriction S, (M) — Sa(M)).

More generally, if Y is any =y,-invariant, type-definable set containing a, such
that Aut(€/{Y'}) acts transitively on Y, if M is a small model enumerated by
m 2D a, ambitious relative to G¥ = Aut(€/{Y})/ Autf(€) (c¢f. Definition 4.29),
then (G¥ (M), Yy, tp(a/M)) is an ambit, and ={' [y, dominates EM 1y, . where
Y' = Aut(€/{Y}) - m.

In particular (by Lemma 6.5), EM and EM ly,, are weakly uniformly properly
group-like.

Proof. For the first part, just note that the relation =M on S,(M) is a refinement
of EM and =M on S,,(M) dominates =M on S,(M) via the restriction mapping
S (M) — S, (M), which follows from the trivial observation that if two tuples are
=p-equivalent, then their subtuples (chosen from corresponding coordinates) are
also =p-equivalent. Since Gal(T) = S,,,(M)/=¥ acts on p(€)/E (and the map
Sp(M) /=M — S,(M)/EM is equivariant), this shows that = dominates M.
For the second part, apply Fact 2.134 and Lemma 6.5 to conclude that
(GY (M), Y], tp(m/M)) is an ambit and =M y;, is uniformly properly group-like.
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Now, note that the restriction map S,, (M) — S,(M), induces an ambit morphism
(Aut(M), Yy, tp(m/M)) — (Aut(M), Yy, tp(a/M)). The domination of ETy, by
=M [Y](J follows the same as in the preceding paragraph. O]

Results for automorphism groups

Remark 6.7. Immediately by Lemma 6.6, we can use Proposition 5.34 to recover
Proposition 2.96. We also deduce that if p € S(f) and E is an arbitrary strong
type on X = p(€), then X/F is an R; space (which was [KPR15, Proposition 1.12],
but only for Ry). O

The following theorem is Main Theorem E and it generalises Fact 2.144. It
appeared as [KPR15, Theorem 5.1] (joint with Krzysztof Krupinski and Anand
Pillay). Here, we deduce it from the abstract Theorems 5.50 and 5.51. Note that —
in contrast to Theorem 6.9 below — we do not require the language to be countable.

Theorem 6.8. Suppose E is an analytic strong type defined on X = p(€) for some
p € S(0), and Y C X is type-definable and E-saturated. Suppose |Y/E| < 2%.

Then E is type-definable (note that by Remark 2.97, this is equivalent to ETy
being type-definable), and if, in addition, Aut(C/{Y'}) acts transitively on Y/E,
then Ey is relatively-definable (as a subset of Y?).

Proof. Recall from Fact 2.94 that E, is relatively definable or type-definable if
and only if EM ly,, is clopen or closed (respectively) for some (equivalently, every)
small model M.

Now, if M is any ambitious model (which exists by Proposition 4.30), then
we can just apply Lemma 6.6 and then Theorem 5.50 to conclude that if Y/FE =
Y /EM has cardinality less than 2%, then EM 1y is closed, so E is type-definable.

If Aut(€/{Y}) acts transitively on Y/FE, then again by Proposition 4.30, we
can choose M to be ambitious relative to G¥ = Aut(€/{Y'})/ Autf(€). Since Y
is type-definable, it follows from Fact 2.134 that GY is closed. Thus, we can just
apply Lemma 6.6 followed by Theorem 5.51. O]

The following is one of the main results of the thesis, and is a part of Main The-
orem C. Most of it is [KR18, Theorem 8.1] (joint with Krzysztof Krupinski).
Compared to it, we relax the global NIP assumption for the “furthermore” part:
we assume only that Y has NIP.

Theorem 6.9. Suppose that the theory is countable.
Suppose E is a strong type defined on a type-definable set X (in a count-
able product of sorts), and Y C X is type-definable, E-saturated and such that
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Aut(C/{Y'}) acts transitively on Y (e.g. Y = [a]z orY = |a]=,, for some tuple
a). Choose a €Y.

Then there is a compact Polish group GY acting continuously on Y/E, and
such that the stabiliser H of [a]g, and the orbit map #y: G¥Y = Y/E, §— § - |alg
have the following properties:

(1) H < GY and fibres of #y are exactly the left cosets of H (so G¥ /E|py =
(2) ty is a topological quotient map (so it induces a homeomorphism of GY/H

and X/E),

(8) Ely is relatively definable or type-definable if and only if H is clopen or
closed (respectively)

(4) if E is F,, Borel, or analytic (respectively), then so is H,
(5) G¥/H <p E.
Furthermore, if Y has NIP (in particular, if T has NIP), then @Y/H ~p F.

Proof. By Proposition 4.30, we can find some M which is ambitious relative to
GY = Aut(¢/{Y})/ Autf(€). Then by Lemma 6.6, EM|y. is weakly uniformly
properly group-like (in the ambit (GY (M), Yy, tp(a/M))), so Theorem 5.52 applies
to EM[y. .

Now, if Y has NIP, then by Corollary 4.28, (G¥ (M), Yy,) is tame, so in partic-
ular, so we also have (6) of Theorem 5.52.

To complete the proof, just note that:

e by definition, the Borel cardinality of Ey is the Borel cardinality of £ [y
e we identify Y/E and Yy;/E* (via the natural homeomorphism),

e by Fact 2.94, E'[y is relatively definable, type-definable, F,, Borel, analytic

if and only if EM y,, is clopen, closed, F;, Borel or analytic (respectively).
These observations allow us to translate the conclusion of Theorem 5.52 into the
conclusion of the theorem, and thus we are done. O

Remark 6.10. By referring back to the statement of Theorem 5.52, we can see that in
Theorem 6.9, the group GY is uM / Core(H (uM)D) for the ambit (G(M), Yar, o),
and the action is induced by the action of E(G(M), Yar) on Y. O

Proposition 6.11. In Theorem 6.9, if the stabiliser of [a]g is a normal subgroup
of Aut(¢/{Y'}), then H is a normal subgroup of G¥, and 7y is a topological group
quotient mapping onto then Y/E (equipped with the group structure obtained by
identification with Aut(€/{Y})/ Stabawe/ v {lale}).

Proof. Tt is not hard to see that under the hypotheses, the map G¥ — Y/FE given
by o Autf(€) — o Stabauye/y1{lalp} is a homomorphism. But GY is naturally
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identified with Y},/=M (with Y’ chosen as in the proof of Lemma 6.6, so that
=M is uniformly properly group-like on Y;, and dominates E™). Hence, the
assumptions of Proposition 5.44 are satisfied. Thus Theorem 5.52(7) applies, and

we are done. [l

Corollary 6.12. The Galois group Gal(T) of any countable first order theory T
18 1somorphic as a topological group to the quotient of a compact Polish group by
an F, subgroup.
If the theory is NIP, it also has the same Borel cardinality as that quotient.
The same is true for Galy(T).

Proof. Choose any tuple m enumerating a model and apply Theorem 6.9 to Y =
[m|= (for Gal(T")) and Y = [m|=,, (for Galy(7)), a = m and E = =, noting that
Proposition 6.11 applies (e.g. because by Fact 2.119, the relevant stabiliser is just
Autf(2)). O

The following trichotomy appeared (essentially) as [KPR15, Corollary 6.1] (joint
with Krzysztof Krupinski and Anand Pillay). It constitutes most of Main The-
orem D (completed by Corollary 6.16).

Corollary 6.13. Suppose that the theory is countable, while E is a strong type
(on a set of countable tuples), and Y is type-definable, E-saturated, and such
that Aut(€/{Y'}) acts transitively on' Y (e.qg. Y € {lal=, [a]=,, [a]zxp } for some
countable tuple a). Then exactly one of the following is true:

(1) Ely is relatively definable (as a subset of Y?) and has finitely many classes,

(2) Ely is type-definable and has ezactly 2% classes,

(3) Ely is not type-definable and not smooth. In this case, if Ely is analytic,
then Ely has ezactly 2% classes.

Proof. By Theorem 6.9, we can apply Lemma 3.2, which (by Fact 2.94) completes
the proof. n

The following corollary of Theorem 6.9 gives a partial answer to the question of
possible Borel cardinalities of Lascar strong types (and strong types in general), as
raised in [KPS13] (for example, it implies that in NIP theories, the Borel cardinality
of [a]=,p /=L is the Borel cardinality of the quotient of a compact Polish group by
an F, subgroup).

Corollary 6.14. Suppose E is a strong type, while Y is a type-definable and E-
saturated set such that Aut(€/{Y}) acts transitively on Y (e.g. E refines =gp and
Y = [a]=,, for some a). Suppose in addition that Y has NIP. Then Ely is Borel
equivalent to the quotient of a compact Polish group by a subgroup (which is F,,
Borel or analytic, respectively, whenever E is such).
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Proof. This is immediate by Theorem 6.9. O

Proposition 6.15. If E is a strong type on a (-)type-definable set X, then for
any ag € X, the set Yo, of a € X such that [a]g € {[ao]g} C X/E is type-definable
and E-saturated. Moreover, Aut(€/{Y,,}) is equal to {o € Aut(€) | o(ap) € Ya,},

and 1t acts transitively on Y,,.

Proof. We may assume without loss of generality that X = p(€) = [ag]= (since E
is a strong type, we have [ao]g C [ag]=, which implies that Y,, C [ag]=).

Type-definability of Y, is straightforward by the definition of the logic topology,
E-invariance is trivial.

Since Yy, C [ag]=, we have that for each a € Y, there is some o € Aut(€) such
that o(ag) = a. It is enough to show that o € Aut(€/{Y,,}). But since o is an
automorphism, it acts on X/E by homeomorphisms, so o({[ao]r}) = {[a]r}. Since
la)g € {[ao]r}, it follows that {[a]g} C {[ao]g}. It follows that o[Y,,/E] C Y, /E,
s0 0[Ya,] C Ya,-

On the other hand, by Remark 6.7, X/FE is an R, space, whence [ag|g € {[a]g},
so ap € Y,. Arguing as in the preceding paragraph, we conclude that Y,, =
o Y, C Y, = 0o[Y,,], so o[Yy,] = Ya.

U

The following corollary is the last part of Main Theorem D. Essentially, it is a
generalisation of the main results of [KMS14] and [KM14]/[KR16] (Facts 2.146 and
2.149). It appeared as [KPR15, Theorem 4.1] (in the paper joint with Krzysztof
Krupiniski and Anand Pillay). Loosely speaking, it can be seen as a strengthening
of Theorem 6.8 in the “countable language case” (as in that case, if E' is Borel, then
by Fact 2.47, non-smoothness implies having 2% classes).

Corollary 6.16. Suppose T is countable. If E is a strong type defined on X = p(€)
for some p € S(0) (in countably many variables) and Y C X is nonempty, type-
definable and E-saturated, then either E is type-definable, or Ely is non-smooth.

Proof. Suppose Ey is smooth. We need to show that E is type-definable, which
by Proposition 2.96 is equivalent to £ having a type-definable class. Since Ty
is smooth, it follows that for every a € Y, EJy is also smooth, where Y, is as
in Proposition 6.15. Clearly, it is enough to show that ET,. has a type-definable
class, and thus we may assume without loss of generality that Y =Y,. But then
by Proposition 6.15, Aut(€/{Y}) acts transitively on Y, so by Corollary 6.13, Ey
is type-definable, and by Remark 2.97, E is type-definable as well. n

(See also Corollary 7.58 for a further generalisation (to sets larger than p(€)).)
Theorem 6.9 shows that every quotient of a sufficiently symmetric type-definable
set Y by a strong type E is essentially the quotient of a compact Polish group by



CHAPTER 6 101

a subgroup. It is not hard to see that the compact group does not depend on FE,
only on Y.

We can actually show more: essentially, we can find one G witnessing The-
orem 6.9 for all Y = p(€), where p € S((), but first, we need an additional lemma.

Lemma 6.17. Suppose T is countable. Assume that F is a strong type defined on
p(€) for p=tp(a/D) for some countable tuple a, while M is an arbitrary countable
model, enumerated by m.
Then there is a strong type E' on [m|= such that:
o E is type-definable [resp. Borel, or analytic, or F,, or relatively definable] if
and only if E' is,
e there are Borel maps ri: Sp(M) — Su(M) and ro: So(M) — S, (M) such
that vy and ro are Borel reductions between (E"YM and EM (in particular,
E' ~p E), satisfying r1(tp(m/M)) = tp(a/M) and ro(tp(a/M)) = tp(m/M),
and
e the induced maps ry: [m|z/E" — p(€)/E and ry: p(€)/E — |[m|=/E" are
Gal(T')-equivariant homeomorphisms, and rh is the inverse of r}.
The maps 7 and rh are uniquely determined by ri([oc(m)|g) = [o(a)]lg and

rh([o(a)|g) = [o(m)]|g for all o € Aut(€).

Proof. Let N > M be a countable model containing a, and enumerate it by n 2 am.
Then we have the restriction maps S, (N) — Sa(M), Sp(N) = Sy (M), which
fit in the commutative diagram:

Sy (M) 4—— Sp(N) — Sa(M)

~ !

Gal(T) — p(€)/E.

In this diagram, the maps to Gal(T") are given by Fact 2.126, while the map
Gal(T) — p(€)/E is the orbit map o Autf(€) — [o(a)]g (cf. Proposition 2.133).

Recall from Fact 2.94 that F is type-definable [resp. Borel, analytic, F,, rel-
atively definable] if and only if the induced relation EM on S,(M) is closed [resp.
Borel, analytic, F,, clopen]. Note also that E = E|g, ) (using Definition 5.26).

Note that Elg,, vy and El|g,v) are both induced by the same left invariant
equivalence relation E|gar) on Gal(T') (left invariance holds because the map
Gal(T) — p(@)/E is left Gal(T)-equivariant, as the orbit map of a left action).

Let E’ be the Aut(€/M )-invariant equivalence relation on [m)= such that (E')"
is Els,,m)- It is Aut(€)-invariant by construction (e.g. because E|gar) is left
invariant), and it is clearly bounded by the size of p(€)/E. We will show that it
satisfies the conclusion.
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Since E|s,(n) is the pullback of both E|g,, (a) and E|s, ) (and so, a preimage
of each by a continuous surjection), the first part follows by Proposition 2.20.

Fact 2.45 gives us Borel sections S,,(M) — S,(N) and S,(M) — S,(N) of the
restriction maps, and we can assume without loss of generality that each section
maps tp(m/M) or tp(a/M) (respectively) to tp(n/N) (possibly by changing the
value of the section at one point). Those sections, composed with the appropriate
restrictions from S,,(N), yield Borel maps r1: S, (M) — S,(M) and ry: So(M) —
Sm (M), which (by the last sentence) take tp(m/M) to tp(a/M) and vice versa.
These maps are clearly Borel reductions between El|g () and EM (passing via
Els,(n)). Denote by ri, 75 the induced maps between the class spaces (as in the
statement of the lemma), where we freely identify various homeomorphic quotient
spaces (e.g. p(€)/E and S,(M)/EM).

Now, note that given any o € Aut(¢), the restriction of tp(c(n)/N) € S,(N)
to Sy (M) is tp(o(m)/M) and likewise, the restriction to S,(M) is tp(o(a)/M).
It follows easily that for every o € Aut(€), we have r{([tp(c(m)/M]g, ) =
[tp(c(a)/M)] s and likewise, r([tp(o(a)/M)]p) = [tp(o(m)/M)]p,. - In
particular, r; and r) are bijections with r, being the inverse of 7, and they are
Gal(T)-equivariant.

Note that all the maps in the diagram are quotient maps, so in particular, the
composed map S,,(M) — p(€)/FE is a quotient map. It is easy to see that this map
is the composition of the bijection 7| and the quotient map S,,(M) — [m]=/E’,
which implies that ] is a homeomorphism, and hence, so is 7.

Finally note that the conditions r (tp(m/M)) = tp(a/M) and ro(tp(a/M)) =
tp(m/M), together with Gal(T')-equivariance of ] and %, imply that 7} and r}
are determined by 7| ([o(m)]|g) = [o(a)]lg and ri([o(a)]lg) = [o(m)]g, for all
o € Aut(Q). O

The next theorem (along with Theorem 6.9) completes Main Theorem C. It is
[KR18, Theorem 7.13], and is the main result of that paper (joint with Krzysztof
Krupinski).

Theorem 6.18. LetT" be an arbitrary countable theory, and let M be any countable
ambitious model of T' (such a model exists by Proposition 4.30).

Consider the ambit (Aut(M), S, (M), tp(m/M)), and let G be the compact
Polish group uM / Core(H(uM)D) (as in Corollary 4.12). Then the orbit map
E(Aut(M), S, (M)) — Sp(M), f — f(tp(m/M)) induces a topological group
quotient mapping 7#: G — Gal(T) (identified with S,,(M)/=M via Fact 2.126) with
the following property.

Suppose E is a strong type defined on p(€) for some p € S(0) (in countably
many variables). Fix any a = p.

Denote by 1), the orbit map Gal(T)) — p(€)/E given by o Autf(€) — [o(a)]g
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(i.e. the orbit map of the natural action of Gal(T) on p(€)/E from Proposi-
tion 2.133).

Then for Tlalg = Tlalp O T and H = ker Pla]p = f[jl]lE

(1) H <G and the fibres of o) ore the left cosets of H,

(2) Tiq, 15 a topological quotient map, and so p(€)/E is homeomorphic to G’/H,
(3) E is type-definable if and only if H is closed,

(4) E is relatively definable on p(€) x p(€) if and only if H is clopen,

(5) if E is Borel [resp. analytic, or F,], then H is Borel [resp. analytic, or F,],
(6) Eg <p E, where Ey is the relation of lying in the same left coset of H.

Moreover, if T has NIP (or, more generally, if M is a tame ambitious model —
cf. Definition 4.24), then Ey ~p E.

[[a]g] we have that:

Proof. By Lemma 6.5, =M is uniformly properly group-like (in the ambit
(Aut(M), S,,(M),tp(m/M))), so by Theorem 5.52, we obtain the epimorphism
#: G — [m]=/=y (identified with Gal(T) and S,,(M)/=L via Fact 2.126 and
Fact 2.91).

Now, fix an p, a = p and E. Note that Lemma 6.17 yields a strong type
E’' on [m]= and a map r}: [m|=z/E" — p(€)/FE satistying all the conclusions of
that lemma, in particular, | ([o(m)]g) = [o(a)]g for any o € Aut(€). Therefore,
Tlalp = T1 © Tfm],y» and 80 (g, = 1] 0 Py, This, together with the conclusions of
Lemma 6.17, shows that we can assume without loss of generality that that m = a.

Note that the Borel cardinality of E is by definition the Borel cardinality of
EM p(€)/E is homeomorphic to S,,(M)/EM, and by Fact 2.94, we can translate
topological and descriptive properties of E to those of EM. Recall also that by
definition, if M is a tame ambitious model (which is true for any ambitious model
under NIP, see Corollary 4.28), then the dynamical system (Aut(M), S,,(M)) is
tame.

Now, if F is a strong type defined on [m]=, then it is refined by =p. Therefore,
EM is refined by =}; of course, Gal(T') = S,,(M)/=M acts on itself preserving
E|cairy so EM is dominated by =, and as such it is weakly uniformly properly
group-like in the ambit (Aut(M), S,,(M),tp(m/M)). Thus Theorem 5.52 applies
to EM, and the function in its conclusion is just 7, : G' — [m]=/E = S,,(M)/EM.
By the preceding paragraph, the properties of 7, given by Theorem 5.52 give us
the properties postulated by this theorem, which completes the proof. O

Corollary 6.19. In Theorem 6.18, we also have Ey ~g E if E is coarser than
=KP-

Proof. If E is coarser than =kp, then by Theorem 3.7, the orbit map 7, xp from
Galgp(T') into p(€)/E gives us E ~p E|gaip (1)
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On the other hand, if we denote by 7xp the function G — S, (M)/=M, =
Galkp(T') which we get by applying Theorem 6.18 to =kp on [m|=, then 7xp is a
continuous epimorphism of compact Polish groups. Because 7], = (45, xP © TKP)
it follows by Fact 2.45 that E|s ~p Flgaip ) ~8 E.

(Alternatively, this follows from Remark 5.55.) O

Remark 6.20. In Theorem 6.18, it seems plausible that we may also have Ky ~p FE
for all £ on a tame p(€). If p is realised in the ambitious model M chosen in the
proof, then it follows from Corollary 5.54, but in general (e.g. if a enumerates a
larger model), there seems to be no obvious argument. The main obstacle is that
there is no clear connection between the Ellis groups of flows (Aut(M), S,,(M)) as
we vary the ambitious model M. It is possible that one can use methods similar
to those introduced in [KNS17] to show this stronger result. O

Remark 6.21. Theorem 6.18 can be extended in the following way: given a subgroup
Gy < Aut(€) containing Autf(€), and such that G/ Autf(€) is closed in Gal(T),
we can find a group G which witnesses Theorem 6.9 for all sets of the form
Y, := Gy - a (for some countable tuple a) in such a way that the action of Go
on Y/E factors through G/ Autf(€). The proof is analogous, except we have to
choose a countable model ambitious relative to Go/Autf(€), and prove a variant
of Lemma 6.17 for Y, in place of p(€).

6.3 Actions of type-definable groups

In this section, we consider a group G acting on a set X, such that GG, X and the
action are type-definable (over (), unless specified otherwise).

We also consider, for a small model M, the group G(M) acting on Sg(M) = Gy
(the space of types over M concentrated on GG) and on X, (the space of M-types
of elements of X). Note that for every g € GG, the map = + gz is type-definable
over g. It follows immediately that G(M) acts on X, by homeomorphisms.

Throughout the section, we denote by Eggoo the coset equivalence relation of
Gy on G.

Remark 6.22. Note that if G is a group invariant over a small model M, then it is
easy to see that the set of elements of G invariant over M is a group.

On the other hand, if g € G is invariant over M, then every coordinate of g is
definable over M (because it definable and fixed by Aut(€/M)), and as such, it is
an element of G. It follows that ¢ is a tuple of elements of G, so g € G(M), so
G(M) is always a subgroup of G. O
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Lemmas

We intend to apply results of Chapter 5. In the following lemmas, we will show
that their hypotheses are satisfied in the case of transitive type-definable group
actions.

