ORTHOGONAL ALMOST LOCALLY MINIMAL PROJECTIONS ON ℓ^n_1

M. Zippin^∗

Preprint No. 22 1997/98

Abstract. A projection P on a Banach space X with ‖P ‖ ≤ λ_0 is called almost locally minimal if, for every α > 0 small enough, the ball B(P, α) in the space of operators L(X) does not contain a projection Q with ‖Q‖ ≤ ‖P ‖(1 − Dα^2), where D = D(λ_0) is a constant independent on ‖P ‖.

It is shown that, for every p ≥ 1 and every compact abelian group G, every translation invariant projection on L_p(G) is almost locally minimal. Orthogonal projections on ℓ^n_1 are investigated with respect to some weaker local minimality properties.

∗Participant in Workshop in Linear Analysis and Probability, Texas A&M University, College Station, Texas 1998. Partially supported by the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany).

Typeset by AMS-TEX 1

1. Introduction The purpose of this paper is to study projections on some classical Banach spaces which have the following local minimality property.

Definition 1.1. Let λ_0 > 1 and D = 10 + 12λ^2_0. A projection P on a Banach space X with ‖P ‖ = λ < λ_0 is called almost locally minimal (a.l.m. in short) if, for every 0 < α < (8λ_0)^{−1}, the ball B(P, α) in the space of operators L(X) does not contain a projection Q with ‖Q‖ ≤ λ(1 − Dα^2).

Almost locally minimal projections were defined and characterized in [Z-1] in the case of finite dimensional spaces as follows:

Proposition 1.2 (Theorem 2.4 of [Z-1]). A projection P on a finite dimensional space X is almost locally minimal if, and only if, there is an operator S ∈ L(X) satisfying the following three conditions: trSP = ‖P ‖, the nuclear norm ‖S‖_∧ = 1 and SP = P S.

Let us start by making a few remarks on a.l.m. projections. Definition 1.1 determines a certain guaranteed rate of a norm reduction for a given projection P , if it is not a.l.m, in the following sense: for some α > 0, at a distance ≤ α, there is a projection Q with ‖Q‖ ∼ ‖P ‖ − α^2. On the other hand, an a.l.m. projection P has the following minimality property:

Remark 1.3. Let P be an a.l.m. projection on a space X and let Q be another projection on X with (P − Q)^2 = 0 (a condition which holds, in particular, when Q(X) = P (X) or Q^∗(X^∗) = P^∗(X^∗) but also in many other cases). Then ‖Q‖ ≥ ‖P ‖. Proof. Suppose that ‖Q‖‖P ‖^{−1} = μ < 1, let 0 < t < 1 and put P_t = (1 − t)P + tQ. Then P^2_t − P_t = (1 − t)^2P + (1 − t)tP Q + (1 − t)tQP + t^2Q − (1 − t)P − tQ = (1 − t)t[P Q + QP − P − Q] = −(1 − t)t(P − Q)^2 = 0 hence, P_t is a projection on X. Note that the converse is also true: if P_t is a projection for some 1 > t > 0 then (P − Q)^2 = 0. Now, ‖P − P_t‖ = t‖P − Q‖ while ‖P_t‖ ≤ (1 − t)‖P ‖ + t‖Q‖ = [(1 − t) + tμ]‖P ‖ = ‖P ‖[1 − (1 − μ)t]. Let α = t‖P − Q‖, then we get that ‖P − P_t‖ = α while ‖P_t‖ < ‖P ‖[1 − Dα^2] if t is small enough, contradicting the fact that P is a.l.m. This establishes the statement. □

Corollary 1.4. An a.l.m. projection P has the minimal norm among all projections Q which can be connected to P by a line segment in L(X) consisting of projections. The argument in Remark 1.3 shows that this set of projections is identical with π(P ) = {Q ∈ L(X) : Q^2 = Q and (Q − P )^2 = 0}.

Corollary 1.5. (a) There exists no a.l.m. projection P of norm ‖P ‖ > 1 in Hilbert space, because the orthogonal projection Q onto P (X) has norm 1. (b) There exist no a.l.m. projections of rank 1 with norm ‖P ‖ > 1 because onto every one-dimensional subspace there exists a projection Q with ‖Q‖ = 1.

The purpose of this paper is to study natural examples of a.l.m. projections on the classical spaces (Section 2 and 3). In Sections 4 and 5 we pay special attention to the space ℓ^n_1 and to “special” projections on this space which have weaker local minimality properties. This study leads to a characterization of a.l.m. projections on ℓ^n_1 which is slightly different from Proposition 1.2 (see Theorem 6.6). We conclude with open problems and remarks in Section 6.

Acknowledgement. I thank W.B. Johnson for many helpful discussions on a.l.m. projections and for his valuable advice. He showed me the proof of Theorem 2.1; without his contribution I would be left with only one infinite sequence of examples of a.l.m. projections.

2. Examples of a.l.m. projections

It is very hard to use Definition 1.1 in order to check if a projection is a.l.m. and, in view of Corollary 1.5, it may seem that there are not too many a.l.m. projections around. The following results show that the classical spaces have many a.l.m. projections.

Theorem 2.1. Let G be a finite abelian group and let P be a translation invariant projection on L_p(G). Then P is a.l.m.

