DOUBLE ROOTS OF RANDOM POLYNOMIALS WITH INTEGER
COEFFICIENTS

OHAD N. FELDHEIM AND ARNAB SEN

ABSTRACT. We consider random polynomials whose coefficients are independent and identically
distributed on the integers. We prove that if the coefficient distribution has bounded support and
its probability to take any particular value is at most %, then the probability of the polynomial to
have a double root is dominated by the probability that either 0, 1, or —1 is a double root up to
an error of o(n~?). We also show that if the support of coefficient distribution excludes 0 then the
double root probability is O(n~2). Our result generalizes a similar result of Peled, Sen and Zeitouni
[13] for Littlewood polynomials.

1. INTRODUCTION

Let n € N and let (£)o<; be a sequence of independent and identically distributed random
variables taking values in Z. Define the random polynomial P = P, by

P(z) =Y &2, (1)
j=0

In a previous paper, Peled, Sen and Zeitouni [13] showed that if the random variables are supported
on {—1,0,+1} with max,cq_1,01; P(§o =z) < %, then the probability of P to have a double root

in the complex plane is same as having a double root at 0,41 up to an error of o(n~2). In this
paper, we extend the result for more general integer-valued random variables. Our main result is
the following.

Theorem 1.1. Suppose the coefficient distribution satisfies the following conditions.

There exists constant M > 1 such that P(|{o] < M) = 1. (2)
P(6r=2) < 3)

max ==z —.

TEL 0 -2

Then we have

as a double root) = as a double root at either 0,—1 or 1) +o(n~ as n — o0.
IP’(Ph doubl ) IP’(Ph doubl her 0, —1 1) (n~2) (4)

Moreover, if P(§o = 0) = 0, then IP’(P has a double root) =0(n7?).

We make a few remarks about the above theorem.

(1) When P(§y = 0) = 0, the upper bound in Theorem is sharp. When §;’s are i.i.d.
+1 symmetric Bernoulli and (n + 1) is divisible by 4, then it was shown in [13] that the
probability of having a double root is ©(n=?2).
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(2) We can have a better error bound if we allow the possibility of having double roots other

low-degree roots of unity. More precisely, our proof can be modified to show that for any
fixed d > 1,

]P’(P has a double root)

= P(P has a double root at 0 or some roots of unity of degree at most d) + o(n™%9).

(3) The bounded support condition can be weaken with minor modifications of our argu-
ments. We did not pursue that here for sake of simplicity. On the other hand, we do not
know how to relax condition on the size of the maximum of atom and it seems that
the current bound % is a limitation of our proof. In fact, we believe that both conditions
are unnecessary and that the result should hold for any non-degenerate integer-valued
coefficient distribution.

(4) Even though some parts of our proof closely follow the lines of arguments from the paper
of Peled, Sen and Zeitouni [I3], extending the result to general integer-valued coefficients,
however, poses a few significant challenges. For example, to handle high-degree double
roots, we need a key anti-concentration estimate for P(+2) given in the form of Theorem
When the coefficients are £1-valued, the map (ag,...,a,) — >, ; a;2" : {-1,1}"T1 - Z
is one-to-one, which immediately implies the bound that

P(P(+2) = m) < (max P(& = z))"

The paper [I3] made use of the above simple observation. But for more general integer-
valued coefficients, we lose such one-to-one property, which makes proving Theorem (1.2
nontrivial. One consequence of this difficulty is that the result here requires the maximal

atom of the coefficient distribution to be at most 1 while in [I3] atoms up to —= could be

\/g
handled.

Moreover, the argument used in [13] to deal with low degree roots does not carry over
either. In [I3], P was always a monic polynomial and hence its roots were algebraic inte-
gers. For algebraic integers, one can use some partial result (see, e.g., Dobrowolski [5]) on
Lehmer’s conjecture to show that any non-zero algebraic integer is either a root of unity or
has a conjugate which is a bit far (depending on its degree) away from unit circle. In low
degree case, [I13] made use of this dichotomy of algebraic integers. In contrast, in our case
we also have to deal with non-monic P, so its roots are algebraic numbers in general. Such
dichotomy is not available for algebraic numbers. For example, there are algebraic numbers
which are not a root of unity and all of its conjugates lie on the unit circle. This requires
new methods for handling such roots which are given in sections 5] and [6]

A key instrument in the proof of the theorem, which may be of independent interest, is the
following anti-concentration bound.

Theorem 1.2. Under condition there exists € > 0 such that for alln € N large enough we have
maxIP’(P(iQ) = m) < 27z +e),

meZ
We proceed as follows. In Section [I.I]we provide some notation and reduce Theorem[I.1]to several
key lemmata. In Section [2| we prove Theorem [1.2} Each subsequent section is then dedicated to
the proof of one of the key lemmata stated in Section [1.1

1.1. Proof Overview. Preliminaries. Recall that a real number « is called algebraic if it is a
root of a polynomial with rational coefficients. Let A denote the set of algebraic numbers. The
minimal polynomial of o € A is the unique least degree monic polynomial in Q[X] with a root at a.
The algebraic degree of « is the degree of the minimal polynomial of o, which we denote by deg(«).
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A real number « is said to be an algebraic integer if all the coefficients of its minimal polynomial
are integers.

We define A(a), the house of a, by

Aa) = max o],
je(l,...deg(@)}
Where a1 = a,. .., Qgeg(q) are the conjugates of a, i.e., the roots of the minimal polynomial of a.

We further define the associated minimal polynomial of o in Z[z] to be the unique polynomial in
Z[z] of degree deg(a) with a root at «, whose leading coefficient is positive and whose coefficients
are coprime.

Main lemmata. The proof of Theorem breaks into several cases. In what follows in this
subsection, we let P be as in Theorem with coefficient distribution satisfying and .

We first consider the probability of having a double root of algebraic degree and prove the
following result.

Lemma 1.3 (high degree). Given any B > 0, there exist a constant Cy > 0 such that
P(P has a double root a with deg(a) > Cylogn) = O(n~B).

The proof of Lemma follows the line of arguments given in [I3], which, in turn, was based
on idea that appeared in a work of Filaseta and Konyagin [7]. However, several modifications are
needed when dealing with general integer-valued coefficients. Most crucially, we need a new anti-
concentration bound (Theorem that consumes the bulk of our effort. Let us point out here
that Theorem is the only place where Assumption is crucially used.

By virtue of Lemma [1.3] we now have to deal with potential double roots with low algebraic
degree, more precisely, with degree at most Cylogn. In the next lemma we show that the probability
that P has a root at an algebraic numbers of low degree such that one of its conjugates lying at a
distance of at least Q((logn)~!) from the unit circle is negligible.

