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Abstract

Using the R-matrix formulation of the sl3 invariant of links, we compute the coloured
sls generalised Jones polynomial for the trefoil. From this, the PSU(3) invariant
of the Poincaré homology sphere is obtained. This takes complex number values
at roots of unity. The result obtained is formally an infinite sum, independent of
the order of the root of unity, which at roots of unity reduces to a finite sum. This
form enables the derivation of the PSU(3) analogue of the Ohtsuki series for the
Poincaré homology sphere, which it was shown by Thang Le could be extracted
from the PSU(N) invariants of any rational homology sphere.
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1 Introduction

Suppose that M is a compact oriented 3—manifold without boundary. For any
Lie algebra, g, and integral level, &, there is defined an invariant, Z, ., (M, L),
of embeddings of links L in M, known as the Witten-Reshetikhin-Turaev
invariant (see [16], [10], [15]). It is known that for links in S3, Zx(S3,L) is

a polynomial in ¢ = exp %, namely the generalised Jones polynomial of the

link L.

Now assume that M is a rational homology sphere, with H = |H,(M,Z)]|.
In the normalisation for which the invariant for S2 is 1, denote the invariant
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for the pair (M, (), as an algebraic function of ¢ at K*™™ roots of unity, by
Z(M). For a rational homology sphere M, G = PSU(N) and odd prime K,
Zg(M) € Z[q] (see [1], [7], [8] and [14]), so that for some a,, k(M) € Z, one
has

Zg(M) = ioam,K(M)(q - ™.

Although the a,, x are not uniquely determined, it is known from [5] that
there exist rational numbers A, (M) such that,

A,k (M) = A\ (M)

as elements of Zy for all sufficiently large primes K. For integer homology
spheres, A\g(M) =1 and A\ (M) = N(N? — 1)\(M) where A\(M) denotes the
(SU(2)—)Casson-Walker invariant of M in Casson’s normalisation. As a result,
one may define a formal power series

o

Zoo(M) =3 Amlg—1)",

m=0

with rational coefficients, which is an invariant of rational homology 3-spheres,
M, known as the perturbative invariant of M. This is expected to be the
asymptotic expansion of the trivial connection contribution to Zx (M).

In this paper we use the R-matrix presentation of link and manifold invariants
from [10], to compute the PSU(3) invariant for the Poincaré homology sphere.
Various calculations for the Lie group PSU(3) have been carried out elsewhere;
we mention [9], [12] and [13] specifically for PSU(3) computations while [3]
and [4] obtained more general results on PSU(N) invariants. However the
current paper gives, to our knowledge, the first explicit calculation of the
coloured Jones polynomial of the trefoil, expressed in a form from which the
PSU(3) perturbative invariant of the PHS can be directly obtained.

An outline of the present paper is as follows. In §2, the basic theory associated
with the quantum group U, sl; will be summarised. In §3, we follow [10] and [5]
to give a description of the sl3 coloured Jones polynomial of a link, and of the
PSU(3) invariant of 3-manifolds. This is applied in the last section to compute
the coloured Jones polynomial of the trefoil and hence to to demonstrate how
the coefficients in the PSU(3) perturbative invariant of the Poincaré homology
sphere, may be computed. This is demonstrated for the coefficient of h, which
is verified to be in agreement with the appropriate multiple of the Casson
invariant, while the results of a computer computation of a few more terms
are given.



2 R-matrix and representation theory for U,sl;

Let ¢ = v? = e” be a formal parameter. Define g-numbers, g-factorials and
g-binomial coefficients according to

"t — ™"

] = —— [wzﬁm, )= )

v—v m]  [m]![n —m]!’

The dependence on ¢ will be omitted from the notation.

2.1 The quantum group U,sl(3)

The quantum group A = U,sl(3) is defined by generators H;, X; and Y; for
1 = 1, 2 with relations

[Hy, Xj] = AijX;, [Hy, H]=0

[H;,Y;] = —A;;Y;, [X,,Y;] = 51]% :
X2X; - 21X XX+ X;X2 = 0, for|i—j[=1,
Y2Y; —[2] ViV + VY2 =0, forli—j|=1,