Proof. We will use Proposition 1.2. Let X = L_p(G), suppose that ‖P ‖ = λ and choose σ = L(X)^∗ such that ‖σ‖ = 1 and σ(P ) = λ. The functional σ ∈ L(X)^∗ can be represented by an operator S on X via the relation σ(T ) = trST for all T ∈ L(X) where, as is well known, 1 = ‖σ‖ = ‖S‖_∧. Using Rudin’s averaging procedure [R], let Ŝ = ∫ G T_g−1 ST_gdg where dg represents the Haar measure on G and T_g denotes the translation by g. We claim that the translation invariant operator Ŝ satisfies the three conditions of Proposition 1.2. First of all, since P commutes with translations, we have that

tr(P Ŝ) = ∫ G tr(P T_g−1 ST_g)dg =

= ∫ G tr(T_g−1 P ST_g)dg = ∫ G tr(P S)dg = tr(P S) = λ.

Secondly, because ‖S‖_∧ = 1 and ‖T_g‖_p = 1 for all g ∈ G and 1 ≤ p ≤ ∞, we get that ‖Ŝ‖_∧ ≤ 1. Finally, since both P and Ŝ are translation invariant, they commute. By Proposition 1.2, P is a.l.m. □

A close look at the proof of Proposition 1.2 above (Theorem 2.4 of [Z-1]) leads to the following extension of Theorem 2.1.

Theorem 2.2. Let G be a compact abelian group, let λ_0 > 1 and let P be a bounded, translation invariant projection on L_p(G) with ‖P ‖ = λ ≤ λ_0. Then P is a.l.m. Proof. Suppose that P is not a.l.m. and 1 < ‖P ‖ = λ < λ_0. Then there is an α, (8λ_0)^{−1} > α > 0, and a projection Q on L_p(G) with ‖P − Q‖ ≤ α and ‖Q‖ ≤ λ(1 − Dα^2). The proof of the sufficiency part of Theorem 2.4 of [Z-1] provides us with two automorphisms U and V on L_p(G) such that the following conditions hold, (2.1) ‖U‖ ≤ (1 − λα)^{−1}, ‖V ‖ ≤ (1 − λα)^{−1} and ‖QU(I − Q)‖ ≤ 4αλ(1 + λ) and P − Q = −[(I − P )V P + (Q − P )U(P − Q) − P U(I − P ) (2.2) + (Q − P )QU(I − Q) + (Q − P )QU(Q − P ) + P QU(I − P )]. For the precise definitions of U and V and their properties see the proof of Theorem 5.2 below. Select e ∈ L_p(G) and f^∗ ∈ L_p(G)^∗ with ‖e‖ = 1 = ‖f^∗‖ such that ‖P e‖ ≥ λ(1−(1/2)α) and f^∗(P e) ≥ λ(1−α^2) and consider the operator S = f^∗ ⊗e on L_p(G). Clearly, trP S = f^∗(P e) ≥ λ(1−α^2) and ‖S‖_∧ ≤ 1. The operators P and

S may not commute, but let Ŝ = ∫ G T_g−1 ST_gdg, then, as in the proof of Theorem 2.1 above, we have (2.3) tr(P Ŝ) ≥ λ(1 − α^2), ‖Ŝ‖_∧ ≤ 1 and ŜP = P Ŝ. Because ŜP = P Ŝ, Ŝ = P ŜP + (I − P )Ŝ(I − P ). Therefore, tr(Ŝ(I − P )V P ) = 0 = tr(ŜP (U − QU)(I − P )). It follows from (2.1), (2.2) and (2.3) that λ(1 − α^2) − λ(1 − Dα^2) ≤ λ(1 − α^2) − ‖Q‖ ≤ tr(Ŝ(P − Q)) = −[tr(Ŝ(Q − P )U(P − Q)) + tr(Ŝ(Q − P )QU(I − Q)) + tr(S(Q − P )QU(Q − P ))] ≤ (1 − λα)^{−1}α^2 + 4α^2λ(1 + λ) + λ(1 − λα)^{−1}α^2.

Hence λ(D − 1)α^2 ≤ [2λ(1 − λα)^{−1} + 4λ(1 + λ)]α^2, an absurd, by the definition of D (Definition 1.1). □ Remark 2.3. Walter Rudin’s averaging procedure ([R] Theorem 1), which is used above, showed that a bounded translation invariant projection P on L_p(G) has minimal norm relative to all projections onto the same translation invariant subspace. Corollary 1.4 and Theorem 2.2 extend this minimality property to the set π(P ). Moreover, Theorem 2.2 replaces this minimality property by the almost local minimality property relative to all close-by projections Q on L_p(G).

3. Orthogonal a.l.m. projections on ℓ^n_1 Identifying operators T on ℓ^n_1 with the matrix (t_{i,j} )^n_{i,j=1} which represents them, with respect to the unit vector basis {u_i}^n_{i=1}, we call a projection P = (p_{i,j}) on ℓ^n_1 orthogonal if P is an orthogonal projection on ℓ^n_2 , i.e. p_{j,i} = p̄_{i,j} for all 1 ≤ i, j ≤ n. A representation theorem (Theorem 3.6 of [Z-1]) for a.l.m. projections on ℓ^n_1 takes a very useful form in the special case of orthogonal projections, namely, Proposition 3.1. Let P be an orthogonal a.l.m. projection on ℓ^n_1 with ‖P ‖ = λ > 1. Then there is an 2 ≤ m ≤ n and a permutation {u_i}^n_{i=1} of the unit vector basis of ℓ^n_1 with respect to which P = [ P_1 0 0 P_2 ] where P_1 and P_2 are projections with ‖P_1‖ = λ, ‖P_2‖ ≤ λ, P_1 is an m × m matrix, m∑ i=1 |p_{i,j}| = λ for all 1 ≤ j ≤ m and there exist positive numbers {λ_i}^m_{i=1} with m∑ i=1 λ_i = 1 such that λ^{−1}_i^m ∑ j=1 λ_j |p_{i,j}| = λ for all 1 ≤ i ≤ m.