Lemma 1.4 (low degree roots far away from the unit circle). For every B > 0 and Cy > 0, there
exists C71 > 0 such that

P(P has a root o : deg(a) < Cologn and A(a) > 1+ ;<2 ) = O(e,%)‘

logn

For the proof, we use a simple sparsification of P to bound the root probability for each fixed
low-degree algebraic number lying far away from the unit circle and then employ a rather crude
union bound. After Lemma [1.4] we next deal with the low degree double roots with small house
(i.e. all of their conjugates lying close to the unit circle). We break this into two cases. First we
consider the case when the degree of the root is at least 5 and we show that

Lemma 1.5 (low degree roots close to the unit circle). For every Cy > 0 and Cy > 0, we have

P (P has a root o : 4 < deg(a) < Cologn and Ala) <14 ;&4 ) =o(n7?).

logn

From a standard application of inverse Littlewood-Offord type results, it follows that for any
fixed algebraic number a of degree at least 5, P(P(a) = 0) = O.(n~5/2%¢), for any ¢ > 0. This
is shown in Lemma More importantly, to prove Lemma we need to count the number of
algebraic numbers « such that deg(a) < Cplogn and A(a) <1+ locgn' Towards this direction, we
show in Lemma that they are at most o(n®) in number for any ¢ > 0. The counting estimate
makes heavy use of a result of Dubickas [6].

Finally, the next lemma takes care of the potential double roots that have degree at most 4

(excluding 0, £1) and have small house.

Lemma 1.6 (roots with degree at most 4). For every Cy > 0 and C; > 0, we have

P (P has a double root o« #0,+£1 : deg(a) <4 and Ala) <1+ G ) = o(n~2
g

logn
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It is not hard to see that if « is a root of P for large enough n satisfying the conditions that
deg(ar) = O(1) and A(a) = o(1), then it must be a unimodular root, i.e., all of the conjugates
of @ must lie on the unit circle. Now if « is a root of unity, we closely follow [I3] to bound the
probability of having a double root @ which involves an application of an anti-concentration bound
due to Sarkozi and Szemerédi [14]. However, when « is unimodular but not a root of unity, we need
a new argument to bound the probability of having a double root at . In fact, in Lemma [6.1] we
show that P(P(a) = 0) = O(n~%/?). The argument relies on a powerful anti-concentration bound
by Halész [§].

Clearly, the first assertion of Theorem is an immediate consequence of lemmata
To prove the second assertion of Theorem , note that since P(§y = 0) = 0, with
probability one, P can not have a root at 0. So, we need to show that

P(P has a double root at +1) = O(n~?).

The above bound follows from an application of optimal inverse Littlewood-Offord theorem [I§],
Theorem 2.5]. For details, see Lemma A.5 in [4] where the same has been proved under the
assumption that &, has bounded (2 + ¢) moment. This completes the proof of Theorem [1.1

2. ANTI-CONCENTRATION OF P(+2)

In this section we prove Theorem [I.2] As an important first step, we will find a very useful a
characterization of integer-valued measures with max-atom bounded by % in terms of mixture of
two-point distributions.

2.1. Bernoulli mixture. A probability measure p is said to be a (unbiased) Bernoulli measure if
w= %5(1 + %(51,, where a # b € Z and 6, is the Dirac measure at . A countable mixture of unbiased
Bernoulli measures is simply said to be a Bernoulli mixture. In other words, a probability measure
1 is a Bernoulli mixture if it can be written as

1 o
=g 200+ )

where ¢; > 0 satisfy >, ¢; = 1 and a; # b; € Z for each 1.
Note that if the distribution of a random variable £ is a Bernoulli mixture, then there exist a
random vector (I, A) on Z x N, such that

¢ L1+ BA, (5)

where B is a Ber(%) random variable, independent from both I and A. With a slight abuse of

notation, we will also call such a random variable £ a Bernoulli mixture.
The following proposition gives a useful characterization for Bernoulli mixtures.

Proposition 2.1 (Bernoulli mixture). A integer-valued random variable £ is a Bernoulli mizture
if and only if it satisfies max ¢z }P’(f = x) <1/2.

Clearly, the necessary part of Proposition [2.1] is trivial. Most of the reminder of Section [2] is
dedicated to proving the sufficient part.

Let p be a non-negative positive finite measure on Z. It induces a unique total order (m!);en
on Z such that wj’ := p(n}') are monotone non-increasing (i.e., w;' > wf if i < j) and 7" < 7% if

n_

“w
w; = w;. Then u can be expressed as

= waﬁ.

€L
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We write M for the collection of non-negative finite measures p on the integers (including the null
measure), which satisfy wi < u(Z)/2. Also, for any non-null finite measure p on Z, we denote by
i the normalized probability measure f(-) := pu(-)/u(Z).

To prove Proposition we use the following couple of lemmata.

Lemma 2.2. If u € M is non-null and p is supported on at most 3 integers, then [ is a mirture
of at most 3 Bernoulli measures.

Proof. We write
n= wlém + w25ﬂ2 + w357r3
where wy > wy > w3 and 2?21 w; = 1. We then give the explicit decomposition:

p= (w1 + w2 —-u@)(%5ﬁ14—§5ﬁ2)—+(un<+103——ua)(%5w14—%5WS)—+(ua-+QU3——uq)(%6ﬂ24—%5ﬂ3>.

It is now straightforward to check that each of the weights is non-negative and that equality
indeed holds. ]

Lemma 2.3. Let k > 4 be an integer. Every u € M can be written as
p=v+p,

where either [ is either the null measure or B is a Bernoulli measure, and v € M and satisfies
v(my) = 0.

Proof. Set 3 := wzdﬂ{c + wZ’éﬂg and v := pu — 3. It only remains to check that v € M, that is, the
fact that w¥ < v(Z)/2. To see this, observe that 7% € {m{',74'}. If ¥ = 7', then, since p € M, we

have 7
wlf:w’f—wzgug)—w;j:

v(Z)
5
On the other hand, if 7} = 74, we get that

W — b < WL We Hws — e v(r) () +u(ny) _ v(Z)
1 =W = = = :
2 2 2
The lemma follows. U

Proof of Proposition [2.1. Write u; for the distribution of £. Define a decreasing sequence of finite
measures (p;);ey on Z inductively as follows. Suppose p; has already been defined and p; € M.
An application of Lemma to p; with & = 4 yields the decomposition p; = 5; + piy1 with
pi+1(mh") = 0 where $; is either the null measure or f; is a Bernoulli measure and ji;41 € M. This
defines the measure p;41. Since (1;);en is a decreasing sequence of finite measures, it has a limiting
measure (possibly null) which we denote by jio. Thus we write

€N
All that remains in order to prove the proposition is to show that p. is supported on at most 3
integers, and then apply Lemma 2.2
To that end, assume, if possible that, there exists four distinct integers aq, ao, as, as such that
too(a;) > 0 for all 7. Set ¢ := min{puco(a;): 1 <i <4} > 0. For each ¢ € N, define the set

L ={x €Z: pi(z) > c}.