-1

where A; ; denotes the matrix elements of the Cartan matrix (_1 9

). The
comultiplication A: A — A ® A is given by

A(H) =H;®1+1® H;,
A(Xl) — XZ ® ehH¢/4 + e—hH¢/4 R Xz ,
A(}/;) — }/; ® ehHi/4 + e—hHi/4 ® }/; ,

with antipode S: A — A being an antihomomorphism acting on the genera-
tors by

It is convenient to introduce E; = X;e "Hi/* and F, = Y;e"Hi/*. This then
represents A by algebra generators H;, E; and F; with 7 = 1,2 and the following



relations
[HZ,E]] - AZ’JE] 3 [Hl,HQ] - 0
ehH’i/z—e_hHi/z

[H;, Fy] = —AiFy, (B, Fj] = 65—,
F2Fy ~ [ FFF, + FF? = 0, forli—j|=1,
The comultiplication is now given by
AE) =E©l+eil2QE,,
A(F) =FeMl? 110 1,
while S(H;) = —H;, S(E;) = —et™i/2E; and S(F;) = —Fye Mi/2,

There is an adjoint action defined by ad = (L ® R)(Id ® S)A, under which E;
acts according to

(adE;)x = Bz — e M2 g hHi/2

The opposite comultiplication A’ = P o A induces an adjoint action defined
by ad’ = (L ® R)(Id ® S')A’ under which F; acts by

(ad'F))z = Fyx — etfi2geh /2
Using these actions we define, for 1 < i < j < 3, E;; and F}; according to

Eiit1 = By, Fijp1 = F; while

E13 = (adEl)Eg = E1E2 — UE2E1 s
F13 = (ad’Fl)FQ = FlFQ - UFQFl .

These new elements interact with H;, E; and F; according to

[Hi, Exs] = Ens, [H;, Fis) = —Fys
E\Eyy =vTEE, FF3 =vFF,
EyEys = vE3E,, EFi3 =vFF,,

[Br, Fig] = vFpe M0/2, [Es, Fig] = —qFye/?

[E15, Fi] = —qe"™2E, (B3, Fy] = ve M2 |

[E13, F13] = q_qul(eh(HlJfHﬂ/? — e h(H+H)[2y



There are three natural copies of U,sly inside U,sls, namely those generated
by the triples (Hy, E1, F1), (Hs, Ea, Fy) and (Hy + Hy, E13, —q " Fi3).

There is a Poincaré-Birkhoff-Witt theorem [11] which allows the subalgebra
generated by F; for © = 1,2, to be expressed as a vector space with basis
elements of the form E$E? Ef, with a,b,c € Z*. Similarly for the subalgebra
generated by F} and Fs.

2.2 Finite dimensional U,sl(3)-modules

e?mwl

The diagonal matrices e2miTs

with 1 + 29 + 23 = 0, form a

e?mmg

maximal torus in SL;z. The roots are z; —z; with standard root basis {a1, s}
with o; = x; — z;41. The standard inner product then has (o, o) = A;;. Dual
to the standard root basis we have the standard weight basis {1, A2} with
(i, Aj) = 6i5. In our case, \; = 3°; Byja;, where (B;;) is the inverse matrix to
(As),

A= 1/3(2041 —+ 042) , Ao = 1/3(a1 + 2042) .

The positive roots are x; — x; for 7+ < j, and half the sum of the positive roots
is p=x1 —x3 = A1 + A2 = a1 + a, also being the longest root.

The Cartan subalgebra of A is generated by H; and Hs.

For generic values of ¢ (that is, away from roots of unity), any finite-dimensional
irreducible representation of s/(3) has a deformation which is an irreducible
representation of A. Such a finite-dimensional irreducible A-module, V), has a
highest weight vector u, for which Fyu = Eyu = 0, and is spanned as a linear
space by F;*F{3FTu with m, n and r non-negative integers. The action of H;
on v is as scalars, Hyu = a;u, where A = a;A\; + as Ao is the highest weight of
the module (a; and ay are arbitrary non-negative integers). With respect to
the A-basis for weights, the actions of F}, Fi3 and F5, change the weight by

—2\ /-1 1 _
( 1 ), (_1) and <_2>, respectively.

