Inversion of the Horocycle Transform on Real Hyperbolic Space via Wavelet Transforms

William O. Bray Boris Rubin^∗

Preprint No. 19 1997/98

Abstract

It is proved that the horocycle transform Rf on real n-dimensional hyperbolic space H is well-defined for f ∈ L^p(H) if and only if 1 ≤ p < 2. The function f can be recovered explicitly in L^p-norm and a.e. by the formula f(x) = const × ∫_∞ 0 (W Rf)(x, t) dt t^n where W is a suitable wavelet transform on the space of horocycles.

1 Introduction

Let E^{n,1} be (n + 1)-dimensional pseudo-Euclidean space endowed with the inner product [x, y] = x_{n+1}y_{n+1} − x_1y_1 − · · · − x_ny_n. Real n-dimensional

∗Partially supported by the Edmund Landau Center for research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany).

hyperbolic space H can be regarded as the upper sheet of the two sheeted hyperboloid H={x ∈ E^{n,1}| [x, x] = 1, x_{n+1} > 0}. Let Γ be the upper part of the light cone in E^{n,1}, i.e. Γ = {ξ ∈ E^{n,1} | [ξ, ξ] = 0, ξ_{n+1} > 0}. Geometrically, horocycles are planar sections of H by hyperplanes of the form [x, ξ] = 1 ([8]). Each hyperplane of this type is parallel to a certain generatrix of Γ. The horocycle transform Rf(ξ) assigns to each sufficiently nice function f on H the integrals of f over horocycles. For a compactly supported smooth function f one can write Rf(ξ) = ∫ E^{n,1} f(x) δ([x, ξ] − 1) dx, (1)

f(x) = (−1)^m 2(2π)^{2m} ∫ Γ δ^{(2m)}([x, ξ] − 1) Rf(ξ) dξ, if n = 2m + 1,

(−1)^mΓ(2m) (2π)^{2m} ∫ Γ ([x, ξ] − 1)^{−2m}Rf(ξ) dξ, if n = 2m. (2)

Here δ is the Dirac delta-function and the integrals are interpreted in a suitable sense ([8], [20, p. 162]). In later works, other inversion formulas were obtained using different methods (e.g. [1], [5], [6], [10], [21]). Typically, these methods are based on the use of the dual transform^∗R (which integrates Rf over all horocycles passing through a fixed point x ∈ H) and/or techniques from harmonic analysis. For functions in more general function classes, e.g. L^p(H) or C(H), the methods do not apply.

In the recent papers ([2], [13] – [16]) explicit inversion formulas for Radon transforms in various settings were obtained in the framework of L^p-space. The basic idea is to include R and^∗R into suitable analytic families {R^α} and {^∗R^α} of fractional integrals in such a way that the inverse operator R^{−1} belongs to the family {^∗R^α}. The operators^∗R^α give rise to generalized wavelet transforms. In terms of these transforms it is possible to write out the analytic continuation of^∗R^αRf in the form which enables us to work with L^p-functions and with continuous functions.

In the present paper we apply this method to the horocycle transform. The required families of fractional integrals were discovered by examining the proof of (2). The general idea is as follows (cf. [16]): since the delta function δ(t) is a member of the analytic family of distributions t^{λ−1}_+ /Γ(λ) (see [9]) and these distributions generate Riemann-Liouville fractional integrals (and corresponding wavelet transforms [12]), it is natural to expect that the delta function δ([x, ξ] − 1) can be associated with some fractional integrals and wavelet transforms.

The paper is organized as follows. In section 2, we give basic definitions and auxiliary results, and establish the Solmon type estimate for the horocycle transform (cf. [17], [2]). In section 3 we introduce continuous wavelet transforms associated with R and prove the inversion formula mentioned in the Abstract; the main result is given by Theorem 1. The argument explores the connection between our fractional integrals and wavelet transforms with harmonic analysis on H.