Since pt; | pioo, Li 2 Lit1 and aq, ..., a4 € L; for each i. Thus 7y* € L; and hence, by the definition
of the measure p;11, we have Ly C L;yq \ {m}*}. This implies that |L; 1| < |L;| for each i. Since
|Li| < oo, this contradicts the fact that |L;| > 4 for each i. Hence, poo is supported on at most 3
integers. g

Using Proposition [2.1] we may reduce Theorem [I.2] to the following proposition.
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Proposition 2.4. Let (X;)1<i<n be i.i.d. random variables whose distribution is a Bernoulli miz-
ture. Then there exists € > 0 such that for n € N large enough and every sign sequence (0;)1<i<n
with o; = £1, the following holds.

n
; (L
gnlg%ﬁb(ngXi =m) <2 n(z+e),

2.2. Proof of Proposition In this section we prove Proposition Throughout the section
we fix a sign sequence (0;)1<i<n With o; = £1. In the course of the proof we shall make several
claims whose proofs are given in sections and

For k € Z we write L(k) for the leading power of 2 in the factorization of k, i.e., L(k) = max{l €
Zy : 2! divides k}. Since (X;)1<i<n are i.i.d. Bernoulli mixtures, following the representation ,
we can express X; as

Xi =1+ BiA,

where (I;, A;)1<i<n are ii.d. random vectors in Z x N and (B;)i<i<, are i.i.d. Ber(%) random
variables, which are independent from (I;, A;)1<i<n. Define

n
Pmax = Iﬁg}z{P( ; 2'0; X; = m)

We obtain an upper bound on pmax using the following claim, whose proof we delay to Section 2.3

Claim 2.5. Let (B;)1<i<p be i.i.d. Ber(%) random variables and let (b;)1<i<n and (d;)i1<i<n be any
two sequences of integers. Then

meEZ —

Applying Claim [2.5 we have,
n
Prmax < ZP(\{L(T@-AQ L1<i<n}| = 5)2—8.
s=1

Observing that L(2'0;A;) = L(2'A;) for all 4, it would suffice to show that for large enough n
we have,

f:P(HL(TAi) c1<i<n}| = s>2_5 < 9-n(1/24e),
s=1

Here and in the rest of the proof we let £ be a small positive constant, chosen to satisfy various
constraints which are specified along the proof.
Taking w; := L(A;) for 1 <i<mn,and W := [{i + w; : 1 <i <mn}|, we may rewrite the above

inequality as
n

> P(W =s)27° <on(1/2He), (6)

s=1

By rewriting the LHS of @ as
M PW=s)27+ Y PW=s)2",
1<s<n(1/24¢) n(1/24+e)<s<n
we observe that

> P(W=s)2"<n ( max P(W = an)27°" + 2"“/2*5)) : (7)
= a€(0,1/2+¢)
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Plugging into @ we get that it would be enough to show the existence of ¢ > 0 such that for
large enough n,

max IP’(W = om)2_°m < 9—n(1/2+¢)
a€e(0,1/24¢)

Multiplying both sides by 2™/2 it reduces to showing that for n sufficiently large,

max P(W = om)2”(1/27a) <27 (8)
ae(0,1/2+¢)

In order to show , we use the following lemma.

Lemma 2.6. Let (w;)1<i<n be i.i.d. non-negative integer-valued random variables, and define W =
{i+w; : 1<i<mn}|. Then the following holds.

(a) For any o € (0,1) with an € N, we have

P =en) s (1 )or< (2)

(b) Furthermore, there exists ¢',e' > 0 depending on « and the law of wy such that if o € (1/2 —

8',1/2+44"), then
n(l—a)
’ (6
— < —E&mn
P(W om)_e <1—a> .

Proving Lemma [2.6] is the main technical step in the proof of Proposition [2.4] and we devote
Section [2.4] to its proof.

The following claim, whose proof we delay to Section [2.3] captures two technical properties of
the bound obtained in Lemma

Claim 2.7. For n € N, we define a function f, :(0,1) = Ry as

o n(l—a)
fn(a) = ( ) 2n(1/27a).

l—«o

Then the following hold.

(a) There exists co > 1/2 such that f,(a) is strictly monotone increasing in (0, co).
b) Let cg be as in part (a). Then for any c > 0 there exists 0 < § < co—2% such that fn(2+8) < 27,
2 2

Finally we are fully equipped to demonstrate the existence of ¢ > 0 such that (8 holds. Let ¢, ¢’
be as in part (]ED of Lemma and let ¢y be as in part (a) of Claim By part (]E[) of Claim
applied to ¢ = £'/2, we get that there exists § € (0,¢o — %) such that fn(% + 5) < 2%, We take
€ := min(cy — %, 8,0, %/) We are thus left with verifying ({8]).

Applying Part @ of Lemma and part @ of Claim we get that,

e _ n(l/2—a) _ 1
I : ae(lg,lfl/}é—a]P(W an)2 < ae(%,lla/};—a} fala) = fu(5 —¢€)
1. )
=2n((%+8) logQ(%)%) < Qn((%+s) o8 (1_ %2+€)+6) < 2_<$_1)5” <27 9)

using the inequality logy(1 — z) < —@ for x > 0. From part (]ED of Lemma we obtain

I = P(W, = an)2"/270) <27 max  fu(a) =27 fu (3 + <)

max
a€c(l/2—e,1/2+¢) a€c(l/2—e,1/2+¢)

5l

<27, (34 0) <272 =27 <2,
Therefore max (I, I) < 27" and we obtain (8], as required. O
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We remark that if our interest was limited to obtaining the theorem for the case € = 0, it would
have been possible to use only the first part of Lemma [2.6] which is, as will become evident, easier
to obtain.