It will sometimes be convenient to use the basis {a;,as} for weights with
2 1

bl) = ( st + /3a2>' Coordinates of

b Ysay + 2kas

weights will now be elements of 5Z x 147 whose sum of coordinates is in-

tegral. The actions of Fi, Fi3 and F, change the weight in the « basis by

(_01> , (:1) , (_01> respectively. Indeed the weights occurring in V), form

respect to which A has coordinates (



a hexagonal array
{(o)
Co
with vertices

() (70" G 2)-(50) - (57 (2
by )’ by "\by—by /) \=b1/)’\ —bi ) \by—by)"

The dimension of the weight space with weight (?) is 1 + min(b; — ¢, by —
2

CiEbi‘i‘Z,—szClel,—bl§02§b2;—51§01—02§b2}

Co, b2 + Cy, bl + Co, b1 =+ C1 — Cog, b2 + Co — Cl).
The g-Gel'fand-Tsetlin bases for irreducible modules are indexed by tableaux

mi3 Mgz M33
Mmio Moo , where m; ;11 < my;; < migq 41,
my1

where the top row is fixed for a given module. In our case, mi3 = a; + a,
ma,3 = az and mz3 = 0. The dimension of this module is $(a; +1)(as+1) (a1 +
as + 2)

2.8 Universal R-matriz for A

Rosso [11] gave a multiplicative formula for the universal R-matrix for the
quantum group U,sl(N + 1) (see also [2] and [6] where general formulae for
U,g are given),

n

3 ) ) h
R=[]e(1 ¢ (~0)" """ By @ Fysa7™) - exp (o)
k=1

where n = L N(N + 1) is the number of positive roots, 5(1), ..., (n) enumer-
ates the positive roots in an order generated by a choice of minimal repre-
sentation of the longest element of the Weyl group and ty = 3=, ; Bi; H; ® H;.
Here we use the quantum factorial

e(u;q)= 3 u

mzo(l—q)...(l—qm)'

m

In our case N = 2, n = 3 and the order §(k) is xo — 23, 1 — 3 and x; — zs.
These elements have lengths 1, 2 and 1, respectively, while E;, . = E;; and



Fy,—o; = Fjj, so that

R=e((1-q")E® Fy;q7)e((1—¢7")*(=¢ ) Ew ® Fiz;q7")
e((1 = ¢)E, ® Fyjq7) - e g QHI®H1+2H>QHy+ Hi@ Hy+ Hy®H1)

This can be written as a sum over non-negative integers p, s, m, n and r
_ (n/e)p+s Linim—3)+Inn-7)+Lr(r-3) (v—vtymtntr
R= & vl 2 () e

EP'ELE(2H, + Hy)P(Hy + 2H,)* @ F"FyF{ HT HS .

As in any quasi-triangular Hopf algebra, R = (Id®S)R. Using the fact that
ST(H;) = —H;, STUE;) = —Ejei?2, S7(EF) = —e Mi/2F; and S7'(Fy3) =
—qge ME+H)/2([ ) — 97 FyF), we obtain
-1 _ (=h/6)Pts —l[m(m—|—1)—|—n(n—|—1)—|—r(r—|—1)]—rn+m(r—n) (v1—p)mtrtr
R™ = p,s,;n:,n,r plsr U 2 CONCIGE

(—1)"Ey*E7E7(2H, + Hy)P(Hy + 2H,)®
QHY Hyy=(rtmHi—(ntm)iz pr ([ Fy — o L By Fy )V F™

Finally, the element K € A which will be placed at suitably oriented local
maxima/minima in tangle diagrams (see §3) is K = ¢f1+#2,

3 Definition of the PSU(3) manifold invariant
3.1 The generalised Jones polynomial

We will use the formulation of the generalised Jones polynomial [10]. Suppose
L is an oriented link in S? and A is a ribbon Hopf algebra. That is, A is a quasi-
triangular Hopf algebra with universal R-matrix, R € A ® A satisfying the
Yang-Baxter equation R Ri3Ro3 = Ro3R13R15. The square of the antipode is
then given by

S%*(a) = uau™ foralla € A,

where u = m(S®Id) Ry, and uS(u) is central. A is also equipped with a ribbon
element v such that

v? = uS(u), S(v) =wv, e(w) =1,A() = (RipRa1) (v @) .
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Fig. 1. Generators of the category of tangles
Let K =v~'u so that S(K) = K.

The generalised coloured Jones polynomial of L is defined when each com-
ponent L; is coloured by a representation V; of A and will be denoted by
Jr(Vi, ..., Vo). We will assume for simplicity that V; are irreducible. Indeed,
according to [10], there is a functor, F, from the category of ribbon tangles
to the category of vector spaces, under which links (closed tangles) map to
scalars, namely J. This functor is defined by its images on the generators
shown in Figure 1.