Lemma 6.23. Suppose G is a O-type-definable group and N < G is an invariant
normal subgroup of bounded index. Suppose M is a model such that G(M) =
G(M) -tp(e/M) is dense in Sg(M).

Then for the relation Eyn of lying in the same coset of N, EX is group-like on

(G(M), Sa(M)).

Proof. Note that G/Ey = G/N and so, by Fact 2.91, topologically Sq(M)/EY =
G/N. On the other hand, G/N is a topological group by Fact 2.140. The fact that
G(M) — G/N is a group homomorphism is trivial. O

Lemma 6.24 (pseudocompleteness for type-definable groups). Let M be a model,
and suppose G is a group type-definable over M. Let N = M be k*-saturated,
where k is the mazimum of |M| and the length of an element of G, considered as
a tuple (e.g. N =€ and M is small in €).

Then whenever (g;); and (p;); are nets in G(M) and Sq(M) (respectively) such
that tp(g;/M) — qi, pi = q2 and g;(p;) — g3 for some q1,q2,q3 € Sa(M), there
are g, 95 € G(N) such that tp(gy /M) = q1, tp(gs/M) = g2 and tp(g195/M) = gs.
(This is pseudocompleteness for G = G(N), X = Sg(M) and the map G — X
given by g — tp(g/M), see Definition 5.12.)

Proof. Take any net (a;); in N such that for all 7, a; = p;. Then for each ¢, 9, 3
in q1, qa2, g3 (respectively), we have for sufficiently large i that N |= ¢1(g;) A pa(a;) A
v3(g;a;). The conclusion follows easily by compactness. ]

Lemma 6.25. If M is any model, and If G is an M -type-definable group, then the
set Fy = {tp(gy ' g2/M) | g1 =1 g2 € G} is closed in Sq(M).

Proof. Straightforward. m

When reading the proof of Lemma 6.26, it may be helpful to compare the
diagram below to the one in Definition 5.12.

e

y G/GOOO

G(M
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Lemma 6.26. Given a type-definable group G and a small model M such that

G(M) - tp(m/M) is dense in Sg(M), we have that the coset relation E}, on
0

Sc(M) is uniformly properly group-like (according to Definition 5.22).

Proof. From the preceding lemmas it follows easily that G = G = G (€) witnesses
that Eggoo is properly group-like, with [§]l= = tp(g/M) (in the sense of Defini-
tion 5.12).

To see that it is uniformly properly group-like, denote by A the symmetric
subset of G consisting of products g~ '¢’, where ¢ =, ¢’, and let £ be the family
of sets of the form F,, = {(tp(g/M),tp(¢d'g/M)) | g € G AN g € A"} (where A" is
the set of all products of n elements of A). They are clearly closed, symmetric and
contain the diagonal in Sg(M)?2.

We have that F,,.1 2 F, o F,. Indeed, suppose we have two pairs in F:
(tp(g/M), tp(g'g/M)) and (tp(h/M),tp(h'h/M)) (ie. g',h" € A") and tp(h/M) =
tp(g'g/M), then for h” = ¢g'g we have h =5 h”, so h(h")™! € A, and

Wh =1 (h(K")" )" = B (h(k") g,

so we have (tp(g/M),tp(W'h/M)) € Fyi1.

On the other hand, suppose (tp(e/M),tp(g/M)) € F,,. Then for some ¢' € A"
we have g =) ¢’. Since A™ is clearly invariant over M, it follows that g € A™, so
for any ¢” € G we have (tp(¢”/M),tp(¢"g/M)) € F, C Fy,+1, which completes
the proof. O

Proposition 6.27. Suppose A C € is a small set, G is a group acting transitively
on a set X, and E is a G-invariant equivalence relation on X. Suppose in addition
that G, X, E and the action are all Aut(€/A)-invariant.

Then E is bounded if and only if its classes are setwise GY°-invariant.

Proof. Note that since E is G-invariant, G acts on X/E.

If E is bounded, then X/E is small, so the kernel of this action has small index.
By the assumptions, the kernel is also invariant over A, so it contains G%°, which
implies that the classes are G9-invariant.

In the other direction, if all classes of F are setwise G%’-invariant, then for
any zo € X, the assignment gG%° — [g - xo|g yields a well-defined function
G/G%° — X/E. Because G acts transitively on X, this function is surjective. In
particular, | X/E| < [G : GYY], so E is bounded. O

Lemma 6.28. Suppose G is a type-definable group acting type-definably and trans-
itively on a type-definable set X (all without parameters).

Suppose in addition that E is a G-invariant bounded invariant equivalence
relation on X.
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Let M be a small model such that X (M) is nonempty, while G(M) is dense in
Sa(M), and choose some xq € X (M).
Then the relation Eé\fgoo on the ambit (Sq(M),tp(e/M)) dominates E™ on the

ambit (X, tp(xo/M)), and in particular (by Lemma 6.26), EM is weakly uniformly
properly group-like on the ambit (G(M), Xur, tp(zo/M)).

Proof. Since G acts type-definably on X, it follows that the orbit map g — ¢ - ¢ is
type-definable over M, so it induces a continuous map Sg(M) — X);. Because the
action of G on X is transitive, this map is onto. By Proposition 6.27, E-classes are
setwise Gj"-invariant, which implies that E™ g, ) (see Definition 5.26) is refined
by EM,,. Since E is G-invariant, it follows that Sg(M)/ Eggoo = G/Gy™ acts on

000 -
G@

X/E = X /EM, witnessing the domination. O

Proposition 6.29. Let xy € € be an arbitrary tuple, and let G be a ()-type-definable
group, consisting of tuples of length at most \.

Then there is a model M of cardinality at most |T| + |xo| + X containing xo,
such that G(M) is dense in Sg(M).

Proof. The proof is analogous to that of Proposition 4.30

Roughly, start with any model M, containing xy, and find a small group Gy < G
such that {tp(go/Mo) | go € Go} is dense in Sg(My), and expand M, to a small
model M; containing Go, and continue. After w steps, take the union of the

resulting elementary chain.
(Note that if G is a definable group, then G(M) is always dense in Sg(M).) O

We have the following proposition, analogous to Corollary 4.28.

Proposition 6.30. Suppose G is a type-definable group acting type-definably on
a type-definable set X. Let M be a model over which G, X and the action are
type-definable. Then if X has NIP, then the dynamical system (G(M), Xy) is
tame (cf. Definition /.27 and Definition 2.69).

Proof. The proof is by contraposition. Suppose (G(M), Xy) is untame. We will
show that X has IP (i.e. does not have NIP).

Since X, is totally disconnected, by Proposition 2.75, there is a clopen subset
U C Xy and a sequence (g, )nen in G(M) such that the sets g,U are independent.
Fix a formula () with parameters in M giving U (i.e. such that [p(z)|N Xy = U).

Write p for the multiplication G x X — X. Note that since u is type-definable,
the preimage 1~ '[p(€)] is relatively definable over M in G x X (because it is
type-definable and so is its preimage, u~[=¢(€)]). Let ¥(y,x) be a formula (with
parameters from M) such that (G, X) = p![p(€) N X]. Then by the assumption,
V(gn, €) N X = gn(¢(€) N X) are independent subsets of X, so ¢ does not have
NIP on G x X, so X does not have NIP. O]
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The following proposition shows that NIP assumption on G implies NIP for all
transitive (type-definable) G-spaces.

Proposition 6.31. The image of an NIP set by a type-definable surjection is
NIP. In particular, if G is a type-definable group with NIP, acting transitively and
type-definably on X, then X also has NIP.

Proof. The proof is by contraposition. We will show that if the range of a type-
definable function does not have NIP, then neither does the domain.

Fix a small set of parameters A, a set X, and a surjection f: Z7 — X, all
type-definable over A.

Suppose X has IP. Then there is a formula p(z,y) witnessing it; we may
assume without loss of generality that all parameters in ¢ are from A (making it
larger if necessary). In particular, by Remark 4.18, we can find a sequence (b, )nen,
indiscernible over A, such that the sets ¢(€,b,) N X are independent in X. Then
clearly the sets f~[¢(€,b,) N X] are independent in Z, and we only need to show
that they are uniformly definable.

First, note that the set f~'[p(€,by)] is relatively definable in Z (it is obviously
type-definable, and the same is true about its complement in Z), so there is some
definable set W such that WNZ = f~1p(€, by)]. Now, since the sequence (b, )nen
is indiscernible over A, we can find, for each n, some automorphism o,, € Aut(€/A)
such that o,(by) = b,. But since f and X are invariant over A and p(z,y) has
parameters only from A, it follows that ¢,(W) N Z = f~p(€, 0,(by)) N X] =
f (€, b,) N X]. Since o, (W) are clearly uniformly definable, we are done. []

Remark 6.32. Note also that it is not hard to see that if (G(M),Gyy) is a tame
dynamical system, then for every M-type-definable transitive G-space X with
nonempty X (M), the system (G(M), Xy,) is also tame: under those hypotheses,
we can have a G(M)-ambit morphism (G, tp(e/M)) = (X, tp(xo/M)) (where
xo € X(M) is arbitrary), and apply Fact 2.74. O

Results for type-definable group actions

Now, Lemma 6.28 allows us to apply preceding results, including Theorem 5.50,
Theorem 5.51 and Theorem 5.52. In particular, we have the following theorem
(originally, [KR18, Theorem 8.4], joint with Krzysztof Krupinski).

Theorem 6.33. Suppose that the theory is countable, and A C € is a countable
set of parameters.

Let G be an type-definable group (of countable tuples), acting type-definably and
transitively on a type-definable set X (of countable tuples), all with parameters in
A. Let E be a bounded, G-invariant and Aut(€/A)-invariant equivalence relation
on X.
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Then there is a compact Polish group G acting continuously on X/E, and such
that for any xo € X, the stabiliser H of [xo]g, and the orbit map 7 : G — X/FE,
g — G- [zo]le, have the following properties:

(1) H < G and fibres of # are exactly the left cosets of H (so G/E]G = @/H),

(2) # is a topological quotient map (so it induces a homeomorphism of G/H and
X/E),

(3) E is relatively definable (as a subset of X?) or type-definable if and only if
H is clopen or closed (respectively)

(4) if E is F,, Borel, or analytic (respectively), then so is H,

(5) G/H < E.
Furthermore, if X has NIP (in particular, if G has NIP or, yet more generally, if
T has NIP), then G/H ~p E.

Proof. Note first that we may assume without loss of generality that A = ) (if
necessary, we may add some countably many parameters to the language).

Fix x¢ and find a countable model M as in Proposition 6.29. Then Lemma 6.28
applies, and we can apply Theorem 5.52, arguing as in the proof of Theorem 6.9.

More precisely, by Proposition 6.29, we can fix a model M satisfying the hy-
potheses of Lemma 6.28, and then for any 2o € X(M), (G(M), X, tp(xog/M))
is an ambit and EM is weakly uniformly properly group-like. Furthermore, by
Proposition 6.30, if X has NIP, then (G(M), X) is tame.

Recall that we identify X/FE and X,;/E™ (and the identification is homeo-
morphic), the Borel cardinality of E is by definition the Borel cardinality of EM,
and by Fact 2.94, we have that F is relatively definable in X?2, type-definable,
F,, Borel, or analytic if and only if EM is clopen, closed, F,,, Borel or analytic
(respectively).

Thus, the by the third paragraph, the assumptions of Theorem 5.52 are satisfied,
and by the fourth paragraph, its conclusion gives us the desired G ,action and 7. [

Remark 6.34. By going back to Theorem 5.52, we see that the group G in The-
orem 6.33 is actually the quotient uM / Core(H (uM)D) calculated for the ambit
(G(M), 5x (M), tp(wo/M)). 0

Remark 6.35. In Theorem 6.33, if the stabiliser of [zo]g is normal in G, then so is
the stabiliser in G/G%", which gives X/F a topological group structure such that
the orbit map G/G%° — X/FE (at [z]g) is a homomorphism.

It is not hard to see that this implies that that E™ satisfies the assumptions of
Proposition 5.44, and so by Theorem 5.52(7), H is normal. O

We can also apply Corollary 5.56, yielding the following. See also Corollary 7.51
for related statement which applies to intransitive actions.
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Corollary 6.36. Suppose T is countable. Let A C € be countable.

Suppose in addition that G is a type-definable group, and X s an type-definable
set of countable tuples on which G acts transitively and type-definably (all with
parameters in A), while E is a bounded G-invariant and Aut(€/A)-invariant equi-
valence relation on X. Then exactly one of the following holds:

(1) E is relatively definable (as a subset of X?) and has finitely many classes,
(2) E is type-definable and has ezactly 2% classes,

(8) E is not type-definable and not smooth. In this case, if E is analytic, then it
has ezactly 2% classes.
In particular, E is smooth if and only if it is type-definable.
Furthermore, if X has NIP, then the Borel cardinality of E is the Borel car-
dinality of the coset equivalence relation of a subgroup of a compact Polish group
(which is F,, Borel or analytic, respectively, whenever E is such).

Proof. By Theorem 6.33, we can apply Lemma 3.2, which (by Fact 2.94) com-
pletes the proof, apart from the “furthermore” part, which follows directly from
Theorem 6.33. O

The following corollary (Main Theorem F) is a strengthening of Fact 2.151
from [KM14]; it partially appeared in [KPR15] and in [KR18] (cf. the comments
preceding Main Theorem F).

Corollary 6.37. Suppose G is a type-definable group, while H < G is an analytic
subgroup, invariant over a small set. Then exactly one of the following holds:

e (G : H] is finite and H 1is relatively definable,

o [G: H]| > 2% butis bounded, and H is not relatively definable.

e [G: H] is unbounded (i.e. not small).

In particular, (G : H| cannot be infinite and smaller than 2%°.
Moreover, if the language is countable, G consists of countable tuples, and G

and H are invariant over a countable set, then we can divide the second case further:
either H is type-definable, or G/H is not smooth.

Proof. Choose M as in Proposition 6.29 for xg = eg.

If [G : H] is unbounded, there is nothing to prove. Otherwise, the left coset
equivalence relation Fy on G is bounded, G-invariant, and invariant over the set
over which G and H are invariant. Furthermore, G(M) is dense in S¢(M), so it has
a dense orbit in G/H, i.e. G(M)-eq/y = G(M)/H is dense in G/H = S(M)/E3.

Therefore, we can apply Lemma 6.28 to Ey, and it follows that Theorem 5.51
applies with X =Y = Sg(M) and EY. Tt is easy to see that E¥ is clopen if and
only if both Fy and H are relatively definable, which completes the proof of the
trichotomy.
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Under the countability assumptions, we can apply Corollary 6.36 with X = G
and ' = Ey, noting that Fy is type-definable if and only if H is type-definable.
This gives us the “moreover” part. O

Remark 6.38. It is possible to have [G : H] = 2 for an invariant and not relatively
definable H (see [KM14, Example 3.39]), but then H is necessarily non-analytic.
(Indeed, in the cited example, the H is only obtained existentially, and is a kind of
“Vitali set”.) O

Remark 6.39. In Theorem 6.33, in the “Furthermore” part, one can weaken the
assumption that X has NIP to say only that there is no ¢(x) with parameters in
M such that {g - [¢p(x)] | g € G(M)} contains an independent family, as that is
enough to guarantee that (G(M), Sg(M)) is tame. O

Remark 6.40. One may also show that we have the analogue of Lemma 6.17, and
using that, obtain an analogue of Theorem 6.18. Roughly speaking, given a fixed
G and A, there is a single G witnessing Theorem 6.33 for all X and E. O

6.4 Other applications in model theory

As mentioned in the introduction, Theorem 5.52 (as well as Theorems 5.50 and
5.51) may be used to deduce virtually all the similar results in the model-theoretic
contexts, either by directly showing that some equivalence relation is (weakly) uni-
formly properly group-like, or by some reduction to Theorem 6.9 or Theorem 6.33.

Before, we have seen how we can recover and even improve the results from the
papers [New03], [KMS14], [KM14], [KP17b], [KR16], [KPR15] and [KR18]. Below,

we briefly describe a couple of other examples.

Definable components in classical topological dynamics

In [KP16], the authors consider a topological group G = G(M), definable in a
structure M with predicates for all open subsets of G, denoting G(€) by G*. They
denote by 4 the subgroup of G* of infinitesimal elements, that is, (), U(<), where
U ranges over all neighbourhoods of the identity in G. Using u, they define the
group G799 as the smallest M-invariant normal subgroup of G* which contains s

to
and has bounded index. Then G* /G0 is a new invariant of the topological group
G (as one can show that it does not depend on the choice of the model M, as long
as it defines G and has predicates for all its open subsets).

They also define the space S%. (M) as the quotient of Sg«(M) by u (i.e. two
types p,q € Sg+(M) are identified if up(€) = ug(<)).

Then, since G* is definable, G(M) is dense in Sg« (M), and so it is also dense in
St (M), so (G(M), S&.(M), tp(e/M)) is an ambit. In fact, it is exactly the classical
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universal (topological) G-ambit. It turns out that Sf. (M) has a natural semigroup
structure which makes it isomorphic to E(G(M), S&.(M)), so in particular, we can
find inside the Ellis group uM and the quotient uM /H (uM), which is exactly the
generalized Bohr compactification of G, as introduced by Glasner in [Gla76, Chapter
VIII]. They turn to state, in [KP16, Theorem 2.24, Theorem 2.25] (without proof,
beyond very broad description how one can adapt [KP17b]) that we have a well-
defined topological quotient map uM/H(uM) — G* /G0, and that Gi) /G
is the quotient of a compact Hausdorff group by a dense subgroup, for G:(?g defined
analogously.

It is not hard to show that, in their context, the coset equivalence relation
Egyoo of G induces a uniformly properly group-like F, equivalence relation on
the ambit (G(M), S&.(M),tp(e/M)), and the quotient of S&. (M) by this relation
can be naturally identified with G*/G750°. Thus, by Lemma 5.25, we recover the

quotient map uM/H(uM) — G*/Gi°, concluding (using Lemma 5.47) that

G/Gi9" is the quotient of the compact group uM/H(uM) by an F, normal
subgroup. Since G{/Gon° is the closure of the identity in G*/Gi)°, it follows

that it is the quotient of a compact Hausdorff group by a dense subgroup.

Relative Galois groups

In [DKL17], the authors study several variants of the Galois group. For each partial
type X over (), they put:

o Aut(Z(€)) = {0156 | o € Aut(©)},

o Autf,e(X(€)) = {0l | o € Autf(€)},

o Autfy, (X(€)) = {0 € Aut(X(€)) | o(a) =L a}, where a is a tuple enumerat-

ing X(&).

Using these, they define the relative Galois groups in the following way.

o Gal'™™(X(C)) = Aut(X(€))/ Autf,(X(C))

o Gal™(X(€)) = Aut(2(€))/ Autfg (2(€))
It is easy to see that Autf,(X(€)) and Autfs, (X (€)) are normal subgroups of
Aut(2(€)) and Autf,e(2(€)) < Autfs (2(€)), so Gal**(X2(¢€)) and Gal™(X(€))
are groups and we have a natural epimorphism Gal™(X(€)) — Gal™(X(€)). Fur-
thermore, the restriction epimorphism Aut(€) — Aut(X(€)) induces an epimorph-
ism Gal(T) — Gal™(X(€)), which turns Gal'(X(¢)) and Gal™(X(¢)) into topo-
logical groups. Furthermore, by considering the compositions of the epimorphisms
with the function S,,(M) — Gal(T") from Fact 2.126, we can also conclude that
each relative Galois group also has a well-defined Borel cardinality (provided the
theory is countable and X' has countably many free variables).

In both cases, we can show that the Galois groups are actually quotients of the
space S, (M) by a uniformly properly group-like equivalence relation. Thus, we
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can apply Lemma 5.43 to present them as quotients of compact Hausdorff groups,
and if the language is countable, we may also apply Theorem 5.52 to present them
as quotients of compact Polish groups, and Corollary 5.56 to see that they are
smooth if and only if they are Hausdorff (i.e. they coincide with the appropriately
defined relative Kim-Pillay Galois groups). Similarly to Theorem 6.18; we also
recover the full Borel cardinality under NIP, although in this case, it is enough to
assume NIP on [a|= for a suitable tuple of realisations of X

6.5 Examples

In this section, we analyse examples of non-G-compact theories T' from [CLPZ01]
and [KPS13] and see how Theorem 6.18 can be applied to them. Namely, we
describe the compact group G (which turns out to be the Ellis group) and the
kernel of 7: G — Gal(T') in those cases. In order to do that, we compute the Ellis
groups of the appropriate dynamical systems. This allows us to describe the group
Gal(T') in each of these examples. Further, because the examples have NIP, this
description also yields the Borel cardinality of the Galois group.

The contents of this section are based on the appendix of [KR18] (joint with
Krzysztof Krupinski), expanded with more details of the proofs.

(The topological group structure in the first example (Example 6.50) was de-
scribed in [Zie02], by a more direct method. In [KPS13], the authors describe
the topological group structure the second example (Example 6.51) and the Borel
cardinality in both cases, but use completely different methods and give very few
details.)

Lemmas

First, we prove some auxiliary lemmas.

Remark 6.41. If (G, X) is a dynamical system and the action of G on X factors
through another group G’, then it is easy to see that E(G, X) = E(G’, X), and the
T topologies on the ideal groups coincide. O

Lemma 6.42. Consider a projective system of dynamical systems (G;, X;) for
i € I (where i is some downwards directed set), i.e. for each pair i < j we
have an epimorphism m; ;: Gy — G, and a G;-equivariant continuous surjection
i Xi = Xj. Let G = @Z G; act naturally on X = 1&1Z X;, and for each i, let
m; denote the projection m;: X — X; and abusing the notation, also the projection
T . G — Gz

Then we have a natural isomorphism E(G,X) = @iE(Gi,Xi) (as semito-
pological semigroups and as a G-flows), consistent with the maps m; given in the
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preceding paragraph. Let us abuse the notation further, and write m; for the epi-
morphism E(G, X) — E(G;, X;).

Then, for every minimal left ideal M < E(G,X), each M; = m[M)] is a
minimal left ideal in E(G;, X;) and M = @Z m[M]. If u € M is an idempotent,
then each u; = m;(u) is an idempotent in M; = m;[M]|.