2.3. Proofs of the claims. This subsection consists of the proofs of the two claims used in the
proof of Theorem

Proof of Claim[2.5. Let k := [{L(d;) : 1 <4 < n}|. Let us assume, without loss of generality,
that the values of L(dy), L(dz), ..., L(dg) are distinct and moreover, L(dy) < L(dg) < --- < L(dg).
Now, by conditioning on the random variables Byi1, Bx12,. .., By, we have

n n i
o P(Y b b = m) = (3B = m) < macP(3 i = m).
=1 i—1 —
It would now suffice to show that for all m € Z we have

k
P(Y diB;=m) <27%.
1=1

To see this, it would be enough to show that Zle d; B; takes distinct values for every choice of
values of (B;)1<i<k in {0, 1}*. Indeed, let (a;)1<i<x and (a})1<;<x be two distinct vectors of {0, 1}¥,
and let » = min{i € N: a; # a}}. By definition,

k k
Zdiai = Zdia; (mod 2L(d”)+1),
i=1 i=1
and therefore the corresponding sums are distinct. ([l

Proof of Claim[27 Notice that f,(e) = fi(a)”, and fi(e) > 0 for all a € (0,1). For Part (d)) it is

therefore enough to show that
(1-a)
fi(a) = ( o ) (1/2-0)

l—«o

is strictly monotone increasing. Taking logarithm it is enough to show that

9(a) 1= Tog fi(a) = (1 - a)(log o~ log(1 — ) + (5 — ) log2,

is strictly monotone increasing. Differentiate g to get
1
g (a) = —loga +log(l — a) + — — log 2.
Q

For o < %, log(1 — a) > loga and é > log2, and thus ¢'(a) > 0. By continuity of ¢’ at o = %,
there exists ¢y > % such that f/(«) > 0 also for o € [%, o), as required.
For part (b, notice that fl(%) = 1. Let ¢ > 0 be given. By continuity of f1, there exists
5 € (0,¢co — 1/2) such that
fi (% + 5) < 2°
Thus, for all n € N we have f,,(3 +6) = fi( 4+ 0)" < 2°", as required. O

2.4. Proof of Lemma In this section we prove Lemma In the proof we keep using the
notation introduced in the previous section. We assume an € N. Let Z,, := {0,1,2,...,n — 1}.
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2.4.1. Proof of item @ In order to bound IP’(W = om), we use

]P’(W:om) §P(’{i+wi (mod n) : 1§z’§n}’ §om) (10)
For a set A C Z,,, we write
U(A) := P({Hwi (mod n) : 1 gign}CA>. (11)
We then intend to show the following.
For every A C Zj, of size |A| = an, we have U(A) < o™. (12)

Part @ of Lemma would follow from since

P(W:an> < Y vw< (ann)an < (1 fa>n<1a>7 )

where the leftmost inequality uses , the middle one uses and a union bound, and the
rightmost one follows from the well-known inequality of the binomial coefficient (2’) < W

Towards showing , let A C Z, of size |A| = an. Observe that, by the fact that w;’s are i.i.d.,
we have

P({i +w; (modn) : 1§i§n}CA):ﬁ]P’(i+wi (mod n) € A).
i=1

We further observe that for every a € A, we have

Zn:IP’(i—l—wi =a (mod n)) = ZH:P(wi =a—1 (mod n)) = ZH:P<U)1 =a—1i (mod n)) =1
1=1 i=1 i=1

Writing
ui = u;(A) =P(i+w; (modn)e A), (14)
we get that
Zuizz (ZP(i—i—wiEa (mod n))) = |A| = an. (15)
i=1 acA \i=1
We now solve the following maximization problem:

n n
maximize U(A) := H u;, under the constraints u; € [0, 1], Z u; = an. (16)
i=1 i=1

By applying Jensen’s inequality to the log function, we get

logU(A) = Elogui <n-log (Z’nlul> < nloga,
i=1

and so
U(A) <a”, (17)

as required. i
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2.4.2. Proof of item (]ED To show part (]E[) of Lemma it would suffice to show that
36,e > 0, Ing € N s.t. every o € (1/2 —6,1/2+ ), n > ng satisfy P(W = an) <e *".  (18)
To do so we shall use concentration arguments. We begin by showing that
E[W] > (5 +n)n (19)
for some 1 > 0. To this end write
n
W= I{Vj <i:w+i#w;+j},
i=1
and observe that
i—1 00
P(Vj <i:witi# wi+j) = Z P(w; = k) HP(wj # k+i—j) > Z (w1 = k) H wy # k+7).
keZy j=1 keZy j=1

Letting p; := P(w; = i), we have

EW]>n Y Plw = H (w1 # k+7) Zank(l—Zpk+j)
keZ4 j=1 keZ JEN
= n(l — PkM) ( Pi) (20)
k<teZy keZy

Thus (19) is satisfied with n = § Y=, .y P
Next, we show that W is concentrated around its expectation. To this end we use the concentra-

tion properties of self-bounding functions of independent variables. We write f(wi,...,wy,) =W,
gi(wi, ..., Wi—1, Wit1,...,wy) = {w; +75 : 1 <j<n, j+#i}|, and observe that for all i < n we
have,
f(wl, ce ,wn) - gi(wl, cee s Wi—1, Wit1y--- ,wn) < 1.
n
Z (f(wl, coywp) — gi(we, . Wi, Wit ,wn)> < flwy, ... wy).
i=1

We then apply [3, Theorem 1 & (7)], to obtain that for every 5 > 0

2 n2 52

]P’(W < E[W] - nﬁ) < e PEW < o5

Setting 0 = 4 and € = % and using we observe that for every aw < 1 +6 < % — 2, we have

2
P(W = an) < P(W <E[W] - 3) <e™% <27,
This proves and hence completes the proof of part (]ED of Lemma O

3. HIGH ALGEBRAIC DEGREE

This section is dedicated to the proof of the following proposition, of which Lemma is a
straightforward consequence.

Proposition 3.1. For any constant B > 0, there exist constants c¢,C,C’ > 0, depending on M,
such that for any 1 < d < n,

P(P has a double root o with deg(a) > d) < Cn® exp(—cd) + Cn~ B

The proof of the proposition relies on the following consequence of Theorem
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Lemma 3.2. Let P be the random polynomial as in . Then there exist constants C,e > 0 such
that for any positive integer k and for a € {—2,2} we have

P (P(a) is divisible by k*) < Ck~(17).

Proof. Fix a € {—2,2}. Let k > 1 be an integer and let r be the integer satisfying M2" < k? <

M27+!. By conditioning on &,,&,11, ..., &, we have
r—1 r—1
P (P d k* =0) < maxP @’ mod k* = m | = maxP al = 21
(P(a) mo ) < max ]ngja mo m max jzgfja m |, (21)

where the last equality follows from the fact that ‘Z;;é al ‘ < M(2" — 1) deterministically and

k? > M2" by the definition of r. From T heorem it follows that there exists a constant € € (0,1)
such that

r—1 ) 1 r(1+e)
P qd — < [ — . 22
rnrllg% ;} §ja m | < (ﬂ) (22)
Combining and with the fact that r > 2logy k — logy M — 1, we conclude that

1 2(1+4¢€) logy k
> — ol+logy M. —(14)

P (P(a) mod k? = 0) < 2'+losM (\/5

0

We shall also use the following bound on the probability that P has a root in close proximity to
+2, whose proof we postpone to Section (3.1
Denote by B(zg,r) the closed ball in C with center at zyp and radius r.