The two orientations of crossing, in which the strands are labelled with rep-
resentations V' and W as shown, have as images the maps V@W — W RV
given by P o R and R o P, respectively, where P is the permutation of the
factors. The four cup and cap sections transform to maps

V*@V — C VeV — C
(z,y) — 2(y) (y, ) — 2(Ky)
and
C—>VV: C—V*QV
1— Y, e Q¢ 1— Y, K e ® ey

respectively. Here {e’} is the dual basis for V* to the basis {e;} for V.

Suppose that L has one component and T is a 1-tangle representation of L,
that is T € Morph(a, a), where a is the object consisting of one downward
oriented point, such that its closure is ambient isotopic to L. Then the above
prescription can be used to generate a map V — V, for any representation
V' (the colour of the one open strand). This map commutes with the action of
A, so that if A is irreducible it is given by multiplication by a scalar, namely

Ji(V) =




Fig. 2. Decorations on 1-tangle elements

where U is the unknot with framing zero. Indeed Ji; (V') is precisely the quan-
tum dimension of the representation V. In this case, the above functorial
prescription can be realised from 7" in the following way. Suppose 7" is pre-
sented as a tangle diagram in generic position, in which the crossings are
between downward oriented strands. In the neighbourhood of each crossing
decorate the crossing stands by elements of A according to Figure 2, and at
local maxima or minima oriented leftwards decorate the strand by K € A.
Here R =Y, o; ® B; where o, 5; € A and ¢ lies in an indexing set. For a tan-
gle with several crossings, ¢; denotes an element of the indexing set assigned
to the j** crossing.

Then F(T) is the algebra element read off the diagram by tracing the tangle
strand according to its orientation, and writing down the decorations in the
form of a product from left to right, and then summing over all labels i;.

3.2 PSU(3) 3-manifold invariant

As in [5], we will find it convenient to index irreducible A-modules as V,,_,
where p = A+ p € A ;. Thus if u = k1A + kodo = cioq + coan, then
ki =a; +1 and ¢; = b; + 1. The dimension of Vj is %/ﬁkz(/ﬁ + ko) while the
quantum dimension (Jones polynomial of the unknot with zero framing) is
(1] = [k][ke] [k + ko] /[2].

Suppose that ¢ is a K™ root of unity. The prescription of [5] defines for a link
L with ¢ components and framing f; = £1 on the i** component,

(Ly =3 Ty (s s ) [ [ 2q2e e8|
=1

H1y-eeslbe

where J; denotes the coloured Jones polynomial coloured by representations
Vyi+p, normalised to 1 on the unknot and the sum is over representations p; for
which k; and ks, are integers congruent modulo 3 with 0 < k; < K and k1 +ky <
K. As noted in [5], if J} is extended using certain symmetry properties, then
equivalently (up to a constant which cancels in the computation of Zi), the
sum may be taken over representations for which ¢; € {1,..., K — 1}. Here



Q(p) is the framing normalisation

Q(,U’) — q1/3(af+ala2+a§)+a1+a2 — qbf—b1b2+b§+b1+b2

_ ql/3(k%—|—k1k2—|—k%)fl — q6%76162—|—6371 .

The PSU(3) invariant of a 3-manifold M obtained from S? by surgery around
a link L is then

Zi(M) = GT7*G="(I),

where oy are the numbers of positive/negative eigenvalues of the linking ma-
trix of L and G'1 are the bracket values for the unknot with framings +1.
When L is a knot (¢ = 1) with framing f = £1, this reduces to

> O[T (Vi)
Zi(M) = =* Zuqu“)[u]?u . M)

3.3 The PSU(3) perturbative invariant

Writing the coloured Jones polynomial as a power series in h (g = e”), the
coefficients are polynomials in the colour. More precisely, a version of the
Melvin—Morton—Rozansky conjecture allows a representation in the form

T (Vi) = D iy (h) - g1 120 (2)

11,12

where a;,;, are power series in h, and the sum is over integers 7; and 1.