2 Preliminaries

2.1 Algebraic and geometric notions

References to this subsection are [3] and [20]. In addition to E^{n,1}, H, Γ, we define the spaces R^n = {x ∈ E^{n,1} | x = (x_1, . . . , x_n, 0)} and R^{n−1} = {x ∈ E^{n,1} | x = (x_1, . . . , x_{n−1}, 0, 0)} with the corresponding rotation groups K = SO(n) and M = SO(n − 1). The coordinate unit vectors are denoted by e_1, . . . , e_{n+1}. We write dk for the normalized Haar measure on K so that ∫ K dk = 1. Let S^{n−1} = K/M be the unit sphere in R^n; ω_{n−1} = |S^{n−1}| = 2π^{n/2}/Γ(n/2). The geodesic distance between points x, y ∈ H is defined by cosh d(x, y) = [x, y]. The isometry group of H is G = SO_o(n, 1), the locally compact connected group of pseudo-rotations of E^{n,1} which preserve the bilinear form [x, y]. The subgroup K is the isotropy subgroup of the point O = (0, . . . , 0, 1) ∈ H, called the origin in H. We then have the homogeneous space identification H =G/K. The group G possesses a Cartan decomposition G = KAK and an Iwasawa decomposition G = KAN where A is an Abelian subgroup of the form

A = a = a_t =

I_{n−1} 0 0 0 cosh t sinh t 0 sinh t cosh t | t ∈ R , and N is a nilpotent subgroup of G given by

N = n = n_v = I_{n−1} −v^{tr} v^{tr} v 1 − |v|^2/2 |v|^2/2 v −|v|^2/2 1 + |v|^2/2 | v ∈ R^{n−1}(row vector) .

Then A normalizes N, i.e. a^{−1}_t n_va_t = n_e−t_v. The Haar measure dn on N is given by Lebesgue measure dv on R^{n−1}, so that ∫ N f(n)dn = ∫ R^{n−1} f(nv)dv. Any g ∈ G has a unique expression g = kan up to the centralizer M of A in K. Any x ∈ H can be written uniquely in the form x = n_va_t ∘ O. This leads to the horocycle coordinates on H given by:

x = n_va_t ∘ O = a_tn_e−t_v ∘ O = (e^{−t}v, sinh t + |v|^2 2 e^{−t}, cosh t + |v|^2 2 e^{−t}). (3)

In terms of the decomposition x = n_va_t ∘ O, the invariant Riemannian measure dx on H has the form dx = e^{−2ρt}dtdv, where ρ = (n − 1)/2 (the letter ρ has this meaning everywhere throughout the paper).

Horocycles in H can be defined as translates of the orbit N ∘ O under G. Any horocycle has the form ka_tN ∘ O for some k ∈ K and t ∈ R (t gives the signed distance of the horocycle to the origin O). We denote the space of horocycles by Ξ. The group G is transitive on Ξ, and the subgroup MN of G leaves fixed the “basic horocycle” N ∘ O. Hence we have the homogeneous space identification Ξ = G/MN. Let ξ_0 = (0, . . . , 0, 1, 1). Each horocycle ka_tN ∘ O is identified uniquely with the point ξ ∈ Γ according to

ξ = ka_t ∘ ξ_0 = e^t k ∘ ξ_0 = e^tb(ω), (4)

where ω = k ∘ e_n ∈ S^{n−1}, b(ω) = k ∘ ξ_0 = ω + e_{n+1} ∈ Γ. In accordance with (4), the invariant measure on Γ is defined by dξ = e^{2ρt}dtdω, dt being Lebesgue measure on R and dω the usual surface measure on S^{n−1} ([20], p. 24).

Finally notice that for each x ∈ H and each ω ∈ S^{n−1} there is a unique horocycle passing through x and given by the point e^tb(ω) ∈ Γ with t = ⟨x, ω⟩ = − log[x, b(ω)] (5) (cf. [3], p. 80). This quantity is usually called the horocycle distance function.

2.2 The horocycle transform and its dual

Given ξ ∈ Γ, let ξ̂ be the horocycle defined by ξ̂ = {x ∈ H | [x, ξ] = 1}, and, given x ∈ H, let x̌ = {ξ ∈ Γ | [x, ξ] = 1} be the set of points of the cone Γ corresponding to all horocycles passing through x. We denote by d_ξx and d_xξ the induced Lebesgue measures on ξ̂ and x̌ respectively. According to (1), for sufficiently nice functions f : H → C and φ : Γ → C the horocycle transform and its dual are defined by Rf(ξ) = ∫ ξ̂ f(x)d_ξx and^∗Rφ(x) = ∫ x̌ φ(ξ)d_xξ, respectively. If ξ = e^tb(ω) = e^tk ∘ ξ_0 and x = g ∘ O, g ∈ G, then in group theoretic terms these transforms read as follows

Rf(ξ) = R_ωf(t) = ∫ N f(ka_tn ∘ O) dn ( = ∫ R^{n−1} f(ka_tn_v ∘ O) dv ) , (6)

R^∗φ(x) = ω_{n−1} ∫ K φ(gk ∘ ξ_o) dk, (7) The following statement gives another representation of the dual transform.