In particular, uM = l&nZ u;M;. Furthermore, the T topology on uM is the
projective limit topology, with each u;M; equipped with its T topology.

Conversely, if (M;); is a consistent system of minimal left ideals in E(G;, X;)
and for each i, u; is an idempotent in M;, then 1&11/\42 is a minimal left ideal in
E(G,X) and u = (u;); is an idempotent in M.

Proof. Note that immediately by the assumptions, G acts on each X; via G;, and
mi: X — X; is G-equivariant. By Remark 6.41, we may assume without loss of
generality that G = G, for all i.

Now, using Proposition 5.41, we obtain the epimorphisms m;: E(G,X) —
E(G, X;), and they obviously commute with the covering maps in the projective
system, whence E(G, X) = lim, E(G, X;).

Since each 7; is an epimorphism, preimages and images of ideals by 7; are ideals.
This easily implies that if M is a minimal ideal, then each m;[M] is also minimal.
Since M is closed (as a minimal ideal), it is the inverse limit of 7;[M]. Conversely,
if (M;); is a consistent system of minimal ideals, then lim M; = (), 7, M), so it
is an ideal (as an intersection of ideals, which is nonempty by compactness, because
the system is consistent). Thus, it contains a minimal ideal M. If M C lim M;,
then for some i we have m;[M] C M,;, which contradicts minimality of M, so
M =lim M;, and the latter is a minimal ideal.

It is clear that v € F(G, X) is an idempotent if and only if each m;(u) is an
idempotent (because multiplication in the inverse limit is coordinatewise). There-
fore, if u = (u;); € M = @l M, is an idempotent, then for each f € uM and each
i we have m;(f) = m;(uf) = m(u)m(f) € w;M,;, and conversely, if for each i we have
mi(f) € wiMy, then wf = (uimi(f))i = (mi(f)): = [, so as sets, uM = lim u;M;.

What is left is to show that the 7-topology on an Ellis group uM is the limit
of the 7 topologies on projections. Let us denote the limit topology by .

In one direction, this is trivial: a subbasic m-closed set is clearly 7-closed, so 7
refines 7.

In the other direction, let A be a 7-closed set in uM. Take any f which is in
m-closure of A, any open U > v and V' > f, with the aim to apply Proposition A.24
to show that f € uo A. Then for some ¢ € [ and open U", V' C EL; = E(G, X;),
we have U = 7; '[U'],V = 7, '[V’], so w; € U’ and f; := m(f) € V. But then by
the assumption and Proposition A.24, there is some ¢g; € G and a; € 7w[A] such that
Tx,q € U’ and g;a; € V'. But then for any a € A such that m;(a) = a; we have
Tx,g € U and g;a € V. Since U,V were arbitrary, by Proposition A.24, f € uo A,
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and since f € uM and A is 7-closed, we have f € A. ]

Lemma 6.43. Fix arbitrary dynamical system (G, X), and consider its Ellis group
uM.
Given a net (f;); in uM and f € uM, the following are equivalent:
e f is a T-accumulation point of (f;); (i.e. for everyio, f is in the T-closure
Of (fi)i>i0)7
e there is a subnet (f},); of (f;); such that for some net (g;); in G such that
gy — u we have gj/ fi, — f.
In particular, (f;); T-converges to f if and only if every subnet of (f;); has a further
subnet with the second property.

Proof. 1t is clear that the second condition implies the first. For the converse, by
Proposition A.24, it is enough to show that for every iy, for every open U > u and
V' > f, there is some i > iy and ¢; € G such that ¢g; € U and g, f; € V. But by the
assumption, we can find some net (g}); and a net (f7);, where each f; € fs;,, such
that ¢ — w and g} f; — f. But then for sufficiently large j we have g; € U and
g;fj €V, so we can just take any i > i such that f; = f; and g; = g;.

The “in particular” follows easily, as (f;); converges to f exactly when f is the
accumulation point of every subnet of (f;);. O

Lemma 6.44. Consider dynamical systems (G;, X;) fori € I (where I is some
indez set). Put G =[], G; acting naturally on X = [[, X;, and for each i, let ;
be the projection X — X; and, abusing the notation, G — G;.

Then E(G,X) = [, E(Gi, X;) (as a semitopological semigroup and as a G-
flow).

Furthermore, if M is a minimal left ideal in E(G, X), then each M; = m;[M] is
a minimal left ideal in E(G;, X;) and M = [[, m[M]. If u € M is an idempotent,
then each u; = m;(u) is an idempotent in M; = m;|M].

In particular, uM = [, u;M;. Furthermore, the T topology on w;M; is the
product topology.

Conversely, if M; is a minimal left ideal in E(G;, X;) and u; is an idempotent in
M, then [, M; is a minimal left ideal in E(G,X) and u = (u;); is an idempotent
in M.

Proof. Since every product is the inverse limit of its finite subproducts, by
Lemma 6.42, it is enough to consider the case when [ is finite. Moreover, a
straightforward inductive argument shows that the case of finite products follows
from the case of products of two elements.

Thus, we may assume that G = G; X Gy and X = X; x X5. The fact that
E(G, X) is the product E(Gy, X1) X E(Gs, X5) is straightforward, as is the fact
that minimal ideals in E(G, X) are exactly the products of minimal ideals in
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E(G;, X;), and that idempotents are those elements which have idempotents on
both coordinates.

The only nontrivial statement is about the 7 topology being equal to the product
topology. As in the case of inverse limit, let us call the latter topology m. Also as
there, we see immediately that subbasic m-closed sets are T-closed, so 7 refines .

In the other direction, consider any A C uM = u; M7 X us My and let f be a
point in the m-closure of A. We will show that f is also in the 7-closure of A. We
have a net (a;); in A which is 7-convergent to f, i.e. for j = 1,2 we have (a;;) — f;,
where f = (f1, f2) and each a; = (a1, az;).

By applying Lemma 6.43 to (a,);, we may assume without loss of generality
that there is a net (g;,); in Gy such that ¢g;; — u; and gy ;a1; — f1. By applying
it again, we may assume without loss of generality that there is also a net (ga;); in
G such that go; — ug and go,a9; — f2. But then (g1, 924) — (u1, u2) = v and
(91,05 92.4) (a1, a2:) = (f1, f2) = f, so f is in 7-closure of A, and we are done. [J

Proposition 6.45. Suppose we have a multi-sorted structure M = (M,),, where
the sorts M, are arbitrary, without any functions or relations between them.
Enumerate each M, by m, and put m = (my,),. Then E(Aut(M),S,(M)) =
IL, E(Aut(M,), Sim, (M)), and similarly, the minimal left ideals and the Ellis
groups (equipped with the T-topology) are the products of minimal left ideals and
Ellis groups, respectively.

Proof. Under the given assumptions, it is easy to see that Aut(M) =[], Aut(M,,)
and S,,(M) =[1,, Sm.,.(M,). The proposition follows from Lemma 6.44 O

Examples

In this section, unless otherwise stated, M, denotes the countable structure
(M, R,,C,), where n > 1 is a fixed natural number, the underlying set is Q/Z,
R, is the unary function z +— x + 1/n, and C,, is the ternary predicate for the
natural (dense, strict) circular order. Let a tuple m,, enumerate M,. It is easy to
show (see [CLPZ01, Proposition 4.2]) that Th(M,,) has quantifier elimination and
the real circle S} = R/Z equipped with the rotation by the angle 27 /n and the
circular order is an elementary extension of M,. As usual, € = S} is a monster
model.

Given any ¢ € €, by st(¢’) we denote the standard part of ¢’ computed in the
circle St = R/Z. As st(c') depends only on tp(c’/M,,), this extends to a standard
part mapping on the space of 1-types S;(M,,).

Proposition 6.46. If u is an idempotent in a minimal left ideal M of the Ellis
semigroup E(Aut(M,),S1(M,)), then uM is generated by R,u and cyclic of order
n. In particular, it is isomorphic to Z/nZ.
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Proof. Note that R, is a ()-definable automorphism of M,,, and as such, it is in the
centre of Aut(M,), and so it is also central in the Ellis semigroup.

Now, since for any two Ellis groups uM,v/N, the map f — vfv is an iso-
morphism uM — vN (cf. Remark A.9), and since R, is central, we have
vRIuv = R vuv = RJv. Thus if the conclusion holds for v € M, then it also holds
for v € N. Hence, it is enough to show that it holds for some idempotent in some
minimal ideal.

In the rest of this proof, by short interval we mean an interval of length less
than 1/n. We also identify Aut(M,,) with its image in the Ellis semigroup.

From quantifier elimination, it follows easily that M, is w-categorical, and
Aut(M,) acts transitively on the set of short open intervals in M,,.

Denote by J the set of p € S1(M,) with st(p) € [0,1/n) +Z C R/Z.

Claim. For any non-isolated type p € Si(M,), there is a unique f, € EL :=
E(Aut(M,), S1(M,)) such that for all ¢ € J we have f,(q) = p.

Proof. Enumerate M, as (ax)renN-
Since p is non-isolated, for each k € N there is a short open interval I such

that p is concentrated on [ and ay,...,a; ¢ I;. By quantifier elimination, it is
easy to see that p is the only type in S;(M,,) concentrated on all I’s.
Now, let J,, := (ﬁ, % — ﬁ) Notice that if ¢ € J, then ¢ is concentrated on all

but finitely many Ji’s.

Since each [, and J, is a short open interval, we can find for each k some
or € Aut(M,) such that oy[Ji] = Ix. It follows that for any ¢ € J we have
limy, 0% (¢) = p. Thus, if we take any f, € E'L which is an accumulation point of
(0k)k, we will have f,(¢) = p for all ¢ € J.

To see that f, is unique, note that for each integer j and ¢ € RI[J], f,(q) €
Kl = fpRJT] = R, f,[J] = {R(p)}. Since JUR,[J]U.. .UR;™[J] = Si(M,),
uniqueness follows. O(claim)

Take any non-isolated py € J, and let u = f,, (as in the claim). By uniqueness
in the claim, u is an idempotent. Denote by O the R,-orbit of py.

Note that every f € E'Lu is constant on J. As in the above proof of uniqueness,
since v and uf commute with R,,, we easily see that the image of uf equals O.

Now, we show that M := ELu is a minimal left ideal. Consider any f € M.
By the last paragraph, uf(py) = R (po) for some j. Then R, 7uf(po) = po and
R 7uf is constant on J, so by uniqueness in the claim, R 7uf = u. It follows that
ELf =FLu= M, so M is a minimal left ideal.

By the preceding paragraph, we see also that for any uf € uM, there is some
j such that uf = RJu. Conversely, since R, is central, R,u = uR,u € uM, so
uM is cyclic, generated by R,u. As Riu(py) = R’ (po), R,u has order n in uM,
so uM = Z/nZ. O
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Lemma 6.47. Suppose n > 1.

The restriction Sy, (M,) — S1(M,) to the first variable induces an isomorphism
of Ellis semigroups E(Aut(M,), Spm, (M,)) = E(Aut(M,), S1(M,))

In particular, every Ellis group uM of (Aut(M,), Sm, (My)) is generated by
R,u and isomorphic to Z/nZ.

Proof. We have the following “orthogonality” property.

Claim. Let p,q € S,,,(M,) satisfy the condition that for each single variable z,
pl, = ql,. Then p =gq.

Proof. For ¢}, dy € €, write ¢ < d, for C,,(c}, ¢y, Rn(c})). Note that for each r € S*,
this is a linear ordering on the set of all ¢ with st(¢’) = r. Furthermore, for any
), &y, s we have that C,(c}, ¢, ¢5) holds if and only if one of the following holds:

o st(c]),st(d,),st(c,) are all distinct and they are in the standard circular order

on St
e st(c)) = st(d) # st(c) and ¢] < d,
o st(c)) # st(dy) = st(c}) and ¢, < ¢,
e st(d,) # st(c)) = st(c;) and ) > i,

o st(c]) =st(dy) =st(cd;) and () <y < djordcy <) <dyordy<dy, <d).

We need to show that for each tuple m’ = (m})ren satisfying tp(m,/0), we
have the implication tp(m,/0) U |, tp(m},/M,) F tp(m'/M,). By quantifier
elimination, it is enough to show that the type on the left implies each atomic
formula (or negation) in tp(m’/M,). The only nontrivial cases are of the form
Cn(R;<$l)> Riz(xQ)u C)v CH(RZ ($1)> G, R%(xQ))’ Cn<c> Riz(xl)? wa(xQ)) (OI‘ negations),
where 4,7 € {0,...,n — 1} and ¢ € M,. But that follows immediately from the
preceding paragraph (and the fact that the standard part is determined by the
type over M,,). O(claim)

It follows from quantifier elimination that there is a unique 1-type over (), so the
restriction to the first variable S, (M,,) — S1(M,,) is surjective, and (since it is obvi-
ously equivariant) it gives us a surjective homomorphism E(Aut(M,,), Sy, (M,)) —
E(Aut(M,), S1(M,)). We need to show that it is injective.

Suppose fi, fo € E(Aut(M,), Sm, (M,)) are distinct, so there is some p €
S, (M) such that fi1(p) # fo(p). But then, by the claim, there is a variable
xy such that fi(p)lxr # fo(p)lxk. Choose m' = (m))ren E p; then m' enu-
merates a countable M’ < €. By w-categoricity and the fact that there is a
unique 1-type over ), there is o € Aut(M’) such that o(m}) = mj. Now, if
we put p' = tp(o(m')/M,), we have that p'[, = p[, . From that, we obtain

), = )]s, # L@, = f2(0)],,. It follows that the epimorphism
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E(Aut(M,), Sy, (M,)) — E(Aut(M,), S1(M,)) induced by the restriction to the
first variable is injective.

To complete the proof, notice that because restriction to S;(M,) induces an
isomorphism of E(Aut(M,), Sy, (M,)) and E(Aut(M,), S1(M,)), for any Ellis
group uM in the former, uM g, 5s,) is an Ellis group in the latter. Furthermore, it
is easy to see that mg, s,, (M.)[s,(0,) = TRa,1 (M), SO since — by Proposition 6.46
— uM g, (s, 18 cyclic of order n, generated by R,ulg, (ar,) = TR, (M) U8, (a1,) » 1
follows that uM is generated by 7r, s,. (m,)u = Ryu. O

’mn(

Proposition 6.48. If n,n' are positive integers and n' divides n, then the
map M, — M, giwven by multiplication by k = n/n' induces an epimorphism
@12 Aut(M,) — Aut(M,) and a continuous surjection @a: Sp,, (My) — Sy, (M)
which is equivariant with respect to the induced action of Aut(M,) on Sy, ,(My).

Proof. Denote by H the group generated by R in Aut(A,). Then the H-orbit
equivalence relation on M, is definable in M, and thus M, /H is an imaginary
sort in M,,. R, and C,, induce an unary function R/ and a ternary relation C,
(both M,-definable) on M,,/H by putting R, (Hz) := HR,(z) and declaring that
C! (Hxy, Hxe, Hzx3) if we have C, (2, x4, %) for the representatives x), 25, x4 (of the
respective orbits) in [0,1/k) + Z. Then it is not hard to see that (M, /H,C)) is a
dense circular order and R), is its automorphism of order n/k = n’. Furthermore, it
is easy to see that the map M,, — M, given by = +— kx factors through Hx — kzx,
which defines an isomorphism ¢q: (M,,/H, R,,,C!) — (M, R,y, Cy).

Then the isomorphism ¢ induces an action of Aut(M,) on M, by auto-
morphisms (given by o(z') = ¢o(o(¢y'(2')))), and thus gives us a homomorphism
w1: Aut(M,,) — Aut(M,). Note that in particular, if ' = kx for some z € M,,
then ¢1(0)(kx) = @o(c(Hz)) = po(Ho(z)) = ko(x). Since x — kx is onto M,,,
this determines ¢4 (o) uniquely, and in this sense ; is induced by x +— kz.

Let m,, be enumerated as (m! );en. Then the natural map [m,]= — [(Hm?);]=
(given by taking each coordinate to its H-orbit) is type-definable and induces
a natural continuous surjection Sy, (M) — Siumi),(My,). Via the isomorph-
ism between (M, /H,C! R.) and (M, C,/, R,/), we obtain a continuous surjec-
tion Sgmiy, (Mn) — Sm,,(M,s). By composing the two, we obtain a surjection
2 S, (M) = Sy, (M), which is easily seen to be Aut(M,)-equivariant, fur-
thermore, it is not hard to see that it is induced by x + kx in the sense that if
m, = m, is a tuple in M, then, the type tp(m,,/M,) is mapped to tp(km! /M)
(note that since M,, is w-categorical, realised types are dense in S, (M,), so by
continuity, this uniquely determines ¢,).

What is left is to show that ¢, is surjective. By the description of ¢, given
before, it is enough to show that for every o’ € Aut(M,,) there is some o € Aut(M,)
such that for all © € M,,, ko(x) = o'(kx).
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We may assume without loss of generality that o'(0) = 0: otherwise, o’ —o’(0) is
also an automorphism of Aut(M,,), and if we find o such that ko(x) = o' (kx)—0’(0),
then for any «a such that ka = ¢’(0), o(z) + « is an automorphism of M,, and we
have k(o(z) + a) = o' (kz).

Put I; .= ([j/k,(j +1)/k) N Q) +Z C Q/Z (where j € Z). Then we can
define o(z) for © € I; by letting o(z) be the unique element of I; such that
ko(x) = o'(kx). We need to show that ¢ is an automorphism, and then we will
obviously have ¢;(0) = o’.

Note that we can also describe o(z) in the following way: if z € I; and 8 € [0,1)
is a representative of ¢/(kz), then o(x) = (8 + j)/k + Z.

It is not hard to see that for each j, o restricts to a bijection from I; to itself. In
particular, o is a bijection. It is also not hard to see that it preserves the circular
ordering (roughly, because it preserves the circular order between the chunks /;,
it preserves the circular order for triples where not all elements are in a single /;,
while for triples lying in a single I;, it follows from the description of C} and the
fact that (g is an isomorphism).

Note that since o’(0) = 0, it follows that for any 2’ € M, 2’ € [1—1/n',1)+Z
if and only if 0'(2") € [1 — 1/n’,1) + Z. Next, notice that for x € I;, we have that
kr e [1-1/n',1)+Zifand only ifz € [(j+1)/k—1/n, (j+1)/k), which (since z € ;)
is equivalent to x 4+ 1/n € I;+;. Thus, for z € I;, we have o'(kz) € [1—1/n',1)+Z
if and only if R,(x) € 141.

It follows that o preserves R,: fixany z € I; and let 5 € [0, 1) be a representative
of o/(kx). Note that in this case R,(x) € I; or R,(z) € ;1. By the preceding
paragraph it easily follows that either

e R,(z)€ljand B+ 1/n" €[0,1), or

o Ry(x) €l and f+1/n —1€]0,1).

Because ¢’ is an automorphism of M,,, it commutes with addition of 1/n’, so

o (k(x+1/n)) =0 (kx +1/n') =o' (kx)+ 1/n' = (B+Z) + 1/7/,

which shows that both 5+ 1/n' and §+ 1/n’ — 1 are representatives of ¢’(kR,(x)).
Thus if R,(x) € I;, then

o(Ry(z)) = (B+1/0 +3)/k+Z=(B+))/k+1/n+Z=0(x)+1/n=R,0(x).
Likewise, if R, (z) € [;4+1, then
o(Ry(x))=(B+1/n" =1)+ (j+1))/k+Z = R,o(x).

Thus, ¢ is an automorphism such that ¢i(0) = o', so ¢; is onto, and we are

done. 0
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Corollary 6.49. For all positive integers n, the Ellis group of Sy, (M,) is iso-
morphic to Z/nZ, generated by Ryu,, where u, is the identity in the Ellis group.

Proof. For n # 1, this is Lemma 6.47, so we only need to consider n = 1.

By Proposition 6.48, Remark 6.41 and Proposition 5.41, for each n, we have an
epimorphism from the Ellis group of S,,, (M,,) onto the Ellis group of S,,, (M;). In
particular, since the Ellis groups of Sy, (M2) and S,,,(Ms) are isomorphic to Z/2Z
and Z/3Z respectively, the Ellis group of S,,, (M) is cyclic of order dividing 2 and
3. As such, it must be trivial.

Note that R; is simply the identity, so Riu; = u; indeed generates the trivial
group {u }. O

Example 6.50. Consider the theory T of the multi-sorted structure M =
(M,)nen+, where each M,, = (M, R, C,,) is the countable model as described at
the beginning of this section. Then, if we enumerate M as m, then M is ambitious
(because it is w-categorical). For each n, choose an idempotent ], as i

By Corollary 6.49 and Proposition 6.45, the Ellis group uM of the dynamical
system (Aut(M),S,,(M)) is isomorphic to [, Z/nZ with the product topology.
Moreover, each element f € uM can be uniquely represented as (R’"u,),, where
up is the restriction ulg (y,), while b, is an integer in the interval (—n/2,n/2].
In particular, uM is a Hausdorff (compact and Polish) group, so H(uM) is trivial.

Moreover, the group D (i.e. [u]z NuwM) is trivial. Indeed, if f € uM is
nontrivial, then for some n, flg () and ulg () are distinct. Therefore,
fls, oy = Ror(uls,, () for some b, not divisible by n, so in particular,
ftp(m,/M,)) = Rbru(tp(m,/M,)), which is clearly distinct from u(tp(m,/M,)).
Hence, also f(tp(m/M)) # u(tp(m/M)), i.e. f ¢ D.

We have proved that uM/H(uM)D = uM/H(uM) = uM =[], Z/nZ, so
the group G from Theorem 6.18 is uM, which we identify with [[, Z/nZ.

We claim that g € ker if and only if the g,’s are absolutely bounded.

By [CLPZ01, Corollary 4.3], for any a € M,,(€) and integer k € (—n/2,n/2] we
have dy,(a, R (a)) > k, which easily implies (having in mind the precise identifica-
tion of uM with [[, Z/nZ) that unbounded sequences are not in the kernel.