By translating the summand, one can show, as for one-dimensional Gauss
sums, that

irkitisks  U3(k24kiko+k2) _ (2 —irip+i2 Ya(k2+k1ko+h2
ZQ -q (k3 2)_q (G 2)Zq (k3 2)’ (3)
k1,k2 k1,k2

where the sum is over the parallelogram in ¢;’s mentioned in the previous
section (equivalently, over a fundamental region with k; and ks congruent
modulo 3, up to translations in the k; and ky directions, say modulo 3K).
Since [k]> = (v — v ™) 7%(¢* + ¢7* — 2), we can expand [u]* as

[k1]2[k2]2[k1 + k2]2 = (’U — U_l)_G Z Cabqak1+bk2 5
a,b

10



where f,;, take non-zero integer values for precisely 17 lattice points (a, b), as
represented by the matrix

in which the lattice coordinates a and b take the values —2, —1, 0, 1 and
2. Evaluating the individual sums obtained from this expansion, using 3, it
follows that

6[2] fq %
S [P lkaPy + hoJ2g B0t esd) = OATT 7 tuennirsd

k1,k2 (U - U_1)3 k1,k2
Equation (1) now gives
1 ~ I
Zx(M) = —E[Q]fqu(v — 13 Z biyiq F(i2—iria+i3) : (4)
11,82
where

T, (Vs p) = D biys g2

11,02

and b;,;, are Laurent power series in h. A term ¢"tF12k2 in J! contributes
grkitizke[ ]2 = (v —p )62 72 3, ) Copg i TR HE2t0k2 46 J7 14]2 and therefore
its contribution to Zx (M) is, according to (4)

%[2]*1 (v — v 1) 3g i —iriatis)
2f _ 9,f(42i1—1%2 i9—241 2i2—11 11—2%9 114142 —i1—i2
6% — 2¢7 (¢ + 72 g7 4 g PR 4 g g )
+2q—f(q3i1 _|_q—3i1 _|_q3i2 +q—3i2 +q3i1—3i2 +q3i2—3i1)

_q—2f(q4i1—2i2 + q2i2—4i1 + q4i2—2i1 + q2i1—4i2 + q2i1+2i2 + q—2i1—2i2)] .

It can be directly verified that this represents a power series in A (with only
non-negative powers of h) >0, p,(i1,i2)h™ where the first three terms are
given by

pO:1: p1:_4fA7 p2:5A2+2A7

11



where A = i? — 4145 + i3. More generally, p, is a polynomial in 7; and 4y of
degree at most 2n. Thus we have a linear map from terms in Jj (V,,) to terms
in Z,.(M), over the ring of formal power series in A,

T B — QJ[A]]

. . X
qzlk1+12k2 }_> Zopn(ll, 7/2)hn )
n=

where B is the ring generated by ¢ *¥17%2*2 gver Q|[[h]]. The coefficient p, itself
can be extended linearly to a map B — Q][[R]], and can be expressed as
the formal evaluation at k; = ko = 0 of a differential operator of order 2n
(in h‘laik1 and h‘la%z). The following lemma is an immediate consequence,
and will be used in the next section to compute the first coefficients in the
perturbative PSU(3) invariant of the Poincaré homology sphere.

Lemma Ifx € B is a product of r terms (r > 2n) of the form g* k1 tazk2+b _
q@kitakett (with a;, !, b and b integers), then p,(z) is divisible by h™=2"
r_+1]

2

and hence 7(z) is divisible by hl

For K € N, J] reduces to a finite combination of terms as in (2), that is the
sum over i; and ip becomes a finite sum. Then Zx (M) = 7(J}). On the other
hand, one can always write J; in the form of an infinite sum of form (2), the
only dependence on K being via the variable ¢, which is such that at a root of
unity, all but a finite number of terms vanish. Thus, so long as certain formal
convergence conditions are satisfied by J; (which it can be seen from the R-
matrix description of J; are always satisfied), 7(J}), where J} is considered
as an infinite series (2), will be a well-defined power series in Q[[A]]. This is
Zs(M), the PSU(3) perturbative invariant of M.

4 FEvaluations on the trefoil
4.1  Diagrammatric evaluation

We use the 1-tangle realisation, 7', of the trefoil knot shown in Figure 3. The
prescription given in the last section gives

‘F(T) = Z ﬁiaahﬂilKO‘iaﬁQail -

1112213

Suppose that V' is an irreducible representation of Uysls. Then F(7T') will act as
multiplication by J;,(V') on V, and this action may therefore be determined by

12



= N (,Q/Z—'

Fig. 3. Trefoil

calculating the action on the highest weight vector u. Here L' is the trefoil with
framing three. Using the formula for the universal R-matrix given in the last
section, we see that «;, is a product of H;’s with E5** ET4 ET*, which annihilates
u unless my; = n; = r; = 0. Similarly from f;,, we see that ms = ng = r3 = 0.
Thus we obtain

(Q)Pl +s1+pa+sa+pz+sg

6 n (,U_,U—l)m+n+r

! —
J p(V)u=
P1,81,P2,82,P3,53
m,n,T

1
palmm= 3 tnln =043 gbs frss B B By (2H, + Ho)P (Hy + 2H,)* HY H3!
K (2H, + Ho)P*(H, + 2H,)* Fy" Fs FTHY H? (2H, + Ho)? (H, + 2H,)* u .

p1lsi!palsalpslss! (_1) [m]![n]![r]!