Proposition 1 For each g ∈ G and each ω ∈ S^{n−1}, ∫ K φ(gk ∘ ξ_o) dk = ∫ K e^{2ρ⟨g∘O,k∘ω⟩}φ(e^{⟨g∘O,k∘ω⟩}k ∘ ξ_0) dk (8) provided that one of these integrals exists.

Proof. We write (8) in the equivalent form I_1φ(g) = I_2φ(g), where

I_1φ(g) = ∫ S^{n−1} φ(g ∘ b(ω)) dω, I_2φ(g) = ∫ S^{n−1} e^{2ρ⟨g∘O,ω⟩}φ(e^{⟨g∘O,ω⟩}b(ω)) dω.

Set g = k^′a_rk^{′′} (k^′, k^{′′} ∈ K, a_r ∈ A). One can readily see that I_1φ(g) = I_2φ(g) if and only if I_1φ^′(a_r) = I_2φ^′(a_r), φ^′(ξ) = φ(k^′ ∘ ξ). Thus it suffices to prove (8) for g = a_r. By passing to polar coordinates on S^{n−1} and taking into account the equalities a_r ∘ e_n = (cosh r)e_n + (sinh r)e_{n+1}, a_r ∘ e_{n+1} = (sinh r)e_n + (cosh r)e_{n+1}, we have

I_1φ(a_r) =

∫_1 −1 (1 − η^2)^{(n−3)/2} × ∫ S^{n−2} φ( √ 1 − η^2θ

+ (η cosh r + sinh r)e_n + (η sinh r + cosh r)e_{n+1})dθdη,

I_2φ(a_r)=

∫_1 −1 (1−τ^2)^{(n−3)/2} (cosh r−τ sinh r)^{n−1} ∫ S^{n−2} φ (√1−τ_2θ+τe_n +e_{n+1} cosh r−τ sinh r ) dθdτ. (9) The second expression can be reduced to the first one by changing the variable (put 1/(cosh r − τ sinh r) = η sinh r + cosh r). Corollary 1 For x ∈ H, ∗ Rφ(x) = ∫ S^{n−1} e^{2ρ⟨x,ω⟩}φ(e^{⟨x,ω⟩}b(ω)) dω. (10) Known properties of these transforms are the content of the following lemmas. For convenience of the reader we supply them with simple proofs. Lemma 1 (cf. formulas (2.8) and (3.1) from [6]). We assume that f and φ are locally integrable on H and Γ such that the integrals below exist a.e. (i) If f is a K-invariant function on H, i.e. f(x) = f_o(x_{n+1}), then Rf is K-invariant, and e^{ρt}R_ωf(t) = 2^{ρ−1}ω_{n−2} ∫_∞ cosh t

f_o(s) (s − cosh t)^{ρ−1} ds (11)

= 2^{2ρ−1}ω_{n−2} ∫_∞ u^2

f_o(2τ − 1) ( τ − u^2 )_{ρ−1} du, u = cosh t 2 . (12)

(ii) If φ is a K-invariant function on Γ, i.e. φ(ξ) = φ_o(ξ_{n+1}), then^∗Rφ is K-invariant, and ∗ Rφ(x)= 2^{ρ−1}ω_{n−2} (sinh r)^{n−2} ∫_r −r φ_o(e^s) (cosh r−cosh s)^{ρ−1}e^{ρs}ds, cosh r =x_{n+1}. (13)

Proof. (i) Since f is K-invariant, then one can ignore k in (6), and by (3) we have R_ωf(t) = ∫ R^{n−1} f(a_tn_v ∘ O) dv = e^{−2ρt} ∫ R^{n−1} f(n_va_t ∘ O) dv = e^{−2ρt} ∫ R^{n−1} f_o ( cosh t + |v|^2 2 e^{−t} ) dv which gives (9). The representation (10) can be obtained from (9) by putting cosh t = 2u^2 − 1.

(ii) By making use of (9), we obtain ∗ Rφ(x) =ω_{n−2} ∫_1 −1 (1−τ^2)^{ρ−1}(cosh r−τ sinh r)^{−2ρ}φ_o ( 1 cosh r−τ sinh r ) dτ = ω_{n−2} (sinh r)^{n−2} ∫_r −r (sinh^2 r − (cosh r − e^{−s})^2)^{ρ−1}e^{s(2ρ−1)}φ_o(e^s) ds

which coincides with (11).