On the other hand, to show that absolutely bounded sequences are in ker 7, it
is enough to show this for sequences bounded by 1. But then (again, having in
mind the identification of uM with [, Z/nZ from the second paragraph) for an
element f € uM corresponding to such a sequence, flg () = Ryuls, () =
ulg, (It for some €, € {~1,0,1}. By [CLPZ01, Lemma 3.7], it is enough to
show that dp,(m,, R,(m,)) is bounded (when n varies). By w-categoricity, we can
replace m,, by an enumeration m, of any other countable model M/. So let m!,
be an enumeration of (Q N ([0,1/3n) + Z/n))/Z C Q/Z. Furthermore, put m/ :=
m,,+1/3n and m!” := m! +2/3n, and write M, , M. M]" for the respective models
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they enumerate. Then tp(m! /M) = tp(m!/M"), tp(m]/M!) = tp(m!” /M),
tp(my /M) = tp(Rn(my,) /M), so di(my,, Rn(m;,)) < 3.

Note that 7" has NIP (e.g. because it is interpretable in an o-minimal theory),
so the full Theorem 6.18 applies, and the Galois group Gal(T') is the quotient of
I1,Z/nZ by the subgroup of bounded sequences. As a topological group, this is
exactly the description given by [Zie02, Theorem 28]; note that the topology is
trivial. In terms of Borel cardinality, we obtain ¢* (see the paragraph following
the proof of Lemma 3.10 in [KPS13]). O

Example 6.51. Consider the theory T of the multi-sorted structure M =
(M, et ), Wwhere M, are as before, m runs over positive integers, while n/
rangers over divisors of n; for each pair n’ | n, hy, 1 M,, — M, is the multiplication
by n/n/. Enumerate each M,, by m,, in such a way that h,,(m,) = m,, and then
enumerate M by m = (my,),.

By Proposition 6.48, we see that each map h,, induces a natural epi-
morphism Aut(M,) — Aut(M,/), and a continuous, Aut(M,)-equivariant
surjection Sy, (M,) — Spm,_,(M,), so we have epimorphisms of dynamical systems
(Aut(M,), Spm, (M,)) — (Aut(M 1), Sm_,(M,)). Furthermore, if n” | n’ | n, then
it is easy to see that h,,» o hyy = hy,r, so these epimorphisms are compatible.
Using that, it is not hard to see that Aut(M) = lim Aut(M,) (because Aut(M)
acts on each M, by automorphisms and it has to be compatible with h,, ) and
Sm(M) = Jm S, (M) (because the type on the n-th coordinate determines the
type on n'-th coordinate, when n’ divides n). By Lemma 6.42, it follows that
E(Aut(M), Sp(M)) = @n E(Aut(M,), Sy, (M,)).

In particular, by Corollary 6.49, the Ellis group uM of E (Aut(M), S;n(M)) is
isomorphic to the profinite completion of integers 7 = lm Z/nZ. By analysis
analogous to the preceding example, _we see that H(uM) and D are trivial, and
ker 7 corresponds to the elements of Z represented by bounded sequences. Those
sequences are exactly the elements of Z C Z (this follows from the observation
that a bounded sequence representing an element of Z has to eventually stabilize).

Thus, by Theorem 6.18, Gal(T") is the quotient Z /Z (which, again, has trivial
topology), and, since the theory is NIP (e.g. because, as it is easy to see, it is
interpretable in (R, +, -, <)), Gal(T) also has the Borel cardinality of Z/Z which
is Ey (which can be seen as a consequence of the fact that it is hyperfinite (as
an orbit equivalence relation of a Z-action) and non-smooth (as the quotient of a
compact Polish group by a non-closed subgroup), see [Kan08, Theorem 8.1.1]. ¢



Chapter 7

Group actions which are not
(point-)transitive

The results obtained in previous chapters applied only in context of group actions
which were transitive, or at least had dense orbits. In this chapter, we find classes
of equivalence relations which, while not group-like (because they are not defined
on an ambit), share some good properties that we have shown before.

More precisely, the goal is to find a general context where the analogue of
Proposition 5.34(2) holds, and to use that to extend the first part of Corollary 5.56
(equivalence of closedness and smoothness) and its analogues to wider classes of
relations. To that end, we introduce the notion of an orbital and weakly orbital
equivalence relation.

The main results of this chapter can be found in [Rzel7] (my own paper).

7.1 Abstract orbital and weakly orbital equival-
ence relations

In this section, G is an arbitrary group, while X is a G-space, and neither has any
additional structure. The goal of this section is to define and understand orbital
and weakly orbital equivalence relations in this abstract context.

Orbital equivalence relations

To every (G-)invariant equivalence relation on X, we can attach a canonical sub-
group of G.

Definition 7.1. If F is an invariant equivalence relation, then we define Hg as
the subgroup of all elements of G which preserve every E-class setwise. O

123
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A dual concept to that of Hg is Ey.

Definition 7.2. For any H < GG, we denote by Ey the equivalence relation on X
of lying in the same H-orbit. O

Example 7.3. Ey need not be invariant: for example, if G = X is acting on
itself by left translations, then Ey (whose classes are just the right cosets of H) is
invariant if and only if H is a normal subgroup of G. O

Proposition 7.4. If E is an invariant equivalence relation on X, then Hg is
normal in G.

In the other direction, if H Q G, then Ey 1s an invariant equivalence relation
on X.

Proof. Let h € Hg and g € G. We need to show that for any x we have x E ghg~'x.
Put y = g 'x. Then y E hy. By invariance, gy E ghy. But gy = x and
ghy = ghg~'x. This completes the proof of the first part.
For the second part, just note that if H is normal, then g[x]g, = gHx = Hgx =

9] &y, - O

The orbital equivalence relations — defined below — are extremely well-behaved
among the invariant equivalence relations. (Note that a particular case are the
relations orbital with respect to the action of Aut(€) in model theory, as per
Definition 2.147.)

Definition 7.5. An invariant equivalence relation F is said to be orbital if there
is a subgroup H of G such that £ = Ey (i.e. E is the relation of lying in the same
orbit of H). O

(Note that if F is orbital, then ' C Eg, so E-classes are subsets of G-orbits.)

Example 7.6. Let G = SO(2) act naturally on X = S'. Then for each angle 6,
we have the invariant equivalence relation Ejy, such that z; Ey 2o exactly when z;
and zo differ by an integer multiple of 6.

This equivalence relation is orbital: if H < SO(2) is the group generated by
the rotation by 6, then Fy = Ey. O

Proposition 7.7.
o If I/ is an wnvariant equivalence relation on X, then Ey, C E.

o If, in addition, E s orbital, then E = Ey,,.

Proof. The first part is obvious.
The second is immediate from the assumption that F is orbital: if £ = Ey,
then clearly H < Hp, so Ey C Ey,, and the proposition follows. O
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Proposition 7.8. Let H < G.
o If By is an invariant equivalence relation, we have H < Hg,, .

o If, in addition, the action of G on X 1is free, then H = Hg,, and H < G.

Proof. The first part is obvious.

For the second part, let us fix some g € Hg,,, i.e. g € G which preserves all
Ey-classes. Then for any z € X we have x Fyy g-x,s0 g-x = h-x for some h € H.
But then by freeness g = h, so we have ¢ = h € H, and hence Hg < H. Finally,
H = Hpg,, is normal by Proposition 7.4. 0

Corollary 7.9. FEvery orbital equivalence relation is of the form Ey for some
H Q G. If the action is free, then the correspondence is bijective: every N < G is
of the form Hg for some orbital E.

In particular, if G is simple, then the only orbital equivalence relations on X
are the equality and Fg.

Proof. Immediate by Propositions 7.4, 7.7, and 7.8. O

Proposition 7.10. If G is commutative and the action of G on X 1is transitive,
then all invariant equivalence relations on X are orbital. In particular, they all
correspond to subgroups of G.

Proof. Let E be an invariant equivalence relation on X. Fix an x € X and let H be
the stabiliser of [z|g. Then Hx = [z]g (because the action is transitive) and for any
g € G, the stabiliser of [gx|p is g~ Hg. But since G is commutative, gHg™' = H,
so [gz]g = Hgx. Since the action is transitive, it follows that £ = Ep. O

Example 7.11. The action of SO(2) on S! is free, and the group is commutative.
This implies that the orbital equivalence relations correspond exactly to subgroups
of SO(2) (in fact, because the action is transitive, those are all the invariant
equivalence relations). O

Example 7.12. Consider the natural action of SO(3) on S%. Certainly, the trivial
and total relations are both invariant equivalence relations. Moreover, it is not hard
to see that the equivalence relation identifying antipodal points is also invariant.

In fact, those three are the only invariant equivalence relations: if a point x € S?
is E-equivalent to some y € S?\ {z, —x} for some invariant equivalence relation F,
then by applying rotations around axis containing x, we deduce that x is equivalent
to every point in a whole circle containing y, and in particular, all those points are
in [z]g.

But then any rotation close to id € SO(3) takes the circle to another circle
which intersects it — and thus, by transitivity, the “rotated” circle will still be a
subset of [z]g. It is easy to see that we can then “polish” the whole sphere with
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(compositions of) small rotations applied to the initial circle, so in fact [z]g is the
whole SO(3).

The total and trivial equivalence relations are orbital, but the antipodism is not
— it is not hard to verify directly, but it also follows from Corollary 7.9, as SO(3) is
a simple group. O

Weakly orbital equivalence relations

We want to find a generalisation of orbitality which includes equivalence relations
invariant under transitive group actions. Here we define such a notion, and in later
on, we will see that it does indeed include both cases.

Definition 7.13. We say that E is a weakly orbital equivalence relation if there
is some X C X and a subgroup H < G such that

rWFxy <— dge Gdhe H gxlzhgacgeff.
or equivalently,
Ty Ezy <= 391,00 € G g171 = Gaxs € X/\gzgfl € H,

(In other words, two points are equivalent if we can find some g € G which takes
the first point to some Z € X, and the second point to something Ey-related to

1)) O

Note that, as in the orbital case, a weakly orbital equivalence relation is always a
refinement of E¢, and it is always G-invariant. We will soon see (in Proposition 7.22)
that orbital equivalence relations are, as expected, weakly orbital.

Example 7.14. The antipodism equivalence relation from Example 7.12 is weakly
orbital: choose any point Z € S? and then choose a single rotation 6 € SO(3)
which takes 7 to —#. Put X := {Z} and H := (f). Then H and X witness that
the antipodism is weakly orbital. (We will see in Proposition 7.25 that this is no
coincidence: transitivity of the group action implies that every invariant equivalence
relation is weakly orbital.) O

Further examples of weakly orbital equivalence relations will be examined at
the end of this section.

We can justify the name “weakly orbital”: suppose E is weakly orbital on X,
as witnessed by X and H.

We can attempt to define a right action of G' on X thus: for any x € X, pick
some # € X such that © € G- %, and let go € G be such that go# = . Then it
seems natural to define x - g : =gy - ¢g- 7.
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The problem with this is that it is not, in general, well-defined: the value on
the right hand side may depend on the choice of z, and even if we do fix z, it may
nonetheless depend on the choice of gy.

If, however, we are somehow in a situation where this is a well-defined right
group action, £ would be the orbit equivalence relation of H acting on the right.

To sum up, one can say that a weakly orbital equivalence relation is the relation
of lying in the same orbit of an “imaginary group action”.

We will see later, in Remark 7.27, another interpretation of weak orbitality,
which is more closely tied to the applications in later sections.

The following notation (and its alternative definition in Remark 7.16) is very
convenient, and we will use it frequently in the rest of this chapter.

Definition 7.15. For arbitrary H < G and X C X, let us denote by Ry % the
relation on X (which may not be an equivalence relation) defined by

1 Ry 5 12 <~ dge Gdhe H gxlzhgxgeff. O

Remark 7.16. Note that Ry ¢ may also be defined as the smallest relation R such
that:

e R is invariant,
e for each # € X and h € H we have & R h7. O

Remark 7.17.
(1) Rs- is monotone, i.e. if Hy C Hy and X, C X,, then Ry %, € Ry, x,-

(2) If Ry ; is an equivalence relation (or even merely a reflexive one), then for
any z € X we have (G-z)NX # 0 (or, equivalently, G - X = X).

(3) an equivalence relation £ on X is weakly orbital if and only if £ = R, ¢ for
some H, X. 7

(4) If for every z € X we have H,# = HZ, then Ry, x = Ry, % O

We can give an explicit description of “classes” of Ry .
Lemma 7.18. Let R = Ry . For every xo € X, we have

{a |20 Ra}=Jg " Hy o,

g
where the union runs over g € G such that g - zo € X.

Proof. If zy R x, then we have gzy = hgx € X for some g € G and h € H. But
then x = gflhflggo. On the other hand, if z = g thgxy for some h € H and g € G
such that gzo € X, then h~ gz = gy € X. O
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Definition 7.19. We say that H is a mazimal witness for weak orbitality of E' if
there is some X C X such that £ = Ry ¢ and for any H' > H we have ' # Ry, 5.
Similarly, we say that X is a mazimal witness for weak orbitality of £ if there
is some H < G such that E' = Ry 3 and for any X' 2 X we have I # Ry 3.
We say that a pair (H, X ) is a mazimal pair of witnesses for weak orbitality of
Eif E= Ry ¢ and for any H' > H, X 2 X we have that &/ = Ry, ;, if and only
if H=H" and X =X’ O

The following proposition is, in part, an analogue of Proposition 7.7 (only for
weakly orbital equivalence relations, instead of orbital).

Lemma 7.20. Consider R = Ry . Then:
 R=Ry g, where X' :={x € X |Vh € H xR ha}, and
e R= Ry 5, where H :=={g € G| VT € X i Rgi}.

Moreover, if R = FE s an equivalence relation, then:
e cach of X' and H' is a maximal witness in the sense of Definition 7.19,

e applying the two operations, in either order, yields a maximal pair of wit-
nesses,

e cvery maximal witness X s a union of E-classes.

Proof. For the first bullet, R is an invariant relation such that for all # € X’ and
h € H we have & R h@. Since Ry g/ is, by Remark 7.16, the finest such relation, it
follows that RH,X/ C R. On the other hand, X C X’, so R = RH,X - RH,X/- The
second bullet is analogous.

The first two bullets of the “moreover” part are clear. For the third, we only
need to see that X’ is a union of E-classes. For that, just notice that if z E hx
and y £ z, then y E hx and (by invariance of F) hx E hy, so in fact y F hy. O

Note that, in contrast to the orbital case, where we have a canonical maximal
witness (namely, Hg), in the weakly orbital case, the maximal pairs of witnesses
are, in general, far from canonical, for instance because for any ¢ € G we have
Ry % = R, -1 % But even up to this kind of conjugation, the choice may not
be canonical, as we see in the following example.

Example 7.21. Let F' be any field, and consider the action of the affine group
F3 x GL3(F) on itself by left translations. Put:
o Hy = (F?x{0}) x {I},
Hy = (F % {012) x {1},
X, =F3x{geGLy(F)| g 'Hyg = Hy}, and

X2 = F3 x {g S GLg(F) ‘ g_ngg - Hl}
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Then, using Lemma 7.18, we deduce that £ = Ry % = Ry, %, is an orbital
equivalence relation (which on F® x {I} is just lying in the same plane parallel to
F? x {0}). On the other hand, both pairs Hy, X; and H,, X, are maximal, and
simultaneously, X, - X, and H, C H,. If F is a finite field, the sets and groups
don’t even have the same cardinality, and they are certainly not conjugate even if
F' is infinite. O

Orbitality and weak orbitality; transitive actions

Now, we proceed to show that weakly orbital equivalence relations do indeed include
all orbital equivalence relations (as well as all invariant equivalence relations when
the action is transitive), and to investigate what makes a weakly orbital equivalence
relation actually orbital.

Proposition 7.22. Every orbital equivalence relation is weakly orbital. In fact, if
E = Ey is an invariant equivalence relation, then E' = Ry x(= Rp, x) (i.e. we
have X = X ).

Conversely, if E = Ry % is an invariant equivalence relation and H < G, then
E = Ey, so a weakly orbital equivalence relation is orbital precisely when there is
a normal group witnessing the weak orbitality.

Proof. For the first half, Ey is by definition the finest relation such that for each
x € X and h € H we have x Ey hx. If it is also invariant, we have by Remark 7.16
that RH,X = EH

The second half is an immediate consequence of Lemma 7.18. O

Corollary 7.23. If G is a commutative group, then every weakly orbital equivalence
relation is orbital.

Proof. If G is commutative and £ = Ry x, then H < G, and thus £ = Ep by
Proposition 7.22. O

The next corollary shows that a proper inclusion X ¢ X is another obstruction
of orbitality (other than non-normality of H). This shows that X is necessary in
the definition of weak orbitality.

Corollary 7.24. A weakly orbital equivalence E relation is orbital precisely when
we can choose as the witness X the whole domain X, i.e. E = Ry x for some
H<G.

Proof. That weak orbitality of an orbital equivalence relation is witnessed by X =
X is a part of Proposition 7.22.

In the other direction, if £ = Ry x, then we can define the maximal witnessing
group H' as in Lemma 7.20. Since X = X, this H' coincides with Hg, so it is
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normal by Proposition 7.4. But then by Lemma 7.20 and Proposition 7.22 we have
Ry x = Ry x = Epr, so I is orbital. ]

Orbital equivalence relations are weakly orbital as witnessed by X = X. Equi-
valence relations invariant under transitive actions are, in a sense, an orthogonal
class: in their case, we can choose a singleton X.

Proposition 7.25. Suppose the action of G s transitive, and T € X s arbitrary.
Then for any invariant equivalence relation E we have E = Rgiap{jz]5) {3} (Where
Stabe{[Z]g} is the setwise stabiliser of [T|g, i.e. {g € G|T E gt}).

Proof. Choose any z1, x5 and let g1, go be such that giz1 = gozo = T (those exist
by the transitivity). To complete the proof, it is enough to show that h = g,g; ' €
Stabg{[Z]g} if and only if x1 E x5 (because hgixes = gaxs).

Note that g,g; ' € Stabg{[Z]z} if and only if & E gog; '(Z). But, since E is
invariant, this is equivalent to g, ' E g; '#. But ¢; ' = 11 and g, '% = x4, so we
are done. O

Note that Corollary 7.23 and Proposition 7.25 provide an alternative proof of
Proposition 7.10.

Note also that even for transitive actions, Ry (z) is not in general an equivalence
relation, as it may fail to be transitive.

Example 7.26. Let G be the free group of rank 2, and consider its free generators
a and b. Let H = (b) and K = (a). Put X = G/K with G acting on X by left
translations, and finally, put # = eK € X and R = Ry . Then eK R bK, and
also eK = a-(eK) Ra-(bK) = abK. Therefore, b- (eK) =bK R b-(abK) = babK.
But it is not true that eKX R babK (indeed, by Lemma 7.18, e R gK if and only
if gK = a"b™K for some integers n,m), so R is not transitive. O

Remark 7.27. Given an arbitrary invariant equivalence relation F on X, we can at-
tach to each G-orbit G-z with a fixed “base point” Z a subgroup H; := Stabg{[Z]r},
such that G - &/ F is isomorphic (as a G-space) with G/H;.

Along with Lemma 7.18, this gives an intuitive description of weakly orbital
equivalence relations (among the invariant equivalence relations) as those for which
we have a set X which restricts choice of “base points”, and at the same time
“uniformly” limits the manner in which the group H; changes between various
orbits: we can only take a union of conjugates of a fixed subgroup.

In the later sections, we will consider the behaviour of E when X is somehow
well-behaved, and we can think of that as somehow “smoothing” the manner in
which the group changes between the G-orbits. O
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Further examples of weakly orbital equivalence relations

In the first example, we define a class of examples of weakly orbital equivalence
relations which are not orbital, on spaces X such that |X/G| is large (so the action
is far from transitive).

Example 7.28. Consider the action of G on X = G? by left translation in the
first coordinate only. Let X C G2 be the diagonal, and H be any subgroup of G.
Then Ry ¢ is a weakly orbital equivalence relation on X whose classes are sets

of the form (g9, 'Hgo) x {go}. The relation is orbital if and only if H is normal
(because the action is free), while | X/G| = |G]. O

The second example is a vast generalisation of its predecessor.

Example 7.29. Let G be any group, while H < G is a subgroup. Suppose
(X:)ier are disjoint G-spaces with subsets X, such that Ry %, 1s a weakly orbital
equivalence relation on X;. Let X be the disjoint union [[,., X;. Put X = Uier X;.
Then E = Ry ; is a weakly orbital equivalence relation (which is just the union

HiGI RH,)L-)' O

The third example shows how we can, in a way, join weakly orbital equivalence
relations on different G-spaces, for varying G.

Example 7.30. Suppose we have a family of groups (G;);e; acting on spaces
(Xi)ier (respectively), and that on each X; we have a [weakly] orbital equivalence
relation E;. Then the product G = Hiel G; acts on the disjoint union X = ]_L.e[ X;
naturally (i.e (¢g;)i-* = g;-o when € X;) and E = [],, E; is [weakly] orbital. ¢

The final example shows us that we cannot, in general, choose X as a transversal
of X/G (i.e. a set intersecting each orbit at precisely one point).

Example 7.31. Let F' be an arbitrary field. Consider the affine group G =
F3 x GL3(F), and let G’ be a copy of G, disjoint from it.

Let ¢ C F3 be a line containing the origin. Choose a plane m C F? containing
(. Let E be the invariant equivalence relation on X = G UG’ (on which G acts by
left translations) which is:

e on G: (x1,q1) E (29, 92) whenever g; = g and x1 — 25 € go - T,

e on G: (x,9y) E (2,95), whenever ¢f = ¢} and x| — z, € ¢} - £ (slightly

abusing the notation).

Put H = (¢ x {I} < G, let A C GL3(F) be such that A™' -l =7 and I € A,
and finally let X = ({0'} x {I'}) U ({0} x A) (where 0/ is the neutral element in
the vector space component of G').
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Then E is weakly orbital, as witnessed by X and H (to see this, recall
Lemma 7.18 and notice that the E-class and Ry ;-“class” of I both are the union
of [ + a1 ¢ over a € A, while the class of I’ is just I’ + ¢, and then use the fact
that both £/ and Ry , are invariant).