Lemma 3.3. For any constant B > 0, there exists K > 0 such that
IP’(P has a zero in B(2,n %) U B(—2,n_K)) =0(nB).
Finally, we need a preliminary claim, bounding the number of roots far away from the unit circle.

Claim 3.4. Let M € N. For any n > 1 and any non-zero polynomial f in Z|x] of the form
f(z) =370 gaiz" with |a;] < M for all 0 < i < n, the number of zeros of f with modulus at least %
1s at most 64.M .

Proof. Assume, without loss of generality, that |a,| # 0. Let f(z) = 2"f(z~') = S paiz" T be
the reciprocal polynomial of f. Denote by N(f) the number of z € C for which f(z) = 0 and
|z2| > 2. Then N(f) is also the number of z € C for which f(z) =0and |z < 2. Noting that
|7(0)| = |an| > 1 we may apply Jensen’s formula (see, e.g., [I, Chapter 5.3.1]) and obtain for any
r > % that

r

Foo b 1 /27r 5o if 7 r
> — = — ] > — .
omax log|f(ret") 2 5 | - og|f(re®)]df = log| F(0)|+ f<>20|.< log { 17 ) = N(f)log | 573

Observe that when r < 1 we have |f(re?)| < 1—]& for all §. Thus

M 2
N(f) = (1 —r)log(3r/2)’ 3 <r<l

and substituting r = 0.8, say, we obtain that N(f) < 64M, as required. O
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Proof of Proposition Fix 1 < d < n. Let a be an algebraic number of degree deg(a) = d
and let f, be the associated minimal poly of « in Z[z]. Suppose that « is a double root of P. Note
that o cannot be a multiple root of f,, since, otherwise, « is also a root of the polynomial f/, whose
degree is strictly smaller than d, violating the definition of deg(a). This implies that f2 divides P
in Z[z] (by Gauss’s lemma). In particular,

the integer P(a) is divisible by fa(a)?, for a = £2. (23)

Next we obtain a suitable lower bound for max{|f.(2)|,|fa(—2)|}. Denote by C(«) the set of
algebraic conjugates of «a (i.e., the set of roots of f,). Each of these conjugates of o must also be
a root of P. So, by Claim all but at most 64M of the 8 € C(a) satisfy |8] > 3. Therefore, we
have

fa(=2)|-1fa@]= T 1B+2[-18-2]
BeC(a)

64 M 64 M
> 2_4 min +2/\1> (min —2/\1)
(T s (s min 152
BEC(a),|B]<3/2

Let B > 0 be given as in Proposition and let K = K(B) > 0 be as given by Lemma Let
£ be the event that there is at least one root of P within a distance of n =% from either —2 or 2.
Note that the event £ does not depend on . On the event £¢,

mln] —a|> ‘min |z —a| >n~ % for any a € {-2,2}.
peC(a) :P(2)=0

On the other hand, |3? — 4| > % for any |5] < % Putting these ingredients together, we conclude
that on the event £°,

Fa(c2)] - fa(@)] = ()20 12801,

Consequently, we obtain the following lower bound
max {|fa(2)], | fa(=2)} > c1exp(cad)n™ ", on £°, (24)

where ¢; == (£)73M > 0,¢y := Llog(%) and Cy := 64K M. From and (24), we arrive at the
inclusion of events

{a is a double root of P} C & U {P(a) is divisible by k? for some integer k > cleCan_Cl} .
ac{—2,2}

By Lemma P(£) = O(n~5). On other hand, by Lemma we deduce that
{P(a) is divisible by k? for some integer k > clecgdn_cl} < Oy(e29n=C1) 78 = Che=4nCs,
for suitable constants c3, Co, C3 > 0. Proposition follows. O

3.1. Roots near +2. In this section we prove Lemma [3.3] We shall require the following.
Lemma 3.5. For any constant B > 0, there exists C' > 0 such that for a € {—2,2},
P(|P(a)] < n=%2") = O(n~B).

Proof. We prove the lemma for the case a = 2, as the argument for the case a = —2 is nearly
identical. Set C1 = [logsz M]. Define a subset of indices J as

J={je{0,1,...,n}:j>n—Crlogyn, and j is divisible by [logy(2M + 1)]}.
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By conditioning on the random variables §;,j € J, we deduce that

P(|P(2)| <n 92") <supP [ | g2 — 2| <n 2"
z€R ;
jeJ
Note that for any two different values of the random vector (&;);es in {0, £1,...,£M}I the values
of the sum ZjeJ ¢;27 differ by at least %2"_01 logan — %n‘cl 2™, Thus if we choose C' = C1+1, then

for any fixed z € R, there exists at most one value of the random vector (&;) e in {0, %1, ..., +M
such that [}, ; ;20 — z| < n~Y2". Now by Assumption [3| we conclude that

]P> ‘ 25]2] _ Z‘ S n702’n S 27|J| S 27L(4M)7101 log, TL*lJ — O(n7B>

Jje€J
O
Proof of Lemma[3.3 By Lemma [3.5] there exists a constant C' > 0 such that
P(|P(£2)| > n~92") =1 - 0(n"B). (25)
By mean value theorem and the triangle inequality, for any z € C such that |z| < n~!,
PE+2) 2P — s [P(w)|- . (26)
weB(2,n~1)
We can now bound the derivative of the polynomial P’ in B(2,n~!) by
sup  |P'(w)| < EN:MZ(Q +n 1t < 3Mn2". (27)

weB(2,n~1) i—0

Plugging in the bound and in (26), we deduce that, for any |z| < n~(€+2) and for
sufficiently large n,

|P(2+4 2)| > n~92" —3Mn2" - n~(€+2) > 0,
with probability 1 — O(n~?). The lemma is then obtained by taking K = C + 2. O
4. ROOTS FAR FROM THE UNIT CIRCLE

In this section we prove Lemmal[l.4] We begin by obtaining the following bound on the probability
that P has a particular root « far from the unit circle.

Lemma 4.1. For each a € A, we have

P(P(oz) = 0) < exp (—

nlog 2 )
[log(M + 1)/[log |a[[]/-

Proof. Assume that |a| > 1. Let £ be the minimal positive integer for which
laf > M + 1. (28)
Write P(z) = Pi(z) + P2(z) with

Ln/4]
Pi(z) := Z Ez™ and  Py(2) := P(2) — Pi(2).
k=0

Since |¢;| < M for all 4, the map
(6075575257 s 7§|_n/éj€) = P1<Oé> : {_M7 . '7M}Ln/q+l —C
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is one-to-one. Thus, as P;(«) and P5(«) are independent, we have

P(P(a) - 0) ~E [P(P(a) - 0) | Pg(oz))} -
~E [P(Pl(a) — Py(a) | Pg(a))} < ( max IP’<§0 :@)WH.

ze{—-M,..,M}
Assumption and the definition of £ imply that

n log 2

IP(P(a) = O) < (DI < "R < TR TRl

The case when |a| < 1 can be handled similarly. This proves the lemma. O
We also make the following simple observation.