Remark 3.2. A square matrix P_1 with the above properties is said to be equivalent to a λ-doubly stochastic projection. In the case λ_i = m^{−1},^m ∑ j=1 |p_{i,j}| = λ for all 1 ≤ i ≤ m and we call P_1 λ-doubly stochastic (λ-d.s. in short). If an operator T is λ-doubly stochastic then ‖T ‖ = λ both in the L(ℓ^n_1 ) and the L(ℓ^n_∞) norms. If T is equivalent to a λ-d.s. operator, then, by [Z-1], in the case of rational λ_i’s, there is an isometric embedding J of ℓ^n_1 into some larger ℓ^N_1 so that T is canonically transformed to a λ-d.s. operator on ℓ^N_1 . It easily follows from Proposition 1.2 that, under such an isometric embedding, an a.l.m. projection on ℓ^n_1 is transformed to an a.l.m. projection with the same norm and isometrically identical range because there is a canonical norm-1 projection of ℓ^N_1 onto J(ℓ^n_1 ).

In view of Theorem 2.1, if G is a finite abelian group then every translation invariant projection P on L_1(G) = ℓ^N_1 , being orthogonal, has the representation suggested by Proposition 2.1. The question what are the matrices P_1 and P_2 of the above representation theorem in this case, is answered in the following:

Theorem 3.3. Let G be a finite abelian group and let P be a translation invariant projection on L_1(G) with ‖P ‖ = λ. Let |G| = N and let (p_{i,j} ) be the N × N matrix representing P with respect to the unit vector basis {u_g}_{g∈G} of ℓ^N_1 = L_1(G), where u_g = ‖1_g‖^{−1}1_g. Then the matrix (p_{i,j}) is λ-doubly stochastic.

Proof. Let Ŝ denote the translation invariant operator (constructed in the proof of Theorem 2.1) which satisfies the conditions trŜP = λ, ‖Ŝ‖_∧ = 1 and ŜP = P Ŝ. Note that both Ŝ and (Ŝ)^∗, being translation invariant, cannot annihilate any vector 1_h, h ∈ G. Indeed, if Ŝ1_h = 0 then, for every g ∈ G, Ŝ1_g−1_h = ŜT_g1_h = T_gŜ1_h = 0 and hence Ŝ = 0, contradicting trŜP = λ. On ℓ^N_1 = L_1(G), because of the nature of the unit vector basis, the operator Ŝ has a nuclear representation Ŝ = ∑ g∈G λ_gf^∗_g ⊗u_g where λ_g ≥ 0, ∑ g∈G λ_g = 1, ‖f^∗_g ‖_∞ = 1 and {u_g}_{g∈G} is the unit vector basis, with u_g = ‖1_g‖^{−1}1_g. Since (Ŝ)^∗1_g ≠ 0 for all g ∈ G, λ_g ≠ 0.

Therefore, the equality

λ = trP Ŝ = ∑ g∈G λ_gf^∗_g (P u_g) = ∑ g∈G λ_gf^∗_g ( ∑ j∈G p_{j,g}u_j ),

together with ‖f^∗_g ‖_∞ = 1 and ∑ j∈G |p_{j,g}| ≤ λ implies that ∑ j∈G |p_{j,g}| = λ for all g ∈ G. Because P is an orthogonal projection, ∑ g∈G |p_{j,g}| = λ for all j ∈ G and hence P is λ-doubly stochastic. In the notation of Proposition 3.1, P = P_1 and P_2 = 0. □

4. Orthogonally almost locally minimal projections on ℓ^n_1 We start with a weaker property of local minimality for orthogonal projections on ℓ^n_1 .

Definition 4.1. Let λ_0 > 1 and D = 10 + 12λ^2_0. An orthogonal projection P on ℓ^n_1 with ‖P ‖ = λ < λ_0 is called orthogonally almost locally minimal (o.a.l.m., in short) if for every α > 0 small enough, the ball B(P, α) contains no orthogonal projection Q with ‖Q‖ ≤ λ(1 − Dα^2).

Notation. Given T = (t_{i,j} ) ∈ L(ℓ^n_1 ) we denote by T^# the operator on ℓ^n_1 represented by the matrix (t^#_{i,j} ) = (t_{j,i}). The purpose of this section is to prove the following: Theorem 4.2. An orthogonal projection P on ℓ^n_1 is o.a.l.m if and only if there is an operator S ∈ L(ℓ^n_1 ) satisfying the following three conditions: tr(SP ) = ‖P ‖, ‖S‖_∧ = 1 and (S + S^#)P = P (S + S^#).

We need three preliminary lemmas for the proof of Theorem 4.2. In the proof we need to construct projections with certain properties. The first tool is devised to construct a projection out of an operator which behaves in a fashion similar to that of a projection.