We will show that E does not have any X, witnessing weak orbitality which
intersects each of G and G’ at exactly one point. Suppose that E = Ry, %, and

X1 NG = {g}, while X; NG’ = {¢'}. Since the action of G on X is free, it follows
from Lemma 7.18 that [g]z = Hig and [¢'|p = Hig'. This implies that in fact
H, < F3, and the first equality implies that H; is a plane, while the second one
implies that it is a line, which is a contradiction. O

7.2 Abstract structured equivalence relations

In this section, we consider an action of a group GG on a set X, but we also put on
them some additional structure: namely, we have on each finite product of G and X
(as sets) a lattice of sets (i.e. a family closed under finite unions and intersections)
which we call pseudo-closed, such that the empty set and the whole space is always
pseudo-closed. In the remainder of this section, the lattices are implicitly present
and fixed.

Note that the lattices may not be closed under arbitrary intersection (so they
need not be the lattices of closed sets in the topological sense) and we do not
necessarily assume that the lattice on a product is the product lattice (so even if,
say, the pseudo-closed sets on X are actually closed sets in a topology, there might
be a pseudo-closed set in X? which is not closed in the product topology).

Naturally, we need to impose some compatibility conditions on the group action
and the lattices of pseudo-closed sets.

Definition 7.32. We say that the lattices of pseudo-closed sets agree with the
group action of G on X (or, leaving the lattice implicit, G acts agreeably on X) if
we have the following:

(1) sections of pseudo-closed sets are pseudo-closed,

(2) products of pseudo-closed sets are pseudo-closed,

(3) the map GxX — X defined by the formula (g, z) — g-z is pseudo-continuous
(i.e. the preimages of pseudo-closed sets are pseudo-closed),

(4) for each g € G, the map X — X x X defined by the formula z — (z,g - z)
is pseudo-continuous,

(5) mlg,, the restriction to Eg C (X?)? of the projection onto the first two
coordinates m: (X?)? — X2 is a pseudo-closed mapping (i.e. images of
relatively pseudo-closed sets are pseudo-closed), where (x1,22) Eq (2], 25)
when there is some g € G such that ] = gz and 7}, = gxs,
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(6) the map X x G — X x X defined by the formula (x,9) — (x,9 - x) is
pseudo-closed. O

Example 7.33. A prototypical example of an agreeable group action is any con-
tinuous action of a compact Hausdorff group on a compact Hausdorff space, where
pseudo-closed means simply closed. Definition 7.32 is easy to verify there, as all the
functions under consideration are continuous, and hence closed (as continuous func-
tions between compact spaces and Hausdorff spaces). Section 7.3 is dedicated to
the generalisation of this example where we only assume that the group is compact,
not the space it acts on. O

Lemma 7.34. If G acts agreeably on X and E is an invariant equivalence relation,
then for each h € G and z € X:
o Stabg{[Z]g} = {9 € G | T FE gz} is pseudo-closed whenever [x]g is pseudo-
closed,

o {r € X |z FE hx} is pseudo-closed whenever E is pseudo-closed.

Proof. For the first bullet, the set in question is a section at T of the preimage of
[Z] g via the map (g,z) — g - z, so it is pseudo-closed by agreeability.

For the second bullet, the set is the preimage of F via z +— (x, hz), so it is
pseudo-closed by agreeability. O]

Theorem 7.35. If G acts agreeably on X, while E is an orbital equivalence re-
lation, and the lattice of pseudo-closed sets in G is downwards |G : Hg|-complete
(i.e. closed under intersections of at most |G : Hg| sets), then the following are
equivalent:

(1) E is pseudo-closed,

(2) each E-class is pseudo-closed,

(3) Hg is pseudo-closed,

(4) E = Ey for some pseudo-closed H < G.

Proof. 1If E is pseudo-closed, then each E-class is pseudo-closed (as a section of F),
so we have (1)=-(2).
To see that (2)=(3), note that

Hp = () Stabe{[Z]5}.

zeX

By Lemma 7.34, the stabilisers are pseudo-closed. Ostensibly, there are | X| factors
in the intersection, so completeness does not apply directly. However, each of the
stabilisers is a group containing Hpg, and as such, it is some union of cosets of
Hpg in G. Tt follows that to calculate the intersection, we only need to see which
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cosets are excluded from it, and since there are only [G : Hg| many cosets, the
intersection can be realised as the intersection of at most [G : Hg| factors (one
for each coset excluded from the intersection). Therefore, by completeness, Hg is
pseudo-closed.

(3)=-(4) is a weakening (by Proposition 7.7).

For (4)=-(1), notice that Fy is the image of X x H by the map (x,g) — (z,g-x),
which is pseudo-closed by agreeability. O

It makes sense to consider the question about when the closedness of classes
implies the closedness of the whole equivalence relation. The following example
shows that if simply we drop the orbitality assumption in Theorem 7.35, the
implication no longer holds.

Example 7.36. Consider the action of G = Z/2Z on X = {0,1} x{0,2 | n € N*}
by changing the first coordinate. This is an agreeable action, as a special case of
Example 7.33 (so pseudo-closed = closed).

Consider the equivalence relation F on X such that its classes are {(0,0)},
{(1,0)}, and {(0,2),(1, 1)}, where n € NT. Clearly, E is invariant and all its
classes are closed, but it is not itself closed. O

The following definition makes for more elegant statements of the remaining
results.

Definition 7.37. We say that an invariant equivalence relation £ is weakly orbital
by pseudo-closed if there is a pseudo-closed set X C X and a (not necessarily
pseudo-closed) group H < G such that F = Ry . O

(We will also replace the epithet “pseudo-closed” in the above definition by
others in the more concrete applications, so e.g. in the context of Example 7.33,
we would talk about “weakly orbital by closed” equivalence relations.)

Theorem 7.38. If in Theorem 7.35 we assume that E is only weakly orbital
(instead of orbital), and add the assumption that the lattice of pseudo-closed sets
in X is also downwards |G : Hg|-complete, then the following are equivalent:

(1) E is pseudo-closed,

(2) each E-class is pseudo-closed and E is weakly orbital by pseudo-closed,

(3) E = Ry 5 for some pseudo-closed H and X,

(4) for every H < G and X C X, if either of H or X is a maximal witness to

weak orbitality of E, then it is also pseudo-closed.

Proof. We will show the implications (1)=(2)= (3) = (1), and on the way, that
the three conditions imply (4) (which implies (3) by Lemma 7.20).
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If we assume (1), then clearly all the classes are pseudo-closed (as sections of
E), and we have H;, X; such that F'= Ry g, (because we have assumed that F
is weakly orbital). Then we can put

X = ﬂ{xEX]thx}.

heHq

The sets we intersect are then pseudo-closed by Lemma 7.34. As before, the
intersection may have more than [G : Hg| factors, but there are at most [G : Hgl-
many distinct sets of the form {z | x E hz}, because every such set depends only
on the left Hg-coset of h. To see this, note that for every x € X and hg € Hg, we
have x FE hgx, and therefore — by invariance — also hx E hhox. Thus, © E hx
implies that x E hhox.

It follows that we have the following equality:

X= () {zeX|zEha}

hHEEHl/HE

and therefore, by completeness, X is pseudo-closed, and by Lemma 7.20, we have
E = Ry, %, and hence (2). This also gives us the part of (4) pertaining to X: if
X, was already maximal, as witnessed by H;, then we would have X = Xj.

The implication (2)=-(3) is showed the same way as the one in Theorem 7.35
(using Lemma 7.20), only we take the intersection over the pseudo-closed set X
(which we have by definition of weakly orbital by pseudo-closed) instead of the
whole X. The same reasoning shows the remaining part of (4).

For (3)=(1), notice that x1 Ry z o if and only if there are 2} and 3 such
that (z1,22) Eg (¢, x)) (where Eg is defined as in Definition 7.32(5)), #} € X and
@) Ey . Since H is pseudo-closed, we also have that Ey is pseudo-closed (just as
in the final paragraph of the proof of Theorem 7.35), so overall, this is a condition
about (x1, z9, 2}, z,) which is relatively pseudo-closed in Eg, and the projection
onto the first two coordinates (which is just £ = Ry; ) is also pseudo-closed (by
Definition 7.32(5)). O

Remark 7.39. Since X itself is its own pseudo-closed subset, one can use Propos-
ition 7.22 and Corollary 7.24 to show that for orbital E, the conclusion of The-
orem 7.38 implies the conclusion of Theorem 7.35, so, if we ignore the completeness
assumptions, Theorem 7.38 implies Theorem 7.35. O

One might ask whether in Theorem 7.38, we could have weakened the condition
(2) to say only that each class is pseudo-closed (or, equivalently, the condition (3)
to say only that H is pseudo-closed). But this is not the case — as explained in
Remark 7.27, we need the X to control the way E changes between G-orbits. This
is shown in the following example.
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Example 7.40. Let G = S3 act naturally on S5 x {0, + | n € N*}. This is another
special case of Example 7.33, so this action is agreeable. Let H = {id, (1,2)}, and
let X = {((1,2,3),0), (id, 1) |n € Nt} Then E = Ry ; is weakly orbital, H is
pseudo-closed, as are all the E-classes, but F is not (because (id,0) and ((1,2),0)
are not related whereas each (id, ) is related to ((1,2), +)). O

7.3 (Weakly) orbital equivalence relations for
compact group actions

In this section, X is a (Hausdorff) G-space for a compact Hausdorff group G
(and the action is continuous). The pseudo-closed sets are just the closed sets in
respective spaces. Then pseudo-continuity and pseudo-closedness of functions are
just the usual topological continuity and closedness.

Preparatory lemmas in the case of compact group actions

We have seen in Example 7.33 that a continuous action of a compact Hausdorft
group G on a compact Hausdorff space X is agreeable. It turns out that compactness
of X is not necessary.

Lemma 7.41. Actions of compact groups are agreeable (with respect to the standard
closed sets, according to Definition 7.52).

Proof. Recall from Fact 2.32 that if G is a compact Hausdorff group acting continu-
ously on a Hausdorff space X, then the multiplication X x G — X ((z, g) — (g-x))
and the quotient X — X/G are both closed.

It is enough to demonstrate the last two points of Definition 7.32: that the
projection mapping from Eg onto X? and the mapping (z, g) — (z,g - x) are both
closed. The rest is straightforward (and does not rely on compactness of G).

A(X?) & o & (X2)?

g

X2 +—=— FEg/G

Figure 7.1: The commutative diagram of the functions discussed in the proof. Each
of them is continuous and closed.

For the first one, consider the diagonal embedding A: X? — A(X?) (as a subset
of X*) composed with the quotient map ¢q: Eg — Eg/G C X? x (X?/G), where



CHAPTER 7 137

the quotient is with respect to the action defined by the formula g- (x1, 29, 2}, 24) =
(x1,x9,g -2, g-2,). The first function is a homeomorphic embedding with closed
image, and the second is a closed map (by Fact 2.32, as a quotient map with respect
to a compact group action).

Note that both g and 7 [, are onto, and they glue together exactly those points
which share the first two coordinates. It follows that we have an induced bijection
between X2 and Eg/G. But this bijection is just ¢ o A, which is continuous and
closed, and therefore a homeomorphism.

This implies that 7[5 must be closed (as the composition of ¢ — which is closed
—and (qo A)~' — which is a homeomorphism).

The second one is immediate by Fact 2.35. O]

Results in the case of compact group actions

Theorem 7.42. Suppose G is a compact Hausdorff group acting continuously on
a Hausdorff space X.
The following are equivalent for an orbital invariant equivalence relation E on

X:

(1) E is closed

(2) each E-class is closed,

(3) Hg is closed,

(4) E = Ey for a closed subgroup H < G,

(5) X/E is Hausdorff.

Proof. (5) clearly implies (1) (because E is the preimage of the diagonal by the
quotient map X? — (X/F)?), while the implication from (4) to (5) is a consequence
of Fact 2.32.

Notice that the lattice of closed sets is simply downwards complete, so the rest
follows immediately from Theorem 7.35 and Lemma 7.41. O

The following examples show that we cannot drop the assumption that G is
compact in Theorem 7.42, even if GG is otherwise very tame.

Example 7.43. Consider the action of G = R on a two-dimensional torus X =
R?/Z? by translations along a line with an irrational slope (e.g. t - [xy, 73] =
(1 +t, 25 + tv/2]). Then for H = G the relation Eg has dense (and not closed)
orbits, so in particular, X/E¢ has trivial topology. O

Example 7.44. Consider the action of G = R on X = R? defined by the formula
t-(x,y) = (x+ty,y). Then for H = G, the classes of FEg are the singletons along
the line y = 0 and horizontal lines at y # 0, so they are closed, but Eg is not
closed. O
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Corollary 7.45. Suppose G is a compact Hausdorff group acting continuously on
a Hausdorff space X .

Then every closed orbital equivalence relation on X is of the form Eg for some
closed H < G. If the action is free, the correspondence is bijective: every closed
N < G is of the form Hg for some closed orbital E.

In particular, if G is topologically simple, then the only closed orbital equivalence
relations on X are the equality and Fg.

On the other hand, if G is commutative and the action is transitive, then all the
closed invariant equivalence relations on X are of the form Ey for closed H < G.

Proof. Immediate from Corollary 7.9, Proposition 7.10 and Theorem 7.42. ]

Recall that an invariant equivalence relation £ is “weakly orbital by closed” if
there is a closed X C X and any H < G such that ' = RH,X'

Theorem 7.46. Suppose G is a compact Hausdorff group acting continuously
on a Hausdorff space X. Then the following are equivalent for a weakly orbital
equivalence relation E:

(1) E is closed,
(2) each E-class is closed and E is weakly orbital by closed,
(3) E = Ry 5 for some closed H and X,

(4) for every H < G and X C X, if either of H or X is a maximal witness to
weak orbitality of E, then it is also closed.

Proof. Immediate from Theorem 7.38 and Lemma 7.41. [

Notice that if X is compact, then by Fact 2.7, the conditions in Theorem 7.46
imply that X/E is Hausdorff, but for arbitrary X (in contrast to Theorem 7.42),
we do not know whether this is true.

Corollary 7.47. Suppose that G is a compact Hausdorff group acting on a Polish
space X . Suppose that E is an invariant equivalence relation on X which is orbital
or, more generally, weakly orbital by closed. Then the following are equivalent:

(1) E is closed,
(2) each E-class is closed,
(3) E is smooth,

(4) for each x € X, the restriction E|., is closed.

xT

Proof. Clearly, (1) implies (4), which implies (2).
By Theorem 7.42 or 7.46, (2) implies (1).
By Fact 2.44, (1) implies (3).



CHAPTER 7 139

Finally, (3) implies that each restriction E[., is smooth, and as such — by
Corollary 3.3 — it is closed. Therefore, its classes are closed in GG - z, which — by
compactness of G — is closed in X, so we have (2). O

(Note that, since every orbital equivalence relation is weakly orbital by closed,
the “orbital or” part of Corollary 7.47 is redundant.)

7.4 (Weakly) orbital equivalence relations for
type-definable group actions

Preparatory lemmas in the case of type-definable group ac-
tions

In this section, GG is a type-definable group, X is a type-definable set, while the
action of G on X is also type-definable (in the sense that it has a type-definable
graph), all in the monster model €.

Lemma 7.48. If X is a type-definable set, G is a type-definable group acting in a
type-definable way on X, then the action is agreeable (with respect to type-definable
sets as pseudo-closed sets), according to Definition 7.32.

Proof. Sections of (relatively) type-definable are clearly type-definable, as are
products. Since the projection of a type-definable set is type-definable, the re-
maining points are straightforward as well (analogously to Example 7.33). O

Results in the case of type-definable group actions

Theorem 7.49. Let G be a type-definable group acting type-definably on a type-
definable set X.

Suppose E is an orbital, G-invariant equivalence relation on X with G9°-
invariant classes (for some small set A). Then the following are equivalent:

(1) E is type-definable,

(2) each E-class is type-definable,

(3) Hg is type-definable,

(4) there is a type-definable subgroup H < G such that E = Ey.

In addition, if E is bounded (equivalently, if X/G is small), then the conditions
are equivalent to the statement that X/E is Hausdorff with the logic topology.

Proof. Immediate from Theorem 7.35, Lemma 7.48 and Fact 2.95. Note that the
completeness needed for Theorem 7.35 follows from the fact that G%OO < Hg, so
by definition [G : Hg] < [G : GY°] is small. O
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Recall that an invariant equivalence relation E is “weakly orbital by type-
definable” if there is a type-definable X C X and any H < G such that £ = Ry ¢

Theorem 7.50. In context of Theorem 7.49, if we assume instead that E is only
weakly orbital, then the following are equivalent:

(1) E is type-definable,
(2) each E-class is type-definable and E is weakly orbital by type-definable,
(3) E = Ry 5 for some type-definable H and X,

(4) for every H < G and X C X, if either of H or X is a maximal witness for
weak orbitality of E, then it is also type-definable.
In addition, if E is bounded (equivalently, X/G is bounded), then the conditions
are equivalent to statement that X/E is Hausdorff with the logic topology.

Proof. Immediate from Theorem 7.38, Lemma 7.48 and Fact 2.95. O

Corollary 7.51. Assume that the theory is countable, and fiz a countable set A of
parameters. Suppose G is a type-definable group acting type-definably on X (with
both G and X consisting of countable tuples, all over A), while E is a bounded, G-
invariant and Aut(€/A)-invariant equivalence relation on X. Assume in addition
that E is orbital or, more generally, weakly orbital by type-definable. Then the
following are equivalent:

(1) E is type-definable,

(2) each E-class is type-definable,

(3) E is smooth,

(4) X/E is Hausdorff,

(5) for each x € X, the restriction El., is type-definable.

T

Proof. Clearly, (1) implies (5), which implies (2).

By Theorem 7.49 or 7.50, (2) implies (1) (note that the assumptions that F is
bounded and A-invariant imply together that all E-classes are G %-invariant, cf.
Proposition 6.27 — but note that here, the action need not be transitive, so we
only have one implication).

(1) implies (3) by Remark 2.100, and it is equivalent to (4) by Fact 2.95.

Finally, (3) implies that each restriction E[., is smooth, which — by Corol-
lary 6.36 — implies (5). O

(Note that any orbital equivalence relation is also weakly orbital by type-
definable, so the “orbital or” part is redundant.)
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7.5 (Weakly) orbital equivalence relations for
automorphism groups

In this section, X is a (-type-definable subset of a small product of sorts in €,
while G is just Aut(€). (In particular, in this case, orbitality coincides with
Definition 2.147, at least for bounded invariant equivalence relations.) We use the
letters I and ~ where we would use H and h in the rest of this chapter, following
the notation of [KR16] in that respect; for example, we write 'y instead of Hg (cf.
Definition 7.1) and we typically denote the group witnessing weak orbitality by I
instead of H as before.

It is worth noting that in contrast to Sections 7.3 and 7.4, we will not apply
Theorems 7.35 and 7.38 directly. Instead, we will apply them to the action of Gal(T")
on X/=y,, and the preparatory lemmas will provide us with tools to translate the
result back to Aut(€) and X.

More precisely, we identify Gal(7T") with [m]=/=L for a tuple m enumerating
a small model (cf. Fact 2.126), and the pseudo-closed sets are the sets closed
in the logic topology: for example, a pseudo-closed set in Gal(T) x X/=;, =
(Im]= x X) /(=L x =L) is a set whose preimage in [m]|= x X is type-definable. Note
that it is not a priori the same as being closed in the product of logic topologies
on Gal(T) and X/=1! (More precisely, the product topology might be coarser.)
Similarly, the product relation =, x =1, on a product of two invariant sets is usually
not the finest bounded invariant equivalence relation on it (so it coarser than =p,
on the product).

As a side result, we will show that orbitality and weak orbitality are well-defined
for bounded invariant equivalence relations, see Corollary 7.54.

Preparatory lemmas in the case of automorphism group ac-
tion

Lemma 7.52. If X is a type-definable set, then the action of Gal(T') on X /=y, is
agreeable (with respect to sets closed in logic topology, according to Definition 7.32).

Proof. For brevity, let us write z, for any [z]=, € X/=L, as well as 7 for 0 Autf(€) €

Gal(T), and n for [n]=, € [m ]E/E (which, by Fact 2.126, we identify with the
sole @ € Gal(T') such that a(m) = n, where m = [m]=, ).
Consider the partial type ®(n,z,y) = (mx =ny Az € X).

Claim. For any n € [m]= and z,y € X, the following are equivalent:
®n-T =y,

* = (F)P(n,z,y) Ny =Ly and
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o = (I)P(n,x,y) An=Ln.

Proof. Suppose 7 - & = y. Then we have some o € Aut(€) such that o(m) = n
and o(Z) = y. This means that we have some 7 € Autf(€) such that 7(o(m)) = n.
But 700 = 7, and taking ¢y = 7 o o(x) gives us the second bullet. For the
reverse implication, if o witnesses that mz = ny', then in particular 5(m) = n,
so by definition - 7 = 5(Z) = o(x) = ¥’ = y. The proof that the third bullet is
equivalent to the first is analogous. O(claim)

It follows that for any A C X /=y, we have n -z € A if and only if = (Jy) y €
AN P(n,x,y) (because “g € A” is a =p-invariant condition), which is a type-
definable condition about n and z, if A is closed. This gives us the third point
from Definition 7.32 (continuity of (7, Z) — 7 - Z).

To obtain the fourth point (continuity of & — (Z,n - Z) for all n), note that
if we fix any n € Gal(7) and some A C (X x X)/(=L x =), then likewise
(z,n- ) € A exactly when = (Jy) (z,y) € AN P(n,z,y), which is again a type-
definable condition about = whenever A is closed.

For the fifth point, note that the Eg from Definition 7.32 is just the relation =
on X2, which is of course type-definable as a subset of (X?)2. Thus, any relatively
type-definable subset of it is actually type-definable, and thus so is its projection
onto X2.

Similarly, for the sixth point (closedness of (n,Z) — (Z,n - Z)), note that (z,y)
is in the image of A C ([m]= x X)/(=L x =1) exactly when = (3n) (7,z) €
AN ®(n,x,y), which is a type-definable condition about x and y, as long as A is
closed.

The remaining parts of Definition 7.32 are easy to verify. O]

From now on, given a bounded invariant equivalence relation on an invariant
set X, denote by E' the induced equivalence relation on X/=y..