Observation 4.1. Let « be a root of P. Then
(1) The leading coefficient of the associated minimal polynomial of « in Z[x| is at most M,
(2) Aa) <M+ 1.
Proof. Write f, for the associated minimal polynomial of « in Z[z] and denote the leading coefficient
of fo by mq. By Gauss’s lemma (see, e.g., [2, Proposition 3.4]), fo|P in Z[z] and, in particular,
M, the leading coefficient of P, divides &,. Since |&,| < M, we get that my < M.
The fact that A(a) < M + 1 is a direct consequence of Rouché Theorem. 0

Proof of Lemma[1.]. Let us first estimate the number of algebraic numbers « such that « is a root
of some random polynomial P of degree n and deg(a) < Cylogn. Write f, for the associated
minimal polynomial of « in Z[z] and denote, as usual, the leading coefficient of f, by m,. If
Q1 = @, Q9,"+ , Ogeg(a) are conjugates of a, we can express f, as

deg(a)
fa(z) = ma(r —a1) -+ (T — Qgeg(a)) = Z a7,
7=0

Therefore, by Observation we have following crude bound on the coefficients of f,,

gl = Ima > @ ay| < mO{(deg.(a))A(a)j

i< <4 J

< eC’ logn

for some C’ > 0 depending on Cp and M. Since a; has to be an integer, there are at most Clog?n

possibilities for f,(x) for some constant C' > 0.
Now, by Lemma if @ € A with A(a) > 1+ (ZL | then

logn?

maxIP’(P(a) = 0) = ¢~/ logn) (29)

a€cA

A simple union bound over such « (or, more precisely, over the minimal polynomials f,) yields the
lemma. ]

5. RoOTS NEAR THE UNIT CIRCLE

In this section we prove Lemma Recall that for a € A, m, denotes the leading coefficient
of the associated minimal polynomial of « in Z[z]. Fix Cpy,C; > 0. By Observation we need
consider for Lemma the following set of potential roots of P.

A= {a €A: 4 <deg(a) <Chlogn and A(a) <1+ k%n and mgq < M}

To prove Lemma [1.5] we employ the following union bound

P(Ela € A:P(a)= o) < 4] I;léii(P(P(Oé) - 0) (30)
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and then proceed to provide upper bounds on maxq¢ 4 IP’(P () = O) and on the cardinality of the set
A. This is done using Lemma [5.T] and Lemma 5.2 below, whose proofs are presented in Sections 5.1

and respectively.

Lemma 5.1. Let o be an algebraic number of degree at least 5. Then for every e > 0 there exists

C > 0 such that
P(P(a) = 0) < Cn~ 3T (31)

For any polynomial f € Z[xz], let A(f) be the maximum modulii of the roots of f.

Lemma 5.2 (counting integral polynomials with small houses). Let b > 0 and let a € N. Then,
for all d sufficiently large, the number of polynomials f € Z[x] of degree d with leading coefficient a
such that
blogd

ad

Af)y <1+

is less than exp((ad)?/3+?).

Note that for every algebraic number « € A, its associated minimal polynomial in Z[x] has
degree at most Cylogn and its leading coefficient is bounded by M. Applying Lemma to each
a€{l1,2,..., M} and each degree 1 < d < Cjlogn with b = %, we obtain that for every e > 0,

Al = o(nf). (32)
Plugging and into , the Lemma follows. O

5.1. Each root of low degree is unlikely. In this section we prove Lemmal5.1} The proof follows
closely the proof of [10, Lemma 1] adapted for our case (that is, when the random variables &;’s are
not Bernoulli random variables). The main ingredient of the proof is the ‘inverse Littlewood-Offord
type theorem” of Tao and Vu [15, Theorem 1.9], whose specialization for our case is the following.

Theorem 5.3 (Tao and Vu (2010)). Let (n;)o<i<n be i.i.d. Ber(3) random variables. Let A,5 >0
and let (z;)o<i<n be complex numbers such that

n
—A
maXIP’( ~z~:z>>n .
na ngz >
7=

Then there exists a symmetric generalized arithmetic progression (GAP), all of whose elements are
distinct, of rank r < 2A which contains all but O5(n'=%) of z;’s (counting multiplicities).

Recall that in our context a symmetric GAP @ of rank r is a set of the form
T
Q:{Zniui: n; € [-N;, N;] N Z, Vizl,...,r}, (33)
i=1

where the dimensions N = (Ny, No,...,N,) are r-tuple of positive integers and the steps u =
(u1,ug,...,u,) are r-tuple of elements in C. In particular, if v1 ..., v,41 are elements of a GAP of
rank r, then there exist nontrivial integer coefficients (q1,...,¢-+1) € Z", (q1,...,qr1+1) # 0 such
that q1v1 + qeu2 + ... + gry10r41 = 0.

Proof of Lemma[5.1]. Let o be an algebraic number of degree d > 5 and let € > 0. Assume towards
obtaining a contradiction that

P(P(a) = 0) > n3e, (34)
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Proposition allows us to represent the random variable ; as & = I; + Ajn; where (1, Aj)o<j<n
are i.i.d. random vectors taking values in Z x N and (n;)o<j<n are i.i.d. Ber(3), independent of
(Ij, Aj)OSjgn' Conditioning on ([j, Aj)Ongn yields

P(P(a) =0) = EP(Y Ajadn; = =Y Ll |(Ij, Aj)ocj<n) < Esggp( > Ajadn; = 2[(A))o<i<n)-
j=0 *

j=0 §=0
(35)

From and , it follows that there exists a vector (dg,ds,...,d,) € N**! such that

n
sup]P’(Z djaln; = z) > n-ate,
zeC =0
We now apply Theoremwith A= g —cand § = % and z; = djo’ to obtain a symmetric GAP Q
of rank B < 2A < 5 such that all but O(y/n) many of the coefficients djaj belong to ). Therefore,
for large enough n, there exists jo € {0,1,...,n} for which dj0+kozj0+k €@ foral k=0,1,...,4.
Since the rank of () is at most 4, there exists a nontrivial integer linear combination that annihilates
the vector (dj0+kozj0+k)0§k§4. Hence the algebraic degree of « is at most 4, in contradiction with
our assumption. Hence, the lemma follows. O