Lemma 4.3 ([Z-2]). Let λ_0 > 1 and let X be a Banach space. There exist a constant C = C(λ_0) and a continuous function β(T ), defined for all operators T on X which satisfy the conditions ‖T ‖ ≤ λ_0 and ‖T^2 − T ‖ = α ≤^1_8 , such that β(T ) is a projection and ‖β(T ) − T ‖ ≤ Cα. Moreover, if T is hermitian so is β(T ). Remark 4.4. The detailed proof of Lemma 4.3 is given in [Z-2]. it does not address the hermitian case formally, but an easy examination shows that, because it uses an iterative process which preserves the hermitian structure, the proof yields the hermitian case too.

The second tool we need was used in the proof of Theorem 2.3 of [Z-1] and we will prove it here for completeness. It will tell us how to obtain operators T satisfying the condition of Lemma 4.3.

Lemma 4.4. Let P be a projection on a Banach space X and let W be an operator with ‖W ‖ = 1 for which W = P W (I − P ) + (I − P )W P . Then, for every δ > 0, ‖(P − δW )^2 − (P − δW )‖ ≤ δ^2.

Proof.

‖(P − δW )^2 − (P − δW )‖ = ‖P − δP W − δW P + δ^2W^2 − P + δW ‖ = ‖P − δP W (I − P ) − δ(I − P )W P + δ^2W^2 − P + δP W (I − P ) + δ(I − P )W P ‖ ≤ δ^2. □

The third preliminary lemma describes a norm reduction operation of an ℓ^n_1 vector.

Lemma 4.5. Let λ > 1 and 1 > γ_0 > 0 be constants and assume that p = (p_1, . . . , p_n) and w = (w_1, . . . , w_n) are vectors with^n ∑ h=1 |p_h| = λ and^n ∑ h=1 |w_h| ≤ 1. Let A = {h : p_h = 0}, γ_h = e^{−iα(h)} with α(h) = arg p_h for those h /∈ A and γ_h = −e^{−iβ(h)} with β(h) = arg w_h for h ∈ A. Define δ_0 = min{(8(λ + 1))^{−1}γ_0, min{|p_h|^{−1}|w_h| : h /∈ A}}. If Re(^n ∑ h=1 γ_hw_h ≥ γ_0 then, for every 0 < δ < δ_0, ‖p − δw‖_1 ≤ λ −^1_2 γ_0δ.

Proof. Let 0 < δ < δ_0 and put θ(h) = arg(p_h−δw_h) for h /∈ A. Since p_h−δw_h is very close to p_h, a simple triangle inequality application shows that |e^{−iθ(h)} − e^{−iα(h)}| ≤

2δ_0δ. It follows that n∑ h=1 |p_h − δw_h| = ∑ h∈A δ|w_h| + ∑ h /∈A e^{−iθ(h)}(p_h − δw_h) = δ ∑ h∈A |w_h| + ∑ h /∈A e^{−iθ(h)}p_h − δ ∑ h /∈A e^{−iθ(h)}w_h = δ ∑ h∈A |w_h| + ∑ h /∈A |p_h| + ∑ h /∈A (e^{−iθ(h)} − e^{−iα(h)})p_h − δ ∑ h /∈A γ_hw_h + δ ∑ h /∈A (e^{−iα(h)} − e^{−iθ(h)})w_h = n∑ h=1 |p_h| + δ ∑ h∈A |w_h| − δRe( ∑ h /∈A γ_hw_h) − δiIm( ∑ h /∈A γ_hw_h) + z + w where z = ∑ h /∈A (e^{−iθ(h)} − e^{−iα(h)})p_h and w = δ ∑ h /∈A (e^{−iα(h)} − e^{−iθ(h)})w_h Since γ_h = −e^{−i arg(wh)} for h ∈ A we get that n∑ h=1 |p_h − δw_h| = λ − δRe( n∑ h=1 γ_hw_h) − δiIm( n∑ h=1 γ_hw_h) + z + w.

It follows that |δIm( n∑ h=1 γ_hw_h)| = |Im(z + w)| ≤ |z| + |w| ≤ 2δδ_0 n∑ h=1 (|p_h| + |w_h|) ≤ 2(λ + 1)δ_0δ.

It is given that Re(^n ∑ h=1 γ_hw_h) > γ_0 hence n∑ h=1 |p_h − δw_h| ≤ λ − γ_0δ + 4(λ + 1)δ_0δ ≤ λ − 1 2 γ_0δ. □ Proof of Theorem 4.2. Let (p_{i,j} ) be the n × n matrix which represents P with respect to the unit vector basis {u_i}^n_{i=1} of ℓ^n_1 . Suppose that ‖P ‖ = λ, then, we may assume w.l.o.g. that there is an 1 ≤ m ≤ n such that^n ∑ i=1 |p_{i,j} | = λ for 1 ≤ j ≤ m while sup{^n ∑ i=1 |p_{i,j}| : m < j ≤ n} = μ < λ. Let Φ denote the set of all m-tuples φ = (φ_1, . . . , φ_m) of non negative numbers {φ_i}^m_{i=1} with^m ∑ i=1 φ_i = 1. Let Γ denote the set of all m-tuples of functionals g = (g_1, g_2, . . . , g_m) with ‖g_j ‖_∞ = 1 such that g_j(^n ∑ i=1 p_{i,j} u_i) = λ for all 1 ≤ j ≤ m. Note that if g_j =^n ∑ h=1 g_{i,h}u^∗_h (where {u^∗_h}^n_{h=1} is the unit vector basis of ℓ^n_∞) then g_{j,h} = e^{−iθ} if p_{h,j} = re^{iθ} ≠ 0 while in the case p_{h,j} = 0, g_{j,h} may be any number with |g_{j,h}| ≤ 1. Define the operator S(φ, g) by S(φ, g) =^m ∑ i=1 φ_ig_i ⊗ u_i and let Δ = {S(φ, g) : φ ∈ Φ and g ∈ Γ}. Clearly, Δ is a compact convex set in L(ℓ^n_1 ). Let K = {T ∈ L(ℓ^n_1 ) : T^# = −T , let ComP denote the Commutant of the projection P and put Ω = ComP + K. There are two possibilities: either (a) Ω ∩ Δ ≠ ∅ or (b) Ω ∩ Δ = ∅. In case (a), there exists in Δ an operator S = S(φ, g) = T + V where T ∈ ComP and V^# = −V . Because P is an orthogonal projection and P T = T P , we also have that