Proposition 7.53. Suppose E is a bounded invariant equivalence relation on an
invariant set X. Suppose also that I' < Aut(€) contains Autf(€) [and suppose
X C XJ. Write I := '/ Autf(¢) [and X := X/=1]. Then the following are
equivalent.

(1) E=Er [E=Rpx]

(2) E=Ep [E= R‘,f(/

r
In particular, E is [weakly] orbital if and only if E is (because we can always assume
that Autf(€) is contained in the group witnessing [weak] orbitality, as Autf(C) fizes

each class setwise).

Proof. In this proof, for brevity, whenever x € X and ¢ € Aut(€), we will write T
and ¢ as shorthands for [z]z, € X/= and o - Autf(€) € Gal(T'), respectively.
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Consider the quotient map ¢: X — X/=;. Then we have:

gl -] =12z, (1)
and, since ['- x is an =g -saturated set, conversely:
r-z=q -7 (1)

For the orbital case, the implication (1)=-(2) is an immediate consequence of
(f) — E-classes are the g-images of E-classes, while I'-orbits are the g-images of
I'-orbits. The converse is analogous, as by (1), I’-orbits are the g-preimages of
I-orbits and of course E-classes are g-preimages of E-classes.
The weakly orbital case can be proved similarly: by Lemma 7.20, we can assume
that
X = Autf(¢) - X, (%)

Then we can just apply Lemma 7.18: if
7z =Jo 'l o)
(where the union runs over ¢ such that 7(z) € X ), then also

[2]e = q”'[[7]e] = Ucfl[ﬁ’l[f’ o(@)]] =o' o(w)),

where the last union runs over o such that o(z) € f( . 'To see the last equality, just
note that (by (%)) o(z) € X if and only if (Z) € X. This yields (2)=(1), and the
opposite implication is analogous. O

Corollary 7.54. [Weak] orbitality of a bounded invariant equivalence relation is
a model-theoretic property, i.e. it does not depend on the choice of the monster
model.

Proof. X/=y,, Gal(T), E and the action of Gal(T') on X /=, do not depend on the
monster model, so the result is immediate from Proposition 7.53. O

(It is not clear whether orbitality or weak orbitality is a model-theoretic property
for an unbounded invariant equivalence relation.)

Lemma 7.55. If &' = R ¢ is bounded invariant and either:
o for each @ € X, [Z]g is type-definable, or
o Autfkp(€) < I
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then X' == {x € X |3 € X x =gp &} satisfies E = Ry 5. (Note that if X is
type-definable, so is X', and Autf(€) X = X’.)

Proof. By Lemma 7.20, the first bullet implies that we can assume the second one:
each [Z]p is =p-saturated, so if it is type-definable, it is also =gp-saturated (see
Proposition 2.137), i.e. Autfgp(€)-invariant.

Now, assuming the second bullet: the X’ considered here contains X and it is
contained in the maximal one defined as in Lemma 7.20 (because the maximal one
is I-invariant, and hence Autfxp(&)-invariant), so £ = R 5. O

Results in the case of automorphism group action

Theorem 7.56. Suppose E is a bounded invariant, orbital equivalence relation on
X. Then the following are equivalent:

(1) E is type-definable,

(2) each E-class is type-definable,

(8) I'p is the preimage of a closed subgroup of Gal(T),

(4) E = Er for some I' which is the preimage of a closed subgroup of Gal(T),
(5) X/E is Hausdorff.

Proof. (1) and (5) are equivalent by Fact 2.95.

The rest follows readily from Theorem 7.35, Lemma 7.52 and Proposition 7.53.
For example, if £ = E for some [ which is the preimage of a closed subgroup of
Gal(T), then I is closed and by Proposition 7.53, E = E, so (by Theorem 7.35
and Lemma 7.52) E is closed, and hence E is type-definable. O

Recall that an invariant equivalence relation FE is “weakly orbital by type-
definable” if there is a type-definable X C X and any I" < Aut(€) such that
E=R,;.

Theorem 7.57. Suppose E is bounded invariant, weakly orbital equivalence relation
on X. Then the following are equivalent:

(1) E is type-definable,

(2) each E-class is type-definable and E is weakly orbital by type-definable,

(3) E = Ry % for some type-definable X and a group I' < Aut(C) which is the
preimage of a closed subgroup of Gal(T),

(4) for every I' < Aut(€) and X C X, if I or X is a maximal witness for weak
orbitality of E, then it is also the preimage of a closed subgroup of Gal(T)
(in the case of I') or type-definable (in the case of X ),

(5) X/E is Hausdorff.
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Proof. Points (1) and (5) are equivalent by Fact 2.95.

As for the rest, the only added difficulty compared to Theorem 7.56 comes
from the fact that the type-definable X we have by the assumptions of (2) and (3)
may not be =p-saturated, but thanks to Lemma 7.55, we can assume that without
loss of generality. Once we have that, we finish as before, using Theorem 7.38,
Lemma 7.52 and Proposition 7.53.

For example, if we have (3), then — by Lemma 7.55 — we can assume without
loss of generality that X = Autf(€) - X. This implies that X = X /=y, is closed.
Moreover, E' = Rp %, so by Proposition 7.53, we also have E = Rfj(, so by
Lemma 7.52 and Theorem 7.38, E is closed, which immediately gives us (1). [

The following corollary is Main Theorem G.

Corollary 7.58. Assume that the theory is countable. Suppose that E is a bounded,
invariant, countably supported equivalence relation on X. Assume in addition that
E is orbital or, more generally, weakly orbital by type-definable. Then the following
are equivalent:

(1) E is type-definable,

(2) each E-class is type-definable,

(3) E is smooth,

(4) X/E is Hausdorff,

(5) for each complete O-type pt X, the restriction El, ) s type-definable.

Proof. Clearly, (1) implies (5), which implies (2).
By Theorem 7.56 or 7.57, (2) implies (1).
(1) implies (3) by Remark 2.100, and it is equivalent to (4) by Fact 2.95.
Finally, (3) implies that each restriction E[, ) is smooth, which — by Corol-
lary 6.16 — implies (5). O

(Note that every orbital equivalence relation is also weakly orbital by type-
definable, so the “orbital or” part is redundant.)

Remark 7.59. Note also that, in the context of Corollary 7.58, Corollary 6.16
implies that if Y C X is a type-definable and E-invariant subset of X such that
Aut(€) - Y = X and E|y is smooth, then the condition (5) from Corollary 7.58 is
satisfied (and hence also all the others).

Moreover, if X = p(€), then it is a single Aut(€) orbit, so by Proposition 7.25,
every invariant equivalence relation is weakly orbital by type-definable (as singletons
are certainly type-definable). Thus, Corollary 7.58 extends Corollary 6.16. O
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Chapter 8

“Borel cardinality” in the
non-metrisable case

In this chapter, we discuss a possible variant of Corollary 5.56 applicable when
X is not metrisable, but more subtle than simple cardinality estimates given by
Theorem 5.50 and Theorem 5.51. The content of this chapter is heavily based on
the Section 6.2 of [KPR15] (joint with Krzysztof Krupiriski and Anand Pillay).

Recall that Corollary 5.56 tells us that for a wide class of weakly group-like
equivalence relations, smoothness and closedness are equivalent conditions. Note
tht for a non-metrisable compact Hausdorff space, a closed equivalence relation
need not be smooth in the naive sense that we have a reduction to equality on a
Polish space, because that would imply having no more than 2% classes, which rule
out, for example, equality on any non-metrisable compact Hausdorff group (which
is trivially closed group-like). Instead, we could try to conceive generalisations of
smoothness given by studying reductions to relations on “higher reals”, such as
2% for uncountable cardinals x. Unfortunately, if we go in that direction, many
of the properties used in study of Borel cardinalities are no longer true (e.g. the
analogues of the Silver dichotomy and Harrington-Kechris-Louveau may not hold,
see [FHK14] for examples).

For those reasons, we use a weak form of non-smoothness of an equivalence
relation, which is essentially due to [KMS14].

Recall that if ' is a non-smooth Borel equivalence relation on a Polish space X,
then E is non-smooth if and only if Eg<p FE, and in fact, on this case, the reduction
can be chosen as a homeomorphic embedding of 2N into X (see Fact 2.48).

The idea that non-smoothness corresponds to some embedding of Eq can be used
to generalise the notion of non-smoothness. Recall the notion of the sub-Vietoris
topology, a coarsening of the Vietoris topology, introduced in [KR16].

Definition 8.1. Suppose X is a topological space. Then by the sub-Vietoris

147
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topology we mean the topology on P(X) (i.e. on the family of all subsets of X),
or on any subfamily of P(X), generated by subbasis of open sets of the form
{ACX|ANF =0} for F C X closed. O

Definition 8.2. Suppose X is a topological space, while F is an equivalence
relation on X. We say that E is weakly non-smooth if there is a homeomorphic
embedding ¢: 2¢ — P(X) (where P(X) is the power set of X, equipped with the
sub-Vietoris topology) such that for any n,n € 2*:

(1) v(n) is a nonempty closed set,

(2) if n,n are Eg-related, then [¢(n)]g = [V (7)]&,
(3) if n,n’ are distinct, then 1 (n) N ('

(4) if n,n" are not Eg-related, then (i(n

)

0
< () N E = 0. 0

Remark 8.3. Note that if E is a non-smooth Borel equivalence relation on a Polish
space, then it is also weakly non-smooth: if ¢’ is a homeomorphic reduction of Eg
to E (given by Fact 2.48), then the formula ¢(n) = {¢/(n)} clearly satisfies the
properties listed in Definition 8.2. O

Question 8.4. Suppose (G, X, xg) is an ambit, and E is an equivalence relation
on X which is analytic and either weakly uniformly properly group-like or weakly
closed group-like.

Is E closed if and only if E is not weakly non-smooth?

Note that weak non-smoothness immediately implies having at least 2% classes,
so a positive answer to the question would imply Theorem 5.50 for Y = X. It would
also allow us to obtain a trichotomy similar to Corollary 5.56, for non-metrisable
X.

Furthermore, applied in model-theoretic context, it would be (essentially) a gen-
eralization of [KR16, Theorem 3.18] — which, in turn, is a generalization of [KMS14,
Theorem 5.1] (see also [KM14, Theorems 2.19, 3.19]), a variant of Fact 2.146 for
uncountable languages. See Corollary 8.16 for an example of such application.

As we will see in Proposition 8.6, a weakly non-smooth equivalence relation E
is not closed, which gives us one direction.

To show this, we first prove the following topological lemma.

Lemma 8.5. Let X be a compact, Hausdorff space. Suppose E is a binary relation
on X. Write E for the relation on 2% (the hyperspace of closed subsets of X )
defined by

K1EK2 <« dkie Kidks e K9 ki E ks

Then, if E is a closed relation, so is E (on 2 with the sub-Vietoris topology).
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Proof. Choose an arbitrary net (K;, K!);c; in E converging to some (K, K') in 2%.
We need to show that (K, K’) € E.

Let k; € K;, ki € K[ be such that k; E ki. By compactness, we can assume
without loss of generality that (k;, k) converges to some (k, k') € E (as E is closed).
If ke K and k' € K', we are done.

Let us assume towards contradiction that k ¢ K. Then, since K is closed, and
X is compact, Hausdorff (and thus regular), we can find disjoint open sets U, V'
such that K C U and k € V. Then we can assume without loss of generality that
all k; are in V' (passing to a subnet if necessary). We see that F':= X \ U is a
closed set such that F N K = (). But for all 7 we have k; € F'N K, which gives us a
(sub-Vietoris) basic open set separating K from all K;, a contradiction; therefore,
we must have k € K.

Similarly, it cannot be that &’ ¢ K’, which completes the proof. O]

(In fact, the converse is also true, because the map = — {x} is a homeomorphic
embedding of X into 2% with the sub-Vietoris topology.)
Without further ado, we can prove the aforementioned proposition.

Proposition 8.6. If F is a closed equivalence relation, then it is not weakly
nonsmooth.

Proof. Suppose towards contradiction that E is closed and weakly non-smooth,
which is witnessed by some v: 2 — P(X). Denote by F the range of 1.

Since F consists of closed sets, by Lemma 8.5, the restriction E[f is a closed
relation. On the other hand, by the properties of ¢, for any ny,n, € 2%, n Eg
Ny <= (m) E (). Since ¢ is a homeomorphism from 2 to F, we conclude
that Eg is a closed relation which is a contradiction. O

Proposition 8.7 below (along with Proposition 8.6) gives a positive answer to
Question 8.4 in a weakened form, namely, we assume that F is F,, we only require
that ¢ is continuous (and not a homeomorphism), and we drop the property that 1
takes distinct points to disjoint sets (which would imply that it is a homeomorphism,
by Fact 8.12 below).

Proposition 8.7. Suppose (G, X, xo) is an ambit, while E is an equivalence re-
lation on X which F, and either weakly uniformly properly group-like or weakly
closed group-like. Assume that E is not closed.

Then there is a continuous function ¢: 2 — P(X) (equipped with the sub-
Vietoris topology), such that:

e ¢(n) is a nonempty closed set,

e if n,n" are Eg-related, then [¢(n)|r = [6(0)]E
e if n,n' are not Eg-related, then (¢(n) x ¢(n')) N E = 0.
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Before the proof we need to recall a few facts and make some observations. The

descriptive set theoretic tools which we use to prove the proposition are similar to
those from [KMS14] and [KR16].

Definition 8.8. The strong Choquet game on a topological space X is the following
two-player game in w-rounds. In round n, player A chooses an open set U, C V,,_4
and x,, € U,, and player B responds by choosing an open set V,, C U,, containing
x,. Player B wins when the intersection ({V,, | n < w} is nonempty.

A topological space X is a strong Choquet space if player B has a winning
strategy in the strong Choquet game on X. For more details see Sections 8.C and
8.D of [Kec95, Chapter IJ.

Given a subset C' of X, we say that X is strong Choquet over C' to mean that
the points that player A chooses are taken from C' (and player B has a winning
strategy in the modified game).

Fact 8.9. A compact Hausdorff space is strong Choquet.

Proof. By compactness, if player B chooses at step n a V,, such that V,, C U, then
he wins. A compact Hausdorff space is normal, so he can always do that. O

Remark 8.10. Note that a strong Choquet space is trivially strong Choquet over
each of its subsets. O

As usual, given a set X and a relation R C X x X, and z € X, by R, we
denote the section of R at x, i.e. {y € X |z Ry}.

Fact 8.11. Suppose that X is a reqular topological space, (R, | n € w) is a sequence
of F, subsets of X2, X is a group of homeomorphisms of X, and © C X is an
orbit of X with the property that for alln € w and open sets U C X intersecting O,
there are distinct x,y € ONU with O N (Ry,) N (Ry)y = 0. If X is strong Choquet
over O, then there is a function ¢: 2<“ — P(X) such that for any n € 2 and any
necw:

e ¢(nln) is a nonempty open set,

e ¢(nl(n+1)) € o(nin)
Moreover, ¢(n) = (), d(nin) = (), d(nn) is a nonempty closed Gs set such that
for any n,n’ € 2¥ and n € w:

e ifn Eq 1/, then there is some o € X such that o - p(n) = ¢(1'),

e if n(n) #1n'(n), then (¢p(n) x ¢(n')) N R, =0, and if n,n" are not Eqy-related,
then (¢(n) x ¢(n')) NU Ry = 0.

Proof. This is [KR16, Theorem 3.14]. O
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Fact 8.12. Suppose X is a normal topological space (e.g. a compact, Hausdorff
space) and A is any family of pairwise disjoint, nonempty closed subsets of X.
Then A is Hausdorff with the sub-Vietoris topology. [

Proof. This is [KR16, Proposition 3.16]. O

Using the last two facts, we obtain a corollary reminiscent of [KR16, Theorem
3.18] (albeit topological group theoretic, and not model theoretic in nature), which
will be used in the proof of Proposition 8.7.

Corollary 8.13. Suppose G is a compact, Hausdorff group, while H < G is F,
and not closed. Then there is a homeomorphic embedding ¢: 2 — P(G) (with the
sub-Vietoris topology) such that for any n,n € 2¥:

e o(n) is a nonempty closed set,
o ifn Eq 1/, then there is some h € H such that ¢p(n)h = ¢(1),
ifn# 1, then ¢(n) N o(n') =0,
e if n,n' are not Eg-related, then ¢(n)H N o(n')H = 0.
In particular, |G : H] > 280,

Proof. We can assume without loss of generality that H is dense in G (by replacing
G with H). Since H has the Baire property (as an F, subset of a compact space),
by the Pettis theorem (i.e. Fact 2.24) it follows that H is meagre in G (because H
is not closed, and so not open). Therefore, since H is F,, and closed meagre sets
are nowhere dense, there are nonempty closed, nowhere dense sets F,, C G, n € w,
such that H = |J,, F;,. We can assume without loss of generality that the F,’s are
symmetric (i.e. F,, = F;! and e € F},), increasing, and satisfy F,F;, C Fy, .

H acts by homeomorphisms on G (by right translations by inverses). Let us
denote by R, the preimage of F,, by (g1,92) = g; 'g2. We intend to show that the
assumptions of Fact 8.11 are satisfied, with X := G, O = ¥ := H and R, just
defined.

Since G is compact Hausdorff, it is strong Choquet over O (even over itself)
and regular. Fix any open set U and any n € w. Then pick any h € H NU (which
exists by density). Then h € Fly for some N € w.

From the fact that H is dense and the F},’s are closed nowhere dense, it follows
that for each m, H \ F,, is dense, so we can find some h' € UN (H \ Fy,4x). Since
the F,’s are increasing, we see that h # h'. Moreover, we have

HNO(R)nN(Ry)w =HNKE,NKWE, C FxF,NRh'F,.

But if this last set was nonempty, we would have h' € FyF,F, ! C F,, x — which
would contradict the choice of b’ —so H N (R,)n N (R,)n = 0, and the assumptions
of Fact 8.11 are satisfied. This gives us the map ¢, which satisfies all the bullets,
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as well as the auxiliary map ¢. What is left is to show that ¢ is a homeomorphic
embedding.

¢ is clearly injective by the third bullet, and by the preceding fact, the range of
¢ is a Hausdorff space, so we only need to show that it is continuous. To do that,
consider a subbasic open set U = {F | FNK = ()}, and notice that by compactness,

#(n) € U if and only if ¢(nn) N K = @ for some n, which is an open condition
about 7. O]

Proposition 8.14. Consider a map f: X — Y between topological spaces and
the induced image and preimage maps F: P(X) — P(Y) and G: P(Y) — P(X)
(where P(X) and P(Y') are equipped with the sub-Vietoris topology). Then:

e If f is continuous, so is F.

o If f is closed, G is continuous.

In particular, if f is continuous, Y is Hausdorff and X is compact, then both F
and G are continuous. O

Proof. For the first point, consider a subbasic open set B={A | ANF =0} C
P(Y). Then FHB] ={A| fIAINF =0} = {A| AN f~1[F] = 0} (this is because
any a € A witnessing that A is not in one of the sets will witness the same for the
other). The third set is clearly open in P(X). The second point is analogous. [

Proof of Proposition 8.7. By Proposition 2.61, we have a continuous function
(1 uM — uM/H(uM), given by f +— ufH(uM). Furthermore, since E is weakly
closed group-like or weakly uniformly properly group-like, by Lemma 5.43(3), we
have an action of uM/H(uM) on X/FE and an orbit map uM/H(uM) — X/E
which completes the following commutative diagram (similar to the diagram from
the proof of Proposition 4.8):

| l
X —— X/E.

Commutativity is clear by the definition of all the maps involved (and the fact
that they are well-defined): the action of uM/H(uM) on X/E is induced by
the action of E(G, X) (given by f([z]g) = [f(z)]g, cf. Lemma 5.43(2)), so it is
given by fH(uM)([z]g) = [f(2)]s. In particular, for every f € uM, we have
G (f)[xole = [f(z0)|e = [R(f)]E, which means exactly that the diagram commutes.

Let H be the preimage of [zo|g in uM/H(uM). By Lemma 5.47, since FE is
F, and not closed, the same is true about H. Hence, Corollary 8.13 applies, giving
us a function ¢': 2¥ — P(uM/H(uM)) as there. Note that it witnesses weak
non-smoothness of E|,s/mwam) = Er (the orbit equivalence relation of H). Now,
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using Proposition 8.14, it is straightforward to check that ¢: 2 — P(X) defined as
©(n) = R[¢;¢'(n)] is continuous, has only closed sets in its image. Furthermore,
since By = Elum/H(um), it is not hard to see that it satisfies the two “reduction’
properties postulated in Proposition 8.7 as well, which completes the proof. O

Y

Remark 8.15. Tt is not hard to see that if we were able, in Corollary 8.13, to weaken
the assumption that H is F), to say only that H is analytic, then the same thing
could be done in Proposition 8.7. However, it would still fall short of a positive
answer to Question 8.4, as we would not have the property of mapping distinct
points onto disjoint sets. O

The following corollary of Proposition 8.7 is [KPR15, Proposition 5.12] (joint
with Krzysztof Krupiniski and Anand Pillay).

Corollary 8.16. Suppose we have E is an F, strong type on X = p(&) for some
p € S(0), while Y C X is type-definable and E-saturated (i.e. it is a union of
classes of E). Suppose moreover that E is not type-definable.

Then for every model M, there is a continuous function ¢: 2 — P(Yy) (where
P(Yar) is equipped with the sub-Vietoris topology) such that for any n,n' € 2:

e (n) is a nonempty closed set,

o if n,n are Eg-related, then [o(n)| gy = [0(0)] v,
o if .1 are not Eg-related, then (p(n) x p(n')) N EM = 0.

Proof. Note that if ), is as in the conclusion for a given model M, while N
is another model, then ¢y, defined as on(n) = {tp(a/N) | tp(a/M) € prp(n)},
witnesses the conclusion for N. Briefly, we have tp(a/M) E™ tp(b/M) if and only
if tp(a/N) EY tp(b/N); using that and Proposition 8.14, it follows immediately
that when N C M or N C M, then ¢y is as prescribed, and otherwise, we can
argue the same in two steps, using a model N’ O M U N. Thus, it is enough to
find one model M for which ¢ exists.