5.2. There are not many low degree polynomials with small house. This section is dedi-
cated to the proof of Lemma

Proof of Lemmal[5.3. The proof of the lemma is an adaptation of the proof of [6, Theorem 1] of
Dubickas to the case of non-monic polynomials. Fix b > 0, and write F, 4 for the collection of
polynomials f € Z[x] of degree d with leading coefficient a which satisfy

blogd
A(f) <1+ o

In the proof we also make use of the classical Newton identities, known also as Newton-Girard
formulae (See [9] for a modern proof). Let f(z) = Z?ZO a;z%" be a polynomial of degree d in Z[z]
with roots aq(f), aa(f),...,aq(f). Define, for k > 1,

d
Sk = Sk(f) =D a;(H)F.
j=1

Lemma 5.4 (Girard, 1629). for each 1 < k < d,
apSE + a1Sk—1 + ... + ap—151 + kag, = 0. (36)

We further observe that if g(x) = Zi‘:ol a;zdF + Z?:k biz¢=" with by # ay, then for all i < k we
have S;(f) = Si(g) while

:M>£

|Sk(f) — Sk(9)] (37)

ao ao

With a slight abuse of notation we write Sg(w) = w¥ + w§ + - -+ + wk, for w = (w1, ..., wq) € C
Let b > 0 be given. We say that a set W C C% is (a, d) admissible if the following two conditions
are satisfied:

¢ (Boundedness) We have maxj<;<q |w;| <1+ bl;’gd for all w € W.

e (Separation) For any two distinct u,v € W we have

lrgggd% Re(Sk(u)) — Re(Sk(v))| > 1.
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Let

S = {(al(f)a s 7ad(f)) : f € Fa,d}'
From and from the definition of Fy, 4, we deduce that the set S is (a, d) admissible. To conclude
the proof we bound the maximal size of any (a,d) admissible set. In [6 Theorem 2], Dubickas
obtained such a bound for the special case when a = 1 using an elementary but clever application
of volume formulas of polytopes, and classical estimates on the number of Gauss integers in a circle.

Theorem 5.5 (Dubickas, 1999). The size of any (1,£) admissible set is Oy(exp(£2/310)).

We now use Dubickas’ result as a blackbox to bound the cardinality of (a,d) admissible set. Let
W be an (a,d) admissible set, and write I/ for the image of W in C% under the repetition map
weClm = (w,w,...,w) € C¥
—_——
a times
Clearly, ||||co = ||w]|oo < 1+ % <1+ bl%&ad) for all w € W. Furthermore, for every distinct

4,0 € W we have
1

max —[Re(S(@) — Re(Sk(2))] > gggdi\Re(Sk(ﬂ)) — Re(Sk(9)))|
_ 1?$§d%\3e(sk(u)) — Re(Sy(v))| > 1,

where the last inequality follows from the fact w # v € W and W is an (a, d) admissible set. Hence
W is (1,ad) admissible. Therefore applying Theorem with ¢ = ad implies

|Foal = |S| = Op(exp((ad)?3+?)),

as required. O

6. UNIMODULAR ROOTS WITH BOUNDED DEGREE

In this section we will prove Lemma Note that there are only finitely many irreducible
polynomials in Z[z]| of degree at most 4 with leading coefficients bounded by M in absolute value
whose roots are all within distance M + 1 from the origin. In particular, for large enough n, all
such polynomials whose roots are in distance 1+ % from the origin, have, in fact, all roots on the
unit circle. Thus to prove the lemma it would suffice to show that for any fixed a € A on the unit
circle such that deg(a) < 4 and « # +1,

P(a is a double root of P) = o(n™?2), (38)

Lemma [1.6] will then follow by applying a simple union bound. If « is an algebraic integer, then it
has to be a root of unity if a and all of its conjugates lie on the unit circle. However, in general,
there are examples of algebraic numbers such that all of their conjugates are on the unit circle yet
they are not roots of unity. For example, consider the quadratic polynomial 322 — 2 + 3 whose roots
are HET‘/T%. In fact, any polynomial > ;" bz’ in Z[xz] that is self-reciprocal (i.e., b; = bp,—; V 7)
which satisfies the condition |b,,| > 3 "~ bx| has all its root on the unit circle [I6]. Thus, first
begin by addressing roots which lie on the unit circle but which are not root of unity.

Lemma 6.1 (unimodular roots that are not roots of unity). Let « € A be such that |o| =1 but «
is not a root of unity (i.e., ™ # 1 for all m € N). Then under Assumption@

P(P(a) = 0) = O(n~5/?).

The proof of Lemma [6.1]is a straightforward application of the following well-known result due
to Haldsz (see [17, Corollary 7.16], [19, Corllary 6.3 and Remark 3.5]).
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Lemma 6.2 (Haldsz). Let G be an infinite Abelian group. Let m > 1 and ay,az,...,ayn € G and
letei,ea,...,em be iidd. withP(e; =1) =P(e; =0) =1/2. Fiz £ € N and let Ry be the number of
solutions of the equation a;, + a;, + -+ -+ a;, = aj; +aj, +---+a;,. Then

supIP’( Z a;g; = a:) = O(n_%_%RZ).
r i=1

Proof of Lemma[6.1]. Applying Proposition can represent the random variables (&;)o<j<n as
& = I;+ Ajej where (I, Aj)o<j<n are i.i.d. random vectors taking values in Z x N and (¢;)o<j<n’s
are i.i.d. Ber(%), independent of (I, Aj)o<j<n. Now by conditioning on I; and A;’s, we have

P(angjaj = O) < mngIP’(Xn: I+ Ajej)ad = x‘(I],A )0<]<n>
§=0

7=0
< EmgxIF’( Xn: Ajejol = x‘(%)oa@)
§=0

Where expectations are taken on the vector (I, Aj)o<j<n. Fix an integer ¢ in the support of the
random variable A; and let n := P(A; = ¢) > 0. Let T denote the random set of indices defined
by T={0<j<n:A;=q}. Again, conditioning on (g;);gr, write

EmaXP(Z Ajejaj = x’(Aj)O§j§n> S EmaxP(Z Ajsjaj = .’E’T)

§=0 jer
< A =
_EmgxIP(Zaja x‘T)
jeT
We are left with showing that for any deterministic set of indices 7' C {0,1,...,n}, we have
=) = —5/2
m;tx]P’(Zz—:Joz —:B> =O(|T|777).
JET

Applying Haldsz’s result (Lemma with coefficients (o) jer in C and £ = 2, we count the number
of solutions of the equation
of +af =af +al, (39)

where 1, j, k,[ are arbitrary indices in 7. Taking the absolute value on the both sides of and
using the fact that |a| = 1, we have |1 + o~/ = |1 + o/~*|, which implies that either /=" = o/=*
or o/~ = oF 7 or equlvalently j—1i==2(—k). In case that j —i = [ — k, we may write as

a1+ a7t = ak(l + a7, or equivalently as (o’ — a¥)(1 + a/~%) = 0. Since « is not a root of
unity, then 1+ a/=1 # 0. So, we deduce that a’ = o which implies that i = k. Plugging it in
back in j —¢ =1 — k, we also have j = [. Similarly, for the case j —i = k — [, we end up with the
equation (o’ — a!)(1+ a/~%) = 0, which, in turn, implies that i = [ and j = k. Hence, we conclude
that Ry < 2|T|? and the claim follows.