P T^# = (T P^#)^# = (T P )^# = (P T )^# = T^#P^# = T^#P.

It follows that

(S + S^#)P = (T + V + T^# + V^#)P = (T + T^#)P = P (T + T^#) = P (T + V + T^# + V^#) = P (S + S^#).

Clearly, ‖S‖_∧ ≤^m ∑ j=1 φ_j ‖g_j‖‖u_j ‖ = 1 and tr(P S) =^m ∑ j=1 φ_j g_j(P u_j ) =^m ∑ j=1 φ_j λ = λ.

This establishes the statement of Theorem 4.2 in case (a).

Now suppose that (b) holds. Because Δ ∩ Ω = ∅, Δ is compact and convex and because Ω is a subspace of L(ℓ^n_1 ), there is a separating functional W^∗ on L(ℓ^n_1 ) and a positive γ_0 such that W^∗(T ) = 0 for all T ∈ Ω and ReW^∗(T ) > γ_0 for all T ∈ Δ. Let the operator W represent W^∗ then we have that

(4.1) trW T = 0 for all T ∈ Ω and (4.2) Re(trW T ) ≥ γ_0 for all T ∈ Δ.

We may assume w.l.o.g. that ‖W ‖ = 1 and put W = (w_{h,j}). Let us explain the meaning of (4.1). Picking any h ≠ j, 1 ≤ h, j ≤ n, and putting w_{h,j} = re^{−iθ}, let T denote the matrix for which (T )_{h,j} = e^{−iθ}, (T )_{j,h} = −e^{iθ} and (T )_{p,q} = 0 for all (p, q) ≠ (h, j). We get that T^# = −T , hence T ∈ Ω and therefore, 0 = tr(T W ) = w_{j,h}e^{−iθ} − w_{h,j} e^{iθ} and so w_{j,h} = w_{h,j}e^{2iθ} = w_{h,j} . It follows that W is hermitian.

We also have that for every T ∈ L(ℓ^n_1 ), P T P + (I − P )T (I − P ) ∈ ComP ⊂ Ω and hence tr(W (P T P + (I − P )T (I − P ))) = 0 but substituting W = P W P + (I − P )W (I − P ) + P W (I − P ) + (I − P )W P we get that, for every T ∈ L(ℓ^n_1 ), 0 = tr((P W P + (I − P )W (I − P ))T ) therefore 0 = P W P + (I − P )W (I − P ) and we are left with

(4.3) W = P W (I − P ) + (I − P )W P.

This is the hypothesis of Lemma 4.4. We proceed now to explain the significance of (4.2). For every 1 ≤ j ≤ m let g_j = (g_{j,1}, . . . , g_{j,n}) ∈ ℓ^n_∞ be the functional on ℓ^n_1 defined, for every 1 ≤ j ≤ m by

g_{j,h} = e^{iα} if p_{h,j} ≠ 0 and α = − arg p_{h,j}

(4.4) and g_{j,h} = −e^{iβ} if p_{h,j} = 0 and β = − arg w_{h,j}.

Clearly, the operator g_j ⊗ u_j ∈ Δ and hence

0 < γ_0 ≤ Re(tr(W g_j ⊗ u_j )) = Re(g_j(W u_j )) =

(4.5) Re( n∑ h=1 g_{j,h}w_{h,j}) for 1 ≤ j ≤ m. It follows from Lemma 4.5 (with γ_n = g_{j,h}, w_h = w_{h,j} and p_h = p_{h,j}) that if δ > 0 is small enough, then, for every 1 ≤ j ≤ m, ‖P u_j − δ^n ∑ h=1 w_{h,j} u_h‖ ≤ λ −^1_2 γ_0δ. Since

‖W ‖ = 1, and max{^n ∑ h=1 |p_{h,j}| : m < j ≤ n} = μ < λ, by choosing δ_0 <^1_2 (λ − μ), we get that (4.6) ‖P − δW ‖ ≤ ‖P ‖ − 1 2 γ_0δ for all 0 < δ < δ_0.