By Proposition 6.15, may assume without loss of generality that Aut(€/{Y})
acts transitively on Y (if necessary, making Y smaller).

Fix any a € Y. Then by Proposition 4.30, we can find a model M containing a,
ambitious relative to G¥ = Aut(€/{Y})/ Autf(€). Then by Lemma 6.6, EM |y, is
weakly uniformly properly group-like with respect to GY (M). The conclusion fol-
lows immediately from Proposition 8.7 applied to the ambit (GY (M), Yy, tp(a/M))
and the relation EM [y O

Since the conclusion of Corollary 8.16 easily implies that E[y has at least as
many classes as Eq (that is, at least 2% classes), it is a strengthening of Fact 2.144
(in a different direction from Theorem 6.8: instead of weakening the assumptions
about £, we have a stronger conclusion).
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Note that [KR16, Theorem 3.18] is a very similar to Corollary 8.16. The
difference is that the assumption strengthened that E is an orbital (in the sense of
Definition 2.147) F, equivalence relation, whereas the conclusion is strengthened to
say also that ¢ is a homeomorphic embedding, and maps distinct points to disjoint
sets, but weakened Thus, the main advantage of Corollary 8.16 lies in dropping the
“orbital” part of the assumption. (And, more vaguely, in maybe giving some hint
how to proceed in the general case.) See also [KMS14, Theorem 5.1] for a related
fact for =;..



Appendix A

Basic facts in topological
dynamics

In this section, we build the framework for topological dynamics in the generality
needed in the thesis. The majority of the facts proven here are folklore, and their
proofs are, for the most part, straightforward adaptations of the proofs from [Gla76],
where the main focus is on flows of the form (G, fG). Since I have not found them
in the literature in the required generality, they are included in the thesis, with
complete proofs, for the convenience of the reader (and possibly future reference).

The definitions also essentially the same as in [Gla76]; the only nontrivial change
is the definition of the operation o — see Definition A.22 — as the one introduced
in [Gla76, Section IX.1] does not seem generalise to arbitrary Ellis groups (but the
two definitions coincide in the case of (G, fG), see Remark A.23).

Preparatory facts

Definition A.1. A (left) ideal I < S in a semigroup S is a subset such that
ISCI. %

Definition A.2. A group G endowed with a topology is a semitopological group
if multiplication is separately continuous in G. O

Remark A.3. Note that, as an immediate consequence of the definition, semitopo-
logical group acts on itself by homeomorphisms by left and right multiplication,
as well as by conjugation. In particular, inner automorphisms are homeomorph-
isms. O

Definition A.4. A semigroup S equipped with a topology is called a left topological
semigroup if the multiplication is continuous on the left, i.e. for every sy € .S, the
map s — SSg is continuous. O

155



156 TOPOLOGICAL DYNAMICS

Example A.5. For every topological space X, the semigroup of functions X~
with pointwise convergence (i.e. Tychonoff product) topology is a left topological
semigroup. O

Fact A.6 (Ellis joint continuity theorem). Suppose G is a locally compact Hausdorff
semitopological group. Then G is a topological group (i.e. multiplication is jointly
continuous and inversion is continuous).

Proof. This is [ElI57, Theorem 2]. O

Fact A.7. If S is a semigroup and S has a left identity element and left inverses,
then S is a group.

Proof. Let e be a left identity in S, and let @ € S be arbitrary. If b is the left
inverse of a, it is enough to show that ae = a and ab = e.

Let ¢ be the left inverse of b, so that ba = cb = e.

Then

e =cb = c(eb) = c(ba)b = (cb)(ab) = e(ab) = ab,

and thus

ae = a(ba) = (ab)a = ea = a. O

Fact A.8. Suppose S is a semigroup with a compact Ty topology such that for any
So € S, the map s — ssg is continuous and a closed mapping (the latter follows
immediately from continuity and compactness if S is Hausdorff).

Then there is a minimal (left) ideal M in S (i.e. a minimal set such that
SM = M), and every such M satisfies the following:

(1) every s € M generates it as a left ideal: M = Ss (thus, by the assumptions,
M is closed),

(2) if u € M is an idempotent (i.e. it satisfies uu = ), then uM is a group
(with composition as group operation and u as identity),

(3) each M is the disjoint union ||, uM, where u ranges over idempotents u €
M in particular, idempotents exist,

(4) for every idempotent u € M and every s € M, we have that su = s,

(5) given two idempotents u,v € M, the map s — vs defines an isomorphism

uM — v M

(6) every two groups of the form vN (where N is a minimal left ideal in S and
v s an idempotent in N') in S are isomorphic as groups (even if they are
contained in distinct ideals).
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Proof. (The proof below is the same as in the case of compact Hausdorff left
topological semigroups, which is classical.)

Note that if " C S is a closed subsemigroup, then S’ also satisfies the hypotheses
of the fact we are proving.

For existence of minimal left ideals, notice that by the assumption, principal
left ideals in S (i.e. ideals of the form Ssg for some sy € S) are compact, so it is
not hard to see that the family of all principal left ideals satisfies the assumptions
of the Kuratowski-Zorn Lemma. This implies the existence of minimal principal
left ideals. But every ideal contains a principal ideal, so the minimal principal left
ideals are also minimal left ideals.

Now, fix a minimal (left) ideal M < S.

(1) follows easily from the minimality assumption: if a € M, then Sa C M is
an ideal.

(2): Clearly, uM is a semigroup, and u is a left identity. By Fact A.7, it is
enough to show that uM has left inverses. But if f € uM is arbitrary, then by
minimality of M, we have Mf = M, so uMf = uM, so u € uMFf, i.e. for some
g € M we have (ug)f = u.

(3): Applying the Kuratowski’s Lemma again, there is a minimal closed sub-
semigrup K < M. Pick any v € K. Then Ku C K is closed, and trivially, Ku is
a semigroup, so by minimality, Ku = K, so there is some k£ € K such that ku = u.
But the set of all such k is closed (by left continuity of multiplication and the T}
assumption) and a subsemigroup of K, so it is just K itself. In particular, uu = u,
so u is an idempotent.

It follows that if uM NoM £ (), then u = v (indeed, if f € uM NovM, then
by (2) we have f’ € M such that ff’ = u, and it follows that u € vM f' = v M;
since v M is a group, the only idempotent in it is v, so u = v).

Finally, take any m € M. We need to show that m € uM for some idempotent
u. But the set of f € M such that fm = m is a nonempty (because Mm = M),
closed subsemigroup of M, so it satisfies the assumptions of the fact we are proving,
and so, by (3), it must contain an idempotent u. But then m = um € uM.

(4): Fix u,s. Then by minimality, M = Mu, so there is some s’ € M such
that s'u = s. But then su = (s'u)u = §'(vu) = s'u = s.

(5): Fix any idempotents u,v € M. Then uwv = u and vu = v, so s — us,
vM — uM and s — wvs, uM — v M are inverse to one another, so they are
bijections. Furthermore, it is easy to see that they are homomorphisms, as by the
preceding point, for any f,g € M we have ufug = ufg and vfvg =vfg.

(6): By (5), it is enough to show that for every u € M and every minimal
left ideal NV, there is an idempotent v € N such that vN = uM. First, note
that Nu is a left ideal contained in M = Su, so Nu = M, and there is some
f € N such that fu = u. The set of all such f is a closed subsemigroup of N,
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so it contains an idempotent v by (3). Thus, we have vu = u. By analogous
consideration, there is an idempotent v’ € M such that v'v = v. But then
u=ovu = (uv)u = u(vu) = v'u = v (by (4)), so in fact wv = v. Similarly to
(5), we conclude that s — su yields a homomorphism vAN — uM with inverse
5 SU. [

Throughout, we denote minimal ideals by M or N and idempotents in minimal
ideals by u or v.

Remark A.9. Tt is easy to see from the proof of Fact A.8(6), for arbitrary ideal
groups uM,vN', we have an isomorphism uM — v given by s +— vsv. O

Definition A.10. If S is a semigroup as above, M is a minimal left ideal, while
u € M is an idempotent, we call uM an ideal group of S. By “the” ideal group of
S we mean the unique isomorphism type of an ideal group of S. O

Fact A.11. Suppose G is a semitopological group. If A C G, then A = Ny V1A,
where V' ranges over the neighbourhoods of the identity in G.

Proof. Fix any V 3 e. Let © € A. Then Vz is a neighbourhood of z, so Van A # 0,
and thus x € V1A,

On the other hand, if x € V1A for every neighbourhood V of e, then also
VanA#0 soVNAx~t # (. Since V was an arbitrary neighbourhood of e, by
Remark A.3, it follows that e € Az—! = Az, so ex = = € A. O

Fact A.12. Suppose G is a compact T} semitopological group. Then the derived
subgroup H(G) := ",V (where the intersection runs over all neighbourhoods of
the identity in G) is a closed normal subgroup of G

Furthermore, G/H(G) is a compact Hausdorff topological group.

Proof. The proof is essentially given in [Gla76] for the special case of the Ellis
groups of a certain class of dynamical systems. We present the full proof for
completeness.

Recall that a semitopological group acts on itself by homeomorphisms on the
left and on the right (Remark A.3). For brevity, write H for H(G). It is clear by
definition that H is closed and contains the identity e € G.

Claim. If V is an open neighbourhood of the identity e € G, then VH C V.

Proof. Choose any v € V. Then for any open W 3 e, we have Wo NV #
(because v € Wo NV and Wo is open), so wv € V for some w € W. But then by
continuity, there is some open U 3 e such that woU C V, so woU = woU C V But
by definition of H, we have H C U, so wvH C V,sovH Cw™'V C W~'V. But

since v and W were arbitrary, by the preceding fact, VH C V=V O(claim)
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By taking the intersection over all V in the claim, we have that H?> = HH C H,
so H is a subsemigroup of G. It follows that for every h € H, hH is also a
subsemigroup. Because multiplication by h is a homeomorphism, hH is also closed
(and thus compact). Furthermore, since multiplication by any element of G is
a homeomorphism, hH satisfies the assumptions of Fact A.8, so it contains an
idempotent. But the only idempotent in G is the identity, so hH contains the
identity, and hence H must contain the inverse of h. Since h was arbitrary, H is a
group.

The fact that H is normal follows immediately from the fact that inner auto-
morphisms are homeomorphisms (cf. Remark A.3) and they fix the identity.

Compactness of G/H is immediate. Separate continuity of multiplication in
G/ H follows immediately from the separate continuity of multiplication in G. By
the Ellis joint continuity theorem (Fact A.6), it is enough to show that G/H is
Hausdorft.

Let fH,gH be distinct elements of G/H. Then fg=' ¢ H, so there is a
neighbourhood V of e € G such that fg=! ¢ V, so in particular, there is another
neighbourhood W of e € G such that W fg~'NV = (. By the claim, VH C V, so
it follows that W fg~* NV H = (. But — since H is normal — this is equivalent to
W fNVgH = (), and because H is a subgroup, this is equivalent to W fHNV gH = 0,
so in particular, we have W fH NV gH = (), which completes the proof. O

Fact A.13. A topological space X is Hausdorff if and only if for all xt € X we
have that

(V= {«},

1%

where the intersection runs over the neighbourhoods of x in X.
Proof. Straightforward. m

Corollary A.14. Suppose f: X — Y 1is a continuous map between topological
spaces, where Y is Hausdorff. Then for any v € X we have that f is constant on
Ny V. where the intersection runs over all neighbourhoods of x € X.

Proof. Since Y is Hausdorff, we have that (), W = {f(z)}, where the intersection
runs over all neighbourhoods of f(z) in Y. But then

FUS)] = [HW] N R EIaEIEIe -

Corollary A.15. If G is a compact Ty semitopological group, while G' is a Haus-
dorff topological group, and ¢: G — G’ is a continuous homomorphism, then ¢

factors through G/H(G) (where H(G) is the derived subgroup of G).
Proof. This follows immediately from Corollary A.14. O]
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Dynamical systems

Definition A.16. A G-flow or a dynamical system is a pair (G, X), where G is a
topological group acting continuously on a compact, Hausdorff space X.

A G-ambit is a triple (G, X, o) such that (G, X) is a G-flow and 25 € X is a
point with dense G-orbit. O

Remark A.17. In this thesis, most of the time, we do not care about the topology on
G, so we can think of it as a discrete group acting on X by homeomorphisms. ¢

Definition A.18. The FEllis or enveloping semigroup of the flow (G, X'), denoted
by E(G,X), is the closure of the collection of functions {7, | ¢ € G} (where
7, X — X is given by m,(z) = gz) in the space X equipped with the product
topology, with composition as the semigroup operation. O

Remark A.19. When there is little risk of confusion, we sometimes abuse the
notation and write g instead of 7, (and similarly, for A C E(G, X), we write ANG
for the set of g € G such that 7, € A).

If, on the contrary, we have more than one G-flow around, we add suitable
indices, e.g. we have (G, X) and (G,Y), we write mx , and 7y, for the appropriate
multiplication functions.

When (G, X) is fixed, we frequently write EL instead of F(G, X). O

Fact A.20. The Ellis semigroup E(G, X) is a compact Hausdorff left topological
semigroup, i.e. giwen any fo € E(G,X), the function f v+ ffo (the composition)
1S continuous.

Proof. Since X is compact Hausdorff, so is X*. Function composition is trivially
left continuous, so X* is a left topological semigroup. Since G acts on X (and
thus also, coordinatewise, on X*) by homeomorphisms, we see that GE(G, X) =
E(G, X), and hence (by left continuity of composition and the fact that E(G, X) is
the closure of G C X*) also F(G, X)E(G, X) = E(G, X), so E(G, X) is a closed
subsemigroup of X*, which completes the proof. n

As an immediate consequence, we obtain the following:

Fact A.21. There is a minimal (left) ideal M in E(G,X) (i.e. a minimal set
such that E(G, X)M = M). Every such M satisfies the following:
(1) every s € M generates it as a left ideal: M = E(G, X)s,
(2) if u € M is an idempotent (i.e. uu = u), then uM is a group (with
composition as group operation and u as identity),

(3) each M is the disjoint union | |, uM, where u ranges over idempotents u €
M; in particular, idempotents exist,
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(4) for every idempotent u € M and every s € M, we have that su = s,

(5) given two idempotents u,v € M, the map s — vs defines an isomorphism

uM — v M,
(6) every two ideal groups in E(G, X) are isomorphic as groups.

Proof. Immediate by the Fact A.8. O

Definition A.22. For each a € FL, B C EL, we write a o B for the set of all
limits of nets (g;b;);, where g; — a (by which we mean, abusing the notation, that
Ty, — a, where m,: X — X is defined by z — ¢ - ), g; € G and ; € B. O

Remark A.23. In [Gla76], the author uses a different definition of o, which, however,
does not appear to work in sufficient generality. However, in the case of (G, 8G)

considered there, the two definitions are equivalent, by [Gla76, Lemma 1.1(1),
§IX.1.]. O

The following proposition gives a useful description of the o operation, which
frequently allows us to avoid cumbersome calculations with nets.

Proposition A.24. For any a,b € E(G,X) and C C E(G,X), we have that
b€ aoC if and only if for every open U > a and V > b, we have some g € G and
c € C such that g € U an gc € V (equivalently, c € g~V ).

Proof. 1t is clear that if b € a o C', then we can find the appropriate g and c.

In the other direction: take a directed set consisting of pairs (U, V') of neigh-
bourhoods of a and b, respectively, ordered by reverse inclusion (separately on each
coordinate), and for each (U, V) take gyv and c(,y) as in the assumption. Then
Jw,v) — a and U, v)CU,v) — b. ]

Fact A.25. For any B C EL and a,b € EL, we have:
(1) (a0 B)c=ao(Bc),
(2) ao(boB) C (ab)o B,
(3) aB C ao B,
(4) ao(BUC) = (aoB)U(aol),
(5) ao (bC) C (ab) o C and a(bo C) C (ab) o C.

Proof. (1) is easy by left continuity: if g; — a and b; € B, then bc € Bc and
(lim g;b;)c = lim(g;b;c), provided the limit on the left exists, which can be forced
by compactness (and passing to a subnet).

For (2), take any f € (ao (bo B)) and take any neighbourhoods Uy of f and
Uay of ab. Since ab € Uy, by left continuity, there is a neighbourhood U, of a such
that for all @’ € U, we have a’b € Uy,
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Now, since f € ao(bo B), by applying Proposition A.24 to it, we can find some
9o € U,NG and V' € bo B such that g, € U, and ¥ € g;'U;. Then g,b € Uy, so
also b € Uy := g, U

Applying Proposition A.24 for b’ € bo B, we get g, € U, NG and b” € B such
that gyb” € g, Us. Thus gugpb” € Uy and gugy € g.Uy NG = Uy NG.

Since U, and Uy were arbitrary, by Proposition A.24 for (ab)o B (in the opposite
direction), we are done.

For (3), just take constant net in B and any net (g;); in G converging to a.

For (4), just note that of (a;); is a net in B U C, then we have a cofinal subnet
contained in one of B and C.

For (5), just notice that by (3), bC' C bo C, and by (2), ao (bo C)) C (ab) o C,
and likewise a(bo C) Cao(bo(C) C (ab)o C. O

Fact A.26. ao B =ao B.

Proof. C is clear. For the opposite inclusion, take any b € a o B and any neigh-
bourhoods U, 3 a and U, > b. By the assumption and Proposition A.24, we have
ga € U,NG and b € B such that g,b’ € Uy, i.e. b € g;'U,. But since ' € B, we
can find some b’ € BN g, 'U,. Since U,, Uy, were arbitrary, we are done. O

Fact A.27. ao B is closed.

Proof. Since every neighbourhood of an f € a o B is also a neighbourhood of some
f" € a o B, the fact follows immediately by Proposition A.24. [

Fact A.28. For any a € EL, any closed left ideal I I EL (e.g. any minimal left
ideal) and B C I we have ao B C I.

Proof. Since B C I, for any g; € G, b; € B we have g;b; = 7,,b; € ELb; C ELI C 1.
Because [ is closed, the result follows. O

Fact A.29. If v € EL is any idempotent, then for any a € EL and B C EL we
have v(a o B) C v((va) o B).

Proof. First, since v is an idempotent, v(a o B) = v(v(a o B)). By Fact A.25(5),
v(ao B) C (va) o B, so v(ao B) Cv((va)o B). O

Fact A.30. Given a minimal left ideal M < E(G, X) and an idempotent uw € M,
cl.(A) = (uM) N (uo A) is a closure operator on uM.

Proof. The identity cl, (@) = 0 is trivial by the definition of o.
Idempotence follows from Fact A.25(2), asuo (uo A) C (u?) o A =uo A.
Likewise, extensivity follows easily by Fact A.25(3): if A C uM, then A =
uA C yo A.
Finally, additivity is immediate by Fact A.25(4). O
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Definition A.31. By the 7 topology we mean the topology on uM given by the
closure operator cl, from Fact A.30. O

The following fact gives us another description of the operator cl..
Fact A.32. cl.(A) = u(uo A)

Proof. By Fact A.25(5), u(uo A) C (uu)o A =uo A, and by Fact A.28, uo A C M,
so u(uo A) € uM. Hence u(uo A) C (uM) Nuo A. The other inclusion is
trivial. []

When A C uM, when we write A, we always mean the closure of A in EL.
The closure in the 7 topology we write as cl.(A), or explicitly as uM N (uo A) or
— via Fact A.32 — as u(uo A).

Fact A.33. For all A C uM we have A C wo A. In particular, the T topology on
uM s coarser than the subspace topology inherited from EL.

Proof. We have A =uA Cuo A and uo A is closed by Fact A.27. O

Remark A.34. Note that the 7 topology is not necessarily Hausdorff, so limits of
nets may not be unique. In particular, if (a;); is a net in uM converging to some
ain EL, and ' € uM is distinct from ua, then even though a; = ua # a’, we may
have a; — o’. This makes some facts more difficult to prove than it may appear at
first. O

Fact A.35. If (a;); is a net in uM converging to a € uM, then (a;); converges to
ua in the T-topology.

Proof. Suppose that (a;) is a net in uM. Note that for any iy we have uas;, = as;,.
Since by definition a € az;, and by Fact A.33 az;; C w o as;,, it follows that
ua € u(u o asy,) = cly(asq,), so (because iy is arbitrary) ua is a 7-limit of a subnet
of (a;);. Since the same is true about any subnet of (a;);, ua is a 7-limit of (a;);. O

Fact A.36. uM with the T topology is a compact Ty semitopological group (i.e.
multiplication is separately continuous).

Proof. T is immediate by the left continuity of multiplication in £ L. Compactness
follows from Fact A.35 and compactness of uM: given any net in uM, we can find
a subnet convergent in uM, and this subnet will be 7-convergent. What is left is
to show separate continuity of multiplication.

Choose any a € uM and a 7-closed B C uM. Then Facts A.25 and A.32 yield

cl.(Ba) = u(uo Ba) = u((u o B)a) = (u(uo B))a = Ba,
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which gives us continuity on the left (note that Ba is the preimage of B by the
multiplication on the right by a™').

For the right continuity, note that b € (a o B) N uM and Fact A.25(5) imply
a'bea(aoB)C (ata)o B=wuo B, soa'be B (because a~'b € uM and B
is 7-closed), whence b € aB, so (a0 B) NuM C aB. In particular, by Fact A.25(5)
and the assumption that a € uM,

cl.(aB) = (uo (aB))NuM C ((ua) o B)NuM = (ao B)NuM CaB. [
Fact A.37. All ideal groups of E(G,X) are isomorphic as semitopological groups.