From the claim, we obtain that

C

= < ;
EmgxP(Zgja x‘T) < Emin (1, T

JeET

) = 0(n~%?) + IP’(\T] < gn>

Note that |T'| has the distribution of a Binomial random variable with n + 1 trials and success
probability n. From the standard result on the concentration of Binomial random variable, we

know that there exists a constant ¢ > 0, depending on 7, such that IP’(\T] < gn) < e~¢(n*t) Thig
completes the proof of the lemma. O

Next, we consider roots of unity.
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Lemma 6.3 (roots of unity). Suppose Assumption @ holds. Then there exist constants c,C > 0
such that if o satisfies o =1 for some positive integer k, then

o 3de2g(a)
P(P’(a) - o) < <LZJ> + kexp(—c|2]).

The proof of the above lemma is very similar to that of Lemma 1.4 in [I3] where the similar
bound holds without the additional kexp(—c[%]) term for any non-constant coefficient distribu-
tion supported on {—1,0,1}. However, for the sake of completeness we include here a proof of
Lemma [6.3] The proof of Lemma [6.3] relies heavily on the following classical anti-concentration
bound of Sérkozi and Szemerédi [14].

Theorem 6.4 (Sarkézi and Szemerédi). Let (gj)1<j<n be i.i.d. Ber(3) random variables. There
exists a constant C > 0 such that for any distinct integers (a;), 1 < j < N, we have

N3/2°

N
max P gia; =m | <
E : J4j
mEZ -

Jj=1

Proof of Lemma[6.3 Since §; is a mixture of Bernoulli distribution, we can proceed along the same
way as in the proof of Lemma [6.1] to obtain

P(P’(a) = O) < EmgxP(jz::lsjjAjaj_l = x‘(Aj)1§j§n>a (40)

where (£j)1<j<, are i.i.d. Ber(3) and (A;)1<j<, are i.i.d. on N.
Observe that necessarily deg(a) < k. Set

J={j:1<j<nand 0<(j—1) mod k < deg(a) — 1},

J={1,...,n}\ J
Conditionally on (Aj)i<j<n, define the random variables (S,), 0 < r < deg(a) — 1, by

Sy = Z €jjAjOéj71 =a" Z €jjAj
j—1mod k=r j—1mod k=r
and - ‘
S = Zz?jjAjOéj_l.
jedJ

n n
ZEjjAjajil = ijjajfl =
Jj=1 Jj=1

Now, conditionally on (Aj)i<j<n, So,S51;- - Sqeg(a)—1 and S are independent. In addition, (a”),
0 <r < deg(a)—1, are linearly independent over the rational numbers, and therefore the equation

Observe that
deg(a)—

)—1
S, +S.
r=0

Z?i%(a)_l a;a' = z has at most one integral solution (ag, - . . ; Gdeg(a)—1) for a given z € C. Hence,
for any given values of (Aj)1<;<n and any given z € C,

n ' deg(a)—1 L deg(a)—1
}P’(ZsjjAja]*l:m) =EsP Z ST::U—S’S §r§1§é<]13’ Z S, =z
Jj=1 r=0 r=0
deg(a)—1 deg(a)—1
= L =)= %;P< 2 i = m)
r=0 r=0 j—1 mod k=r

(41)
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Let g be a point in the support of A; and let n := P(A; = ¢) > 0. Define for 0 < r < deg(a) — 1,
T, ={1<j<n:Aj=gqand j —1modk =r}. Then

. . — < Ry — !/ < 73/2

rrzlzea%d[l(' Z SVIAY m) _gl%)%]?(ZE]j m) < C|T,|7°7=, (42)
j—1 mod k=r JET,

where in the last step we apply the Sarkozi-Szemerédi bound (Theorem . Combining ,

and , we finally arrive at the inequality,

deg(a)—1 3deg(a) deg(a)—1
/ : —3/2 c 2 n|n
P(P()=0) <E ] min(1,Ci1™?) < Ty + P(ITo| < §13)). (43)
r=0
Observe that T;. is Binomial random variable with number of trials at least | %] and success proba-
bility 7. This gives us the following bound for the left tail of T;.. There exists a constant ¢ > 0 such

that P(|T,| < 2[%]) < e=L%). The lemma now follows from and the fact that deg(a) < k. O

It remains to show . Let a € A such that |o| = 1,a ¢ {—1,1} and deg(a) < 4. First assume
that « is a primitive k** root of unity, that is, o = 1 and o! # 1 for all positive integer | < k. Recall
that deg(a) = ¢(k) where ¢ is Euler’s totient function, i.e., ¢(k) = [{1 < j < k: ged(j, k) = 1}|
(see, for example, Lemma 7.6 and Theorem 7.7 of [12]). By standard estimates (see [11, Theorem
2.9]) there exists some constant ¢; > 0 for which

Clki

olk) 2 loglog(k +2)°
The above bound along with the fact that deg(a) < 4 implies the bound k& < Cj for some absolute
constant Co. On the other hand, since a@ # +1, we have deg(a) > 2. Thus, by Lemma we
deduce that P(« is a double root of P) = O(n~3).

Now assume that « is not a root of unity. As a direct consequence of Lemma [6.1], we also have
that P(c is a double root of P) = O(n~%/2). This finishes the proof of the bound and hence
the proof of Lemma,[1.6

r=0

7. OPEN PROBLEMS

We conclude the paper with a couple of open problems.
(1) Define pp41 := maxqez, ]P’(Pn(Q) = a). Then

m—1 m+n—1
prim = maxB(Prems(d) =) 2 maxP( 3 6% =) maxP( 30 62 =a) =parn

Jj=0 j=m
So, it follows from the subadditive property that there exists some A > 0, depending on the
law of &y, such that p, = e~ n(1+e(D))  However, the exact value of \ is completely unknown.
In the special case when the maximum of atom of & is at most %, our Theorem |1.2lonly gives
a one-sided bound A > %log2 . It would be very interesting to investigate the dependence
of value of A\ on the law of &y or, say, on the maximum atom of &.

(2) It would be very interesting to investigate the minimum gap between the roots of a random
polynomial. Note that this problem makes sense even if the coefficient distribution is
continuous. To best of our knowledge, precise quantitive bounds on the minimum gap are
not available even for the i.i.d. Gaussian polynomials.
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