In view of (4.3), the operator T = P − δW satisfies, by Lemma 4.4, the inequality ‖T^2 − T ‖ ≤ δ^2. Hence, by Lemma 4.3, there is an orthogonal projection Q = β(T ) on ℓ^n_1 such that Cδ^2 ≥ ‖Q−T ‖ = ‖Q−(P −δW )‖. It follows from (4.6) that ‖Q‖ ≤ ‖P −δW ‖+Cδ^2 ≤ λ−^1_2 γ_0δ+Cδ^2, while ‖P −Q‖ ≤ ‖P −T ‖+‖T −Q‖ ≤ ‖δW ‖+Cδ^2. For small values of δ this contradicts the assumption that P is o.a.l.m. □

5. Universally bounded projections on ℓ^n_1 Orthogonal projections with norm λ and λ-d.s. projections P on ℓ^n_1 share the property that their norms, as members of both L(ℓ^n_1 ) and L(ℓ^n_∞), are ‖P ‖_1 = ‖P ‖_∞ = λ. By the classical interpolation theorem, ‖P ‖_p ≤ λ for all 1 ≤ p ≤ ∞. Let us define, for any n × n matrix T , ‖T ‖_0 = max{‖T ‖_1, ‖T ‖_∞} = max{‖T ‖_1, ‖T^#‖_1} and call ‖ · ‖_0 the universal norm. Clearly, for an orthogonal or λ-d.s. projection P , ‖P ‖_1 = ‖P ‖_0.

Definition 5.1. A projection P on ℓ^n_1 with ‖P ‖_0 = λ < λ_0 is called universally almost locally minimal (u.a.l.m., in short) if, for every α > 0 small enough, the ball B_0(P, α) = {T ∈ L(ℓ^n_1 ) : ‖P − T ‖_0 ≤ α} does not contain a projection Q with ‖Q‖_0 ≤ λ(1 − Dα^2).

Since the set of orthogonal projections Q on ℓ^n_1 with ‖Q‖_1 ≤ λ is much smaller than the set of all projections Q with ‖Q‖_0 ≤ λ, every orthogonal projection P on ℓ^n_1 which is u.a.l.m. is obviously o.a.l.m. It turns out that the converse is also true. Theorem 5.2. Let P be an orthogonal o.a.l.m projection on ℓ^n_1 with ‖P ‖_1 = λ > 1. Then P is u.a.l.m.

Proof. By Theorem 4.2, there exists an operator S on ℓ^n_1 such that ‖S‖_∧ = 1, trSP = λ and (S + S^#)P = P (S + S^#). Let 0 < α < [8λ(1 + λ)]^{−1} and suppose that Q is a projection on ℓ^n_1 with ‖P − Q‖_0 ≤ α and ‖Q‖_0 ≤ λ(1 − Dα^2). In order to prove the theorem it suffices to construct operators A and {B_i}^6_{i=1} on ℓ^n_1 such that (5.1) P − 1 2 (Q + Q^#) = A + 6∑ i=1 B_i, where A^# = A, A = (I − P )T_1P + P T_2(I − P ) for some {T_i}^2_{i=1} ∈ L(ℓ^n_1 ), and where 6∑ i=1 ‖B_i‖_1 ≤ (2 + 12λ^2)α^2.

Indeed, once (5.1) is established, because S + S^# commutes with P , S + S^# = P T_3P +(I −P )T_3(I −P ) for some T_3 ∈ L(ℓ^n_1 ) and so tr((S +S^#)A) = 0. Moreover, because A = A^# we get

λDα^2 = λ − λ(1 − Dα^2) ≤ λ − 1 2 (‖Q‖_1 + ‖Q^#‖_1)

(5.2) = λ − 1 2 (‖Q‖_1‖S‖_∧ + ‖Q^#‖_1‖S‖_∧) ≤ tr(SP ) − 1 2 [tr(SQ) + tr(SQ^#)]

= tr(S[P − 1 2 (Q + Q^#)]) = tr(SA) + 6∑ i=1 tr(SB_i)

= 1 2 tr(S(A + A^#)) + 6∑ i=1 tr(SB_i)

= 1 2 tr(SA + S^#A)) + 6∑ i=1 tr(SB_i)

= 1 2 tr((S + S^#)A) + 6∑ i=1 tr(SB_i)

≤ (2 + 12λ^2)α^2.

The inequality (5.2) is absurd in view of the size of D. It thus remains to prove (5.1).

The first part of the construction is identical with the first part of the proof of Theorem 2.4 of [Z-1]. We will repeat the argument for the sake of completeness. Let T = P Q + I − Q, then T maps (I − Q)(ℓ^n_1 ) identically onto itself and Q(ℓ^n_1 ) into P (ℓ^n_1 ). Moreover, ‖I − T ‖_0 = ‖(Q − P )Q‖_0 ≤ λα hence T is invertible, T (Q(ℓ^n_1 )) = P (ℓ^n_1 ) and, if V = T^{−1}, then ‖V ‖_0 ≤ (1 − λα)^{−1}. We claim that the operator R = P + (I − P )V P is a projection of ℓ^n_1 onto Q(ℓ^n_1 ) along (I − P )(ℓ^n_1 ). Indeed, R^2 = R, I − R = (I − P )(I − V P ) and, by the definition of T , for every y ∈ Q(ℓ^n_1 ), T y = P y. Therefore

Ry = P y + (I − P )T^{−1}P y = P y + (I − P )T^{−1}T y = y.