Proof. First, consider the case where the groups are contained in a single left ideal
M. As in the proof of Fact A.8(6), it is enough to show that for any idempotents
u,v € M, the map s +— vs, uM — v M is closed in 7 topology (then by the same
token, the inverse map will also be closed, so it will be a topological isomorphism).
In other words, we need to show that if A C uM is 7-closed, then so is vA. But
since vu = v and uv = u, we have (using Fact A.25(5)):

cl(vA) =v(vo (vA))) = vu(v o (vuAd)) = v(u(v o (v(uA)))) C
Co((uvw) o (uA)) = v(u(uo (ud))) =vcl (A) =vA

Likewise (having in mind the proof of Fact A.8), for varying ideals, it is enough
to show that if u € M and v € N are idempotents in minimal left ideals M and N
such that uv = v and vu = u, then s +— sv is closed. We have a similar calculation,
for 7-closed A C uM (again, using Fact A.25):

cl-(Av) = v(v o Av) = uv(vo A)v C v((vv) o A)v = u(vo A)v =

u(vo (uA))v Cu((vu) o A)v = u(uo A)v = cl,(A)v = Av -

Remark A.38. It is not hard to see from the proof of Fact A.37 that the isomorphism
described by Remark A.9 is actually a homeomorphism. O

Definition A.39. The Ellis group of (G, X) is the (unique isomorphism type of
an) ideal group uM of E(G, X). O

Fact A.40. H(uM) =, cl.(V), where V runs over the T-open neighbourhoods
of u in uM is a (7-)closed normal subgroup of uM, and uM /H(uM) is a compact
Hausdorff group.

Proof. By Fact A.36, we can apply Fact A.12, which finishes the proof. n

The next proposition is Lemma 4.1 from [KPRI15] (joint with Krzysztof
Krupinski and Anand Pillay).
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[lustration of the nets described in the following proof.

Proposition A.41. Let (: uM — uM be the function defined by ((x) = ux and
let £&: uM — Z be a continuous function, where Z is a regular (e.g. compact,
Hausdorff) space and uM is equipped with the T-topology. Then £ o ( : uM — Z
is continuous, where uM is equipped with the topology induced from the Ellis

semigroup EL.
In particular, the function uM — uM/H(uM), f +— ufH(uM) is continuous.

Proof. Denote £ o ¢ by n. By Fact A.35, we know that for any net (p;); in uM
and p € uM such that limp; = p one has 7-limp; = up. So, in such a situation,
n(p) = §(up) = lim; {(p;) = lim,; (up;) = lim, n(pi).

Consider any net (g;)jes in uM converging to ¢ in uM. The goal is to show that
lim; 7(g;) = n(q). Suppose for a contradiction that there is an open neighbourhood
W of n(q) and a subnet (ry) of (¢;) such that all points 7(r;) belong to W¢. Since
Z is regular, we can find open subsets U and V' such that W¢ C U, n(q) € V and
unv =4.

For each j we can choose a net (p;)iecrs in uM such that lim; p;y = g;.

For each k, r, = g;, for some j, € J, and n(ry) € U. Hence, since by the first
paragraph of the proof n(ry) = n(g;,) = limy;, n(p,i ), we see that for big enough
i* € I one has n(p;,) € U.

On the other hand, let S := J x HjeJ I’ be equipped with the product order.
For s € S, put ps := p;s, where j, is the first coordinate of s and #’s is the j,-
coordinate of s. Since limc;q; = ¢ and limyicpi pii = g5, we get limg p; = ¢. So, by
the first paragraph of the proof, lims n(ps) = n(q), and hence, for s € S big enough,
n(ps) € V. -

By the last two paragraphs, we can find j € J and i/ € I? (big enough) so that
n(pii) € UNV, a contradiction, as the last set is empty. O
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Appendix B

Side results

This appendix contains various results which have turned up in the context of the
thesis, but remain tangential to the main results.

B.1 On the existence of a semigroup structure
on the type space S:(€)

This section was originally the appendix in [KPR15] (joint with Krzysztof Krupiriski
and Anand Pillay). The original proof of Corollary 6.16 in that paper used what
we may consider an application of Lemma 5.43 to the case of the Aut(€)-ambit
(Aut(€), Sz(€), tp(¢/€)), where € is the monster model and ¢ is its enumeration.
In particular, it used the enveloping semigroup E(Aut(€), Sz(€)). In many natural
cases, the enveloping semigroup of a dynamical system is naturally isomorphic to
that system itself. For example, if we consider (G, fG), then E(G, G) = 5G.

The question that arises is whether or not Sz(€) is its own Ellis semigroup, or in
other words, whether it admits a left topological semigroup structure (compatible
with the action of Aut(€)). In this section, we show that the answer is no, unless
the underlying theory is stable (in which case, the answer is yes).

The general idea is as follows. We establish the inclusion of Aut(€) in the type
space Sz(€) as a universal object in a certain category. This allows us to describe
the existence of a semigroup operation on Sz(€) in terms of a “definability of types”
kind of statement, which in turn can be related to stability using a type counting
argument.

Proposition B.1. Consider Aut(€) C Sz(€) given by o — tp(o(c)/€). Consider
the category C whose objects are maps Aut(€) — K such that:

e K is a compact, zero-dimensional, Hausdorff space,
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e preimages of clopen sets in K are relatively €-definable in Aut(€), i.e. for
each clopen C' there is a formula p(z,a) with a from € such that o is in the
preimage of C if and only if = p(0(¢),a),

where morphisms are continuous maps between target spaces with the obvious com-
mutativity property. Then the inclusion of Aut(€) into the space Sz(€) is the initial
object of C.

Proof. Firstly, Aut(€) is dense in Sz(€), so the uniqueness part of the universal
property is immediate. What is left to show is that for every h: Aut(¢) — K,
h € C, we can find a continuous map h: S:(€) — K extending h.

Choose any p € Sz(€) and consider it as an ultrafilter on relatively €-definable

subsets of Aut(€), and then consider K, := ﬂ{ [D]| D e p} C K. It is the

intersection of a centered (i.e. with the finite intersection property) family of
nonempty, closed subsets of K, so it is nonempty. In fact, it is a singleton. If not,
there are two distinct elements k;, ks € K. Take a clopen neighbourhood U of k;
such that ko ¢ U. Since h € C, h7'[U] = {0 € Aut(€) | = ¢(c0(c),a)} for some
formula ¢(z,a). If ¢(Z,a) € p, then K, C h[h-1[U]] C U = U, a contradiction
as ko ¢ U. If =p(Z,a) € p, then K, C h[Aut(€) \ h~[U]] C K\U = K\ U, a
contradiction as k; ¢ K \ U. In conclusion, we can define h(p) to be the unique
point in K.

We see that h extends h. Moreover, h is continuous, because the preimage of
a clopen set C' C K is the basic open set in Sz(€) corresponding to the relatively
definable set h=1[C]. O

In Corollary B.4, we will establish the aforementioned “definability of types”-like
condition from the existence of a semigroup operation. For this we will need the
following definition.

Definition B.2. Let M be a model (e.g. M = €). A type q(z) € S(M) is piecewise
definable if for every type p(y) € S(0) and formula ¢(x,y) the set of a € p(M)
for which g - ¢(x,a) is relatively M-definable in p(M) (that is, there is a formula
d(y, ¢) (with ¢ from M) such that for any a € p(M) we have ¢ - ¢(z, a) if and only

if 6(a,c)). O

Remark B.3. Let q(z) € S(€). The following conditions are equivalent.
(1) g(x) is piecewise definable.
(2) For every type p(y) € S(0) and formula p(z,y) there is a type p(yz) € S(0)
extending p(y) such that the set of ab |= p for which ¢ - ¢(x, a) is relatively

C-definable in p(€) (that is, there is a formula §(yz, ¢) (with ¢ from €) such
that for any ab |= p we have q F ¢(z, a) if and only if §(ab, ¢)).
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(3) For every ¢(z,y) and every a from € there is some b from € such that the set
of all @'t from € with a’b’ = ab and ¢ - ¢(x,a’) is relatively definable over €
(among all @'t/ from € equivalent to ab).

O

Proof. The equivalence (2) < (3) is obvious. It is also clear that (1) = (2), by
taking z and b to be empty in (2). It remains to prove (2) = (1).

Take any type p(y) € S(0) and formula p(x,y). By (2), there is a type p(yz) €
S(0) extending p(y) and a formula d(yz, ¢) (with ¢ from €) such that for any ab = p
we have ¢ F ¢(z,a) if and only if §(ab,c). This implies that for any a, b, b’ such
that ab |= p and ab’ = p we have d(ab, c) <» d(al,c). By compactness, there is a
formula ¥ (y, z) € p(yz) such that for any a, b, b’ with ab = ¢ (y, z) and ab’ | ¥(y, 2)
we have d(ab, c) <> d(al/, c). Put

&'y, c) := (32)((y, 2) A d(yz, c)).

It remains to check that for any a = p, ¢ F ¢(z,a) if and only if §'(a, c).

First, assume ¢ - ¢(x,a) and a |= p. Take b such that ab = p. Then v (a,b) A
d(ab, c), and so d'(a, c).

Now, assume that ¢§'(a,c) and a = p. Then there is b such that ¢(a,b) and
d(ab, c). There is also v/ with ab’ |= p, and then 9 (a,t’). By the choice of ¥, we
conclude that 6(ab’, c). Hence, ¢ - ¢(x,a). O

Corollary B.4. The natural action Aut(€) x Sz(€) — Sz(€) extends to a left-
continuous semigroup operation on Sz(€) if and only if each complete type over €
is piecewise definable.

Proof. First, using Proposition B.1, we will easily deduce:

Claim. The action Aut(€) x Sz(€) — Sz(€) extends to a left-continuous semigroup
operation on S;(€) if and only if for each ¢ € Sz(€) the mapping h,: Aut(€) —
Sz(€) given by o +— o(q) is in the category C (i.e. the preimages of clopen sets are
relatively €-definable).

Proof of claim. (=) Let * be a left-continuous semigroup operation on Sz(€) ex-
tending the action of Aut(€). Consider any g € S¢(€). Define h,: Sz(€) — S(€)
by Bq (p) := p*q. Then qu is a continuous extension of h,. By continuity, the
preimages of clopen sets by h, are clopen, and therefore their intersections with
Aut(C) (which are exactly the preimages of clopen sets by the original map h,) are
relatively ¢-definable.

(<) By Proposition B.1, for any g € Sz(€) there exists a continuous function
hy: Se(€) — Sz(€) which extends h,. For p,q € Sa(€) define p x q := hy(p). It is
clear that * (treated as a two-variable function) is left continuous and extends the
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action of Aut(€) on Sz(€). We leave as a standard exercise on limits of nets to
check that * is also associative. O(claim)

By the claim and Remark B.3, the whole proof boils down to showing that for
any type ¢(z) € Sz(€) we have the following equivalence: the preimage by h, of any
clopen subset of Sz(€) is relatively definable in Aut(€) if and only if ¢(x) satisfies
item (3) of Remark B.3.

Let us fix an arbitrary ¢(z) € Sz(€), and any formula ¢(z, a) for some a from
€. The preimage by h, of the clopen set [p(x,a)] equals

{o € Aut(€) | o(q) - p(z,a)} = {o € Aut(€) | ¢ F p(z,07 (a))}-

Now, for (<), suppose there is some b from € and a formula é(yz, ¢) (with ¢
from €) such that for any a't’ = ab we have ¢ - ¢(x,a’) if and only if = §(a'V, ¢).
Then (taking a'/ = 0~'(ab)) we have that

¢F ¢(x,07'(a)) <= d(o7 (ab),c) <= = d(ab,0(c)),

and the last statement is clearly relatively €-definable about o.
For (=), suppose {0 € Aut(€) | g - p(z,07 (a))} is defined by some formula
J, i.e. for some d, ¢ from €, for any o € Aut(€) we have

¢ ¢(x,07'(a)) <= Fi(d,o(c)) <= Fdlo7'(d),c).

We can assume without loss of generality that d = ab for some b from € (adding
dummy variables to ¢ if necessary). But then, for a'b’ = ab there is some auto-
morphism o such that o(a'b’) = ab, so we have

gt o(x,d) <= E iV, c). O

This easily implies that stability is sufficient for the existence of a semigroup
structure.

Corollary B.5. IfT is stable, then Sz(€) has a left-continuous semigroup operation
extending the action of Aut(€) on Sz(€)

Proof. If T is stable, then every type over € is definable, so in particular it is
piecewise definable, which by Corollary B.4 implies that the semigroup structure
exists. []

For the other direction, we will use Corollary B.4 and an easy counting argument.
But before that we need to establish a transfer property for piecewise definability.

Proposition B.6. Suppose that each complete type over € is piecewise definable.
Then each complete type over any model M of cardinality less then k (where K is
the degree of saturation of €) is piecewise definable.
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Proof. Take any ¢(x) € S(M). Consider any type p(y) € S(0)) and formula ¢(z,y).
Take a coheir extension ¢ € S(€) of g. Then g is invariant over M. By assumption,
q is piecewise definable. So there is a formula §(y,c) (with ¢ from €) such that
for any a € p(€), ¢ - ¢(x,a) if and only if d(a,c). Denote by A the set of all
a € p(€) satisfying these equivalent conditions; so A is a relatively definable subset
of p(€). By the invariance of g over M, we see that A is invariant over M, and so,
by k-saturation and strong x-homogeneity of €, the subset A of p(€) is relatively
definable over M. In other words, there is a formula ¢’ (y, m) (with m from M) such
that for any a € p(€), g+ ¢(z,a) if and only if §'(a, m). Hence, for any a € p(M),
qF ¢(x,a) if and only if '(a, m). ]

Corollary B.7. Sz(€) has a left-continuous semigroup operation extending the
action of Aut(€) on Sz(€) if and only if T is stable.

Proof. The “if” part is the content of Corollary B.5.

(=) Assume S;(€) has a left-continuous semigroup operation extending the
action of Aut(€) on Sz(€). Then, by Corollary B.4, all complete types over &
are piecewise definable. We will show that this implies that 7" is Jy(|7'|)-stable
(where 2y(|T|) := 22"). Consider any M |= T of cardinality at most J5(|T|). We
need to show that |S1(M)| < 3o(|T|). For this it is enough to prove that for any
¢(z,y) (where z is a single variable) |S,(M)| < Jo(|T]). Without loss of generality
M < €. By Proposition B.6, each complete type over M is piecewise definable.
This implies that each type ¢ € S, (M) is determined by a function S,(0) — L(M)
which takes p(y) to §(y, ¢) witnessing piecewise definability of ¢ (or, more precisely,
of an arbitrarily chosen extension of ¢ to a type in S1(M)) for the formula ¢(z,y).
So [S(M)] < |L(M)[ISOF < (Dp(|T)))2" = Du(T)). O

It is well known that if 7" is stable, then it is 2"l-stable. The reason why we
worked with 3,(|7'|) in the above proof is that this is the “degree” of stability which
we can deduce directly from piecewise definability. Then, knowing that T is stable,
we have the usual definability of types which implies 2/7l-stability.

B.2 Closed group-like implies properly group-
like

Here, we show that closed group-like equivalence relations form a subclass of
properly group-like equivalence relations (in particular, e.g. in Lemma 5.25(2),
in “closed or properly group-like”, the “closed” part is redundant, and likewise in
Lemma 5.43(2).

Proposition B.8. Suppose (G, X, xq) is an ambit and E is a closed group-like
equivalence relation on X. Then E is properly group-like.
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Proof. The proof works via non-standard analysis.

Consider the structure M = (G, X, ), where G has its group structure, while
X has predicates for all open subsets of all its powers, and -: G x X — X is the
group action.

Now, given any N = (G', X', -) = M, we have a standard part function st: X’ —
X: st(2') = 2 when for every open U > z we have 2/ € UY. By the Hausdorff
condition, there is at most one such x, and by compactness, it always exists.
Moreover, note that if 2/ € UY, then st(z') € U. Similarly, a finite tuple of
elements of X also has a standard part (which is the tuple of standard parts of its
coordinates).

Now let M* = (G*, X*,-) = M be a highly saturated elementary extension (to
be precise, it is enough for it to be saturated in any cardinality greater than the
local character of X, e.g. if X is first-countable, we can take any ultrapower of M
with respect to a non-principal ultrafilter). For g € G* let [g]= = st(§ - o). We
will show that G := G* witnesses proper group-likeness of E.

(Note that the action of G* on X* generally does not give us a well-defined
action of G* on X, unless the action of G on X is equicontinuous, as we can have
st(z]) = st(x3) but st(g - x7) # st(g - 23).)

First, we need to show that g — [st(g - zo)|p is a group homomorphism. Let
pu € X3 be the set of triples (z1, 79, x3) such that [x1]g - [z2]p = [23]z. Then
by group-likeness, for all gi,g, € G we have that (g2, g2o, g1920) € i, and
therefore, for any open U O u we have (g1x, g2%0, g1g270) € U. By elementarity,
for all §;, go € G* we have that (§120, §2%0, §1GoT0) € U*, where U* = UM". By the
preceding remarks, we have also that (st(g;x¢), st(g2zo), st(§1g220)) € U.

Now, since X/FE is a Hausdorff topological group, the graph of its multiplication
is closed, and it follows that pu is closed, and as such (because X is compact
Hausdorff), it is equal to the intersection of all the open sets contained it, so
(because U in the preceding paragraph was arbitrary) in fact, we have for any g, go
that (st(g120), st(g220), st(919220)) € i, ie. [st(g120)]E - [s6(g2wo0)]p = [st(G19220)] -

To show that we have pseudocompleteness, note that if we have for some nets
giro — x1 and p; — xo and g; - p; — x3, for any open neighbourhoods U;, Us, Us
of x1, x5, 3 (respectively), there are ¢', ¢” € G such that ¢’z € Uy, ¢"xg € Us and
g q"xo € Us. Indeed, if we take any i such that g;xg € Uy, p; € Uy and g¢;p; € Us,
then we can take ¢’ = g; and ¢” such that ¢"x, € Uy N g; *[Us] > p; (which exist
because (X, ) is a G-ambit, and U, N g; '[Us] is a nonempty open set).

It follows by compactness that we have §;, g2 € G* such that st(g; - z¢) = 21,
st(ga - xo) = 2 and st(§1Gs - xo) = x3, which gives us pseudocompleteness.

For the final part, note that [g1]= = [g2]= means just that for every open
U C X we have that ¢, - zp € U* <> g2 - z9 € U*, which is a type-definable
condition. Thus F}, = {§; Gow0 | [G1]= = [§2]=]} is a type-definable set, so by
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compactness, Fy = {st(z*) | z* € F{} is closed. O

Note that if E is closed group-like, then E itself is a symmetric closed set
containing the diagonal and F o E = E, so & = {E} could conceivably witness
uniformly proper group-likeness of E (according to Definition 5.22). Furthermore,
closed group-like equivalence relations share many properties of uniformly properly
group-like equivalence relations. This suggests the following question.

Question B.9. Are closed group-like equivalence relations uniformly properly
group-like?

The problem is that it is not clear how to choose G: we would need to have
that for every § € G such that [§]= F x, for every other §' € G, [§']= E [§§]=

Note that for G = G* as in the proof of Proposition B.8, there seems to be no
obvious reason for this to be true.
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List of symbols and definitions

agreeable group action, 132
ambit, 27
analytic set, 16
in model theory, 35
Aut(M/{A}), 63
Autf(€), see Lascar strong
automorphism
Autfip (), see Kim-Pillay strong
automorphism
Autfg,(€), see Shelah strong
automorphism

B1(X), see Baire class 1 function
Baire
class 1 function, 29
property, 17
strict, 17
Borel
bireducibility, see Borel
equivalence
cardinality, 23
in model theory, 39
of the Galois group, 45
equivalence, 23
reducible, 23
reduction, 23
set (in model theory), 35

¢, see monster model
cl,, 28, 162
Core(H (uM)D), 62

D, 58

definable set, 35
relatively, 36

dL, 42

domination, 78

dynamical system, 27, 160

E, 142
E(G, X), see Ellis semigroup
E-invariant set, see E-saturated set
FE-saturated set, 25
Eggoo, 104
Ey, 124
E L, see Ellis semigroup
Ellis
group, 27, 164
semigroup, 27, 160
EM 37
Enveloping semigroup, see Ellis
semigroup
=, 36
equivalence relation
bounded invariant, 36
group-like, 69
properly, 72
uniformly properly, 76
weakly, 78
weakly closed, 78
weakly properly, 78
weakly uniformly properly, 78
orbital, 49, 124
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weakly, 126
=kp, see Kim-Pillay strong type
=1,, see Lascar strong type

=gqp, see Shelah strong type
E|27 78

F, set (in model theory), 35

G, 72

G-ambit, 160

G-flow, 160

G°, see model-theoretic connected
group components

G see model-theoretic connected
group components

G0 see model-theoretic connected
group components

Gal(T'), see Galois group

Galo(T), 44

Galkp(T'), see Galois group

Galois group, 44

Galgy(T'), see Galois group

H(G), 158
H(uM), 28, 164
Hp, 123

ideal, 27, 155

ideal group, 158
idempotent, 27, 156
independence property, 63
indiscernible sequence, 36
invariant set, 35

IP formula, see NIP formula
IP theory, see NIP theory

Kolmogorov quotient, 21

¢' sequence, 30
Lascar
diameter, 42
distance, 42
left ideal, 27, 155

left topological semigroup, 155
M, 27, 158

maximal witness (of orbitality), 128
minimal left ideal, 27
model
ambitious, 66
monster, 34
tame, 64
model-theoretic connected group
components, 48

NIP
formula, 63
set, 65
theory, 63

o, 28, 161

p(M), 35

piecewise definable type, 168
g, 27, 160

Tx,g, 27, 160

proper map, 21
pseudo-closed set, 132

quotient map, 15

R, 70

r, 70

Ry ¢, 127

Rosenthal compactum, 29

Sa(M), 36
semitopological group, 155
small, 34
smooth equivalence relation, see
smoothness
smoothness, 23, 39
Souslin operation, 16
Souslin scheme, 16
space
countably tight, 62
Fréchet, 29



Fréchet-Urysohn, see Fréchet
space

of types, 34
Ry, 21
Ry, 21

strong automorphism
Kim-Pillay, 41
Lascar, 41
Shelah, 41

strong type, 37
Kim-Pillay, 41
Lascar, 40
Shelah, 41

Sx(A), 35

Sz(A), see space of types

T, 34
tame
dynamical system, 31
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formula, 63
function, 31
model, 64
topology
logic, 37, 45
sub-Vietoris, 147
T, 28, 163
totally non-meagre, 17
type-definable set, 35

u, 27, 158
uM, 27
uM/H(uM), 164

weakly nonsmooth, 148
weakly orbital by pseudo-closed, 134

X, 126
X4, 35
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