Performing the sum over the p;’s and s;’s gives

v—p )T o o o
IL'(V)UZ > (_1)71WE2 ESETETF3 Fiu

m,n,r

1
qa%-f-lll az+aZ+ar +azy3 [m(m—T7)+n(n—15)+r(r—7)]—3maz —3n(a1+a2)—3ra; )

A change of framing by 1 contributes a factor q1/3(“%+a1“2+“3)+“1+a2, as can be
verified by computing the action of }°; 8; Kc;, coming from a 1-tangle repre-
sentation of the unknot with framing 1. Thus the coloured Jones polynomial
of the trefoil with zero framing, L, is given by

n (U_U—l)m+n+r

JL(V m n n m n T
ngV;u - m%r(_l) [m]'n][r]! EFESETF s Fu

v % [m(m—=T)+n(n—15)+r(r—7)]—3maz —3n(ai1 +a2)—3rai —4a1—4a2

4.2 Quantum group calculation

We shall calculate the action of EJ*ETyETFI"FI4F] on the highest weight
vector u in the irreducible A-module, V, with highest weight A = a;A; + ag)s.
This action will be multiplication by a scalar.

13



Let Ump, = F3"F3F]u. By the Poincaré-Birkhoff-Witt theorem [11], a ba-
sis for the subalgebra of A generated by Fy and Fy is {F)"F[4F] }in,r, and
therefore the vectors u,, ,, span V).

Since [E}, Fi3] = v?e *11/2F,  we can inductively show that

EfFlg = FlgEf + Us+1[8]€_hH1/2F2Ef_l .

Again using induction, one obtains

minn,s '
SEN — JG+s—n+1) [T [S] —hjH1/2 ) =3 s—j
ESFT, = ;) v [j]i[s—j]!e V2R il

Since {F{u},L, is a Uysly-module, under the action of the subalgebra gener-
ated by Hi, Fy and F}, thus

Jrifar —r + t)!

EtFry =
= i ar — ]!

Fl . (5)

Applying (4.2) to the vector F{u and using with ¢t = s — j, we find that
Eitpy e = FH(ESFTY) Flu is given by

Eftmpn,r j§’;j<j—s—al+2r>+s[n] [ 7] [s]![ar —r + 5 — ]!

jlls—j [a; — ]!

j Ut jin—jr—s+j - (6)

j=max0,s—r

Next observe that [Fys, Fy] = ve M2/2F, so that
2 —a1— 1
E13um,n,r = E13F2um—1,n,r = F2 E13um—1,n,r +v mAn—ar—atrt [n]um,n—l,r
+,U2m+n—a2—r—|—1[a1 —r+ 1][T]um—1,n,r—1

using (6) with s =1 to reduce Eyvy,_1 4, Iterating this equation leads to

E13um,n,r = F2mE13u0,n,r + Um—l—n—al —a2+r+2[m] [n]umﬂ*lﬂ"
+ o™ )y — 7+ U1 (7)
Since [E3, F13] = i(leJ’H? — v~M1=H2) one can prove inductively that

1—¢

— m 3
Ey3upn, = Fl§Ei3ug 0, — v°[a1 + a2 —n — 1 + 1][n|ug n-1, -
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The first term vanishes, since E13F7u = 0. Substituting this into (7) gives

Eistmp, = —v"3a; + a2 —m—n—r+ 1numa 1,

+omtn=a2 =2 (mlla; —r + 1)[rum-1mr-1 -

Applying this equation recursively leads to

mink,r o .
Ef; U, = > (—1)kiyinoazortick—1)+k(m+3) [k]

i=max0,k—n ?