Hence R is a projection of ℓ^n_1 onto Q(ℓ^n_1 ) with kernel (I − P )(ℓ^n_1 ). Moreover, if ‖x‖ ≤ 1, then y = T^{−1}P x ∈ Q(ℓ^n_1 ) and ‖y‖ ≤ (1 − λα)^{−1}λ‖x‖ ≤ λ(1 − λα)^{−1} and so ‖Rx − P x‖ = ‖(I − P )T^{−1}P x‖ = ‖(I − P )Qy‖ (5.3) = ‖(Q − P )Qy‖ ≤ αλ‖y‖ ≤ αλ^2(1 − λα)^{−1} ≤ 2λ^2α. Replacing P and Q by I − Q and I − P , respectively, in the first argument and putting W = (I − Q)(I − P ) + P we get that W |_{P (ℓ}n_{1 )} is the identity on P (ℓ^n_1 ) and ‖I − W ‖_0 = ‖Q(I − P )‖_0 = ‖Q(Q − P )‖_0 ≤ λα. Hence, W is invertible and it maps (I −P )(ℓ^n_1 ) isomorphically onto (I −Q)(ℓ^n_1 ). We let U = W^{−1}, obtain ‖U‖_0 ≤ (1−λα)^{−1} and consider R̃ = I −Q+QU(I −Q). Then R̃ is a projection with kernel Q(ℓn_1 ) and if y ∈ (I − P )(ℓn_1 ) then W y = (I − Q)y. Therefore R̃y = (I − Q)y + QU(I − Q)y = y. It follows that R̃ is a projection of ℓ^n_1 onto (I − P )(ℓ^n_1 ) with ker R̃ = Q(ℓ^n_1 ) and R̃ = I − R. Hence I − Q + QU(I − Q) = I − P − (I − P )V P and (5.4) P − Q = −[(I − P )V P + QU(I − Q)]. Moreover, for every x ∈ Ball(ℓ^n_1 ), if y = W^{−1}(I − Q)x, then y ∈ (I − P )(ℓ^n_1 ) ‖y‖ ≤ (1 − λα)^{−1}(1 + λ) and ‖QU(I − Q)x‖_1 = ‖Q(I − P )y‖_1 = ‖Q(Q − P )y‖_1 ≤ λα‖y‖_1 ≤ λα(1 + λ)(1 − λα)^{−1}‖x‖_1 ≤ 4αλ(1 + λ)‖x‖_1. A similar computation, using the ℓ^n_∞ norm, yields ‖QU(I − Q)‖_∞ ≤ 4αλ(1 + λ), therefore (5.5) ‖QU(I − Q)‖_0 ≤ 4αλ(1 + λ). Taking the transpose of (5.4) we get that P −Q^# = −[P V^#(I−P )+(I−Q)^#U^#Q^#]. It follows that

(5.6) P − 1 2 (Q+Q^#) = − 1 2 [(I−P )V P +P V^#(I−P )+QU(I−Q)+(I−Q^#)U^#Q^#].

Let us find more manageable expressions for QU(I − Q) and (I − Q^#)U^#Q^#.

First note that (Q − P )U(P − Q) = (Q − P )U(I − Q) − (Q − P )U(I − P ) (5.7) = QU(I − Q) − P U(I − Q) − QU(I − P ) + P U(I − P ) = QU(I − Q) − QU(I − P ) + P U(I − P ) (because U maps (I − Q)(ℓ^n_1 ) onto (I − P )(ℓ^n_1 ), yielding P U(I − Q) = 0). Also, QU(I − P ) = Q^2U(I − P ) (5.8) = (Q − P )QU(I − P ) + P QU(I − P ) = (Q − P )QU(I − Q) + (Q − P )QU(Q − P ) + P QU(I − P ) Combining (5.7) and (5.8) we get that QU(I − Q) = (Q − P )U(P − Q) + QU(I − P ) − P U(I − P ) (5.9) = (Q − P )U(P − Q) + (Q − P )QU(I − Q) + (Q − P )QU(Q − P ) + P QU(I − P ) − P U(I − P ). By taking the transpose of both sides we arrive at

(I − Q^#)U^#Q^# = (P − Q^#)U^#(Q^# − P )

(5.10) + (I − Q^#)U^#Q^#(Q^# − P ) + (Q^# − P )U^#Q^#(Q^# − P ) + (I − P )U^#Q^#P − (I − P )U^#P.

Hence, by (5.6), (5.9) and (5.10) we have P − 1 2 (Q + Q^#) = − 1 2 [(I − P )(V − U^# + U^#Q^#)P

(5.11) + P (V^# − U + QU)(I − P )] − 1 2 [(Q − P )U(P − Q) + (P − Q^#)U^#(Q^# − P ) + (Q − P )QU(I − Q) + (I − Q^#)U^#Q^#(Q^# − P ) + (Q − P )QU(Q − P ) + (Q^# − P )U^#Q^#(Q^# − P )]

Put A = (I −P )T_1P +P T_2(I −P ) where T_1 = −^1_2 (V −U^# +U^#Q^#) and T_2 = T^#_1 . Then, clearly, A satisfies the requirements of (5.1). Put B_1 = −^1_2 (Q − P )U(P − Q) and B_2 = B^#_1 ; then, since ‖Q − P ‖_0 ≤ α, both ‖B_1‖_1 and ‖B_2‖_1 do not exceed 1 2 α^2‖U‖_0 ≤^1_2 (1 − λα)^{−1}α^2 ≤ α^2. Let B_3 = −^1_2 (Q − P )QU(I − Q) and B_4 = B^#_3 . Since ‖Q − P ‖_0 = ‖Q^# − P ‖_0 ≤ α and, by (5.5), ‖QU(I − Q)‖_0 ≤ 4αλ(1 + λ), we get that ‖B_3‖_1 and ‖B_4‖_1 do not exceed 2α^2λ(1 + λ). Finally, put B_5 = −^1_2 (Q − P )QU(Q − P ) and B_6 = B^#_5 . Then, because ‖Q − P ‖_0 ≤ α we see that ‖B_5‖_1 and ‖B_6‖_1 do not exceed α^2λ(1 − λα)^{−1} ≤ 2λα^2. It follows that 6∑ i=1 ‖B_i‖_1 ≤ α^2(2 + 4λ(1 + λ) + 4λ) < α^2(2 + 12λ^2). This establishes (5.1) and completes the proof of Theorem 5.2. □

6. Remarks and open problems The isomorphic type of the range of a projection on ℓ^n_1 is far from being understood. In view of the above results it may be useful to examine the ranges of some special projections. In the sequel, φ(λ) denotes a function which depends on λ but is independent on n.