[m]!a1—r+i)![r]![n]{a1+a2 —m—n—r+k]! ) o
[m—il'[a1—r]\fr—i]![n—k+i]'[a1+as —m—n—r+i]! Um—in—k+ir—i -

The particular case of interest for us is

E1n3Um+j N = (_1)nfjvfj(j+a2+1)+n(m+j+3) [’I’L]'

%:ﬁi]l!@}]]:[[giiﬁ:ziﬁ“m,o,o :

Combining with (6) for s = r and noting that EJ'FJ'u = v Tz —m]ity We
obtain
By BB PPy Fu=" 3 (1) (oo iriminins
=0

[0 ) e e enlen o il

J

4.8 PSU(3) invariant of the Poincaré HS

Combining the results of the last two subsections gives the coloured Jones
polynomial of the trefoil as

J(V) _ _o\mtntr [TV][T [m+j]![a1]![az2]![a1 +a2—m—j]!
- Z E (U v ) [] ] []] [m]![a1—7]![az—m]![a1+a2—m—n]!

(_1)jv%[m(m75)+n(n79)+r(r75)]73ma2f(3n+j—|—4)(a1 +a2)—3rai+j(r+n—1)+mn )

Observe that the dependence of the summand on the colour variables a; and
asy 1s via a factor

(U _ Ufl)m+n+rvf(3n+3r+j+4)a1f(3m+3n+j+4)a2 [al] o [al —r+ 1]

Jag] ... Jlag —m+1]-[a1 +as —m—j]...[a1 +aga — m—n+1],
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which is (v — v™)? times a product of m + r + n — j differences of the form
glana2) _ g'(a1,02) where | and I’ are affine linear functions of the colours a; and
ap. By the lemma in §3.3, the contribution to Z,(M) coming from this term
will be divisible by Alm+r+n+i+1/2] Thys, in order to compute the coefficient
of any power of h in 7(J}), only a finite number of terms (m,n,r, j) will be
involved. The resulting series is Zo (M), the perturbative PSU(3) invariant
of M.

In particular, those terms contributing to h° and h' terms in Z, (M) will
come from m + n + r + 7 < 2. The restriction 7 < n,r ensures that in these
cases j = 0. The values of (m,n,r) and the associated terms in J; are listed
below. We have transformed a; into k; = a; + 1, while the last column lists the
contribution (up to order h) to Z,,(M).

(O, 0’ 0) q472k174k2 14+ (4 _ ]_6f)h
(1,0,0): g-2—3ks _ g5-2hk1—dky s (=1420f)h
(0,1,0): gt-3k1=3k> _ g6—4k1—dkz —y (—2+428f)h
(0,0,1): gt-3k1—2k2 _ g5—4k1—2k2 s (“1420f)h
(2,0,0): g1tk _ (g5 4 ¢8)q 21—k 4 oT-2hk1—6ks N _8fh
(0,2,0): g* #1742 — (g0 4 ¢T)g 2R~k 4 OO —8fh
(0,0,2): gt 412k _ (g5 4 gB) g Sk1—2ka  oT—6k1—2k2 N —8fh
(1, 1’ O) q473k174k2 + q874k176k2 _ q774k175k2 _ q573k175k2_> _4fh
(]_’ 0’ 1) q4—3k1—3k2 + q6—4k1—4k2 _ q5—3k1—4k2 _ q5—4k1—3k2_> 4fh
(0’ 1’ 1) q4—4k1—3k2 + q7—6k1—4k2 _ q5—5k1—3k2 _ q6—5k1—4k2_) _4fh

Hence Z,, = 1+ 24fh+ O(h?), in agreement with [5] which predicts that the
coefficient of h in the PSU(N) perturbative invariant of an integer homology
sphere is N(N? — 1)A\(M), where X\(M) is the Casson invariant. Using Math-
ematica [17], the above algorithm can easily be implemented to give the first
few terms for both positive and negative integer surgery on the trefoil (that
is, for the Seifert fibred manifolds (2, 3,5) and (2, 3,7)),

Zoo(M™T) =1+ 24h + 432h2 + 7920h% + 161424h* + 3718483.2h° + - - - |
Zoo(M~) =1 — 24h + 576h? — 15264h3 + 455904h* — 15324595.2h° + - - - .

16



Changing variable to z = ¢ — 1, we get series

Zoo(M*) = 1+ 24z + 42022 + 74962° + 1499342* + 34091402°
+975000902° + 250821108027 + - - -

Zoo(M™) =1 — 24z + 5882 — 1584813 + 4793342* — 162636002°
+6150446481° — 2572083036027 + - - -

which we can expect to have integer coefficients as for the (SU(2)) Ohtsuki
series for integer homology spheres.
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