Problem 6.1. Does there exist a function φ(λ) such that, for every finite abelian group G and every translation invariant projection P on L_1(G) with ‖P ‖ = λ, d(P (L_1(G)), ℓrank^P_1 ) ≤ φ(λ)?

Problem 6.2. Does there exist a function φ(λ) such that, for every n and every λ-doubly stochastic and a.l.m. projection P on ℓ^n_1 , d(P (ℓ^n_1 ), ℓrank^P_1 ) ≤ φ(λ)?

Problem 6.3. Does there exist a function φ(λ) such that for every n and every (λ-doubly stochastic orthogonal) projection P with ‖P ‖ = λ on ℓ^n_1 there is a finite abelian group G and a translation invariant projection Q on L_1(G) such that ‖Q‖ ≤ φ(λ) and d(P ℓ^n_1 , Q(L_1(G))) ≤ φ(λ)?

Problem 6.4. Does there exist a function φ(λ) such that, for every n and every projection P with ‖P ‖ = λ on ℓ^n_1 , there is an N and an (orthogonal) projection Q on ℓ^N_1 such that ‖Q‖_0 ≤ φ(λ) and d(P ℓ^n_1 , Qℓ^N_1 ) < φ(λ)?

Note that, by Proposition 1 of [J-J], for every projection P on L_1(μ) with ‖P ‖ = λ and every ε > 0 there is an L_1(ν) space and a surjective isometry φ : L_1(μ) →

L_1(ν) such that, if Q = φP φ^{−1} then ‖Q‖_1 = λ and ‖Q‖_∞ ≤ λ(1 + ε). Remark 6.5. The argument used in the proof of Theorem 4.2 sheds more light on a.l.m. projections on ℓ^n_1 and may serve as an alternative proof of Proposition 1.2 in the case X = ℓ^n_1 . Indeed, the argument yields the following:

Theorem 6.6. Let P be a projection on ℓ^n_1 with ‖P ‖ = λ. Then exactly one of the following statements hold:

(a) There is an operator S ∈ L(ℓ^n_1 ) satisfying trSP = λ, ‖S‖_∧ = 1 and SP = P S (and hence P is a.l.m.).

(b) There exist positive numbers γ_0 and δ_0, depending on P , such that, for every 0 < α < δ_0, the ball B(P, α+cα^2) contains a projection Q with ‖Q‖ ≤ λ−^1_2 γ_0α+cα^2, where c is a universal constant.

Indeed, we only have to replace Ω = ComP + K by Ω = ComP in the proof of Theorem 4.2 and ignore the Hermite property of all operators involved in the proof. If S ∈ Ω ∩ Δ then S satisfies the assumptions of Proposition 1.2 and hence P is a.l.m. On the other hand, if Ω ∩ Δ = ∅ then there is a separating operator W , with tr(W T ) = 0 for all T ∈ Ω and Re(trW T ) ≥ γ_0 > 0 for all T ∈ Δ. The fact that Re(tr(W T )) = 0 for all T ∈ Ω means precisely, in this case, that W = P W (I − P ) + (I − P )W P . The rest of the argument works perfectly well to show that if P is not a.l.m. then (b) holds. Note that the norm reduction we get in (b), for a projection P which is not a.l.m., is essentially linear in α, while in Proposition 1.2, we obtain a norm reduction of order α^2. This may seem to be a contradiction but it is not, because, in Proposition 1.2 the constant D is universal while in Theorem 6.6 the constants depend on P .

Remark 6.7. As mentioned in Remark 2.2 of [Z-1], we need a large constant D = D(λ_0) in the definition of an a.l.m. projection in Theorem 5.2 above and in Theorem 2.4 of [Z-1]. Theorem 6.6 above shows that, in the special case of X = ℓ^n_1 , we are allowed to choose any positive D, independent on n and λ_0, in Definition 1.1 above and omit the restriction λ < λ_0. The choice D = 1 is natural, and, by Theorem 6.6, Proposition 1.2 remains valid with this or any other choice of D > 0.

Problem 6.8. Let P be an orthogonal projection on ℓ^n_1 . Suppose that P is o.a.l.m.

Is it a.l.m.?

Theorem 6.6 is a first step towards a positive solution of Problem 6.8.

References [J-J] W.B. Johnson and L. Jones, Every L_p operator is an L_2 operator, Proc. AMS 72 (1978), pp. 309–312.

[R] W. Rudin, Projections on invariant subspaces, Proc. AMS pp. 429–432. [Z-1] M. Zippin, Almost locally minimal projections in finite dimensional Banach spaces, Israel J. Math., to appear.

[Z-2] M. Zippin, Correction to The finite dimensional P_λ spaces with small λ, Israel J. Math. 48(1984) pp. 255–256.

M. Zippin The Hebrew University of Jerusalem, Jerusalem, Israel E-mail address: zippin@math.huji.ac.il