Lemma 2 (Duality; cf. [10] , p. 103). Let f and φ be functions on H and Γ, respectively. Then the duality relation ∫ Γ φ(ξ)Rf(ξ) dξ = ∫ H ∗ Rφ(x)f(x) dx (14) holds provided that at least one of the integrals is finite for φ and f replaced by |φ| and |f|, respectively.

Proof. By setting ξ = e^tb(ω), ω = k ∘ e_n, we write the left-hand side of (14) in the form (cf. (6)) ∫ R e^{2ρt} dt ∫ S^{n−1} φ(e^tb(ω)) dω ∫ R^{n−1} f(ka_tn_v ∘ O) dv. Put v = e^{−t}u, a_tn_v ∘ O = n_ua_t ∘ O = y, [ky, b(ω)] = e^{−t}. Then the above expression can be written as ∫ S^{n−1} dω ∫ H φ([ky, b(ω)]^{−1}b(ω))f(ky)[ky, b(ω)]^{−2ρ} dy = ∫ S^{n−1} dω ∫ H φ(e^{−⟨x,ω⟩}b(ω))f(x)e^{2ρ⟨x,ω⟩} dx which coincides with the right-hand side of (14).

We use the above results to characterize the behavior of R on L^p(H) mentioned in the Abstract.

Proposition 2 If f ∈ L^p(H), 1 ≤ p < 2, then Rf(ξ) exists a.e. and ∫ Γ |ξ|^{β−ρ} ||ξ| − 1|^{−2β} |Rf(ξ)| dξ ≤ C_{n,β} ‖f‖_p , (15) provided 1 + (n − 1)(1/2 − 1/p) < β < min(1, 1/2 + n/p^′), 1/p + 1/p^′ = 1. Further, there exists an ~f ∈ L^p(H) such that Rf(ξ) ≡ ∞, for every p ≥ 2.

Proof. Let φ(ξ) = e^{−ρt}(cosh t − 1)^{−β}, where ξ = e^tb(ω). By (11), ∗ Rφ(x) = const × (cosh r − 1)^{1/2−β} (cosh r + 1)^{1−n/2}, cosh r = x_{n+1}.

By the conditions on β, for f ∈ L^p(H), the right-hand side of (14) is an absolutely convergent integral. Consequently (14) is valid and it follows that Rf is defined a.e. Substituting into (14) and applying Hölder’s inequality gives the estimate. The examples in the case when p ≥ 2 can be constructed easily by considering K-invariant functions and using (11).

Remark 1 Conceivably, an analog of the above result can be obtained for general rank one symmetric spaces of non-compact type by making use of the formulas (2.8) and (3.1) from [6]) together with the corresponding duality relation. Undoubtably, the result can be extended to symmetric spaces of any rank, however the computational aspects of the above proof do not seem to generalize easily.

2.3 Approximate identities on H

Approximate identities have been introduced in the symmetric space setting by various authors, e.g. [18] or [4]. Here we introduce a modification appropriate for our needs. Given an integrable function k_0 : (0, ∞) → C, consider the convolution operator K_εf(x) = ∫ H k_ε([x, y]) f(y) dy, (16) where ε > 0, and the kernel is given by

k_ε(τ) =

(τ^2 − 1)^{1−n/2} ε k_0 ( 2(τ − 1) ε ) . Convolutions of this form arise naturally in the inversion procedure for the horocycle transform given in the next section.

Lemma 3 Let f be a measurable function on H. (i) If k_0 has a decreasing integrable majorant, then

K^∗f ≤ const × f^∗, (17)

where f^∗(x) is the Hardy-Littlewood maximal function on H defined by

f^∗(x) = sup_{r>0} 1 |B(x, r)| ∫ B(x,r) |f(y)| dy, B(x, r) is a geodesic ball of radius r centered at x. (ii) Let f ∈ L^p(H) for some 1 ≤ p < ∞. Then

lim_{ε→0} K_εf = c_0f, c_0 = ω_{n−1} 2 ∫_∞ 0 k_0(s) ds, (18)

in the L^p-norm. Further, if k_0 has decreasing integrable majorant, then the limit holds a.e.

(iii) If f ∈ C_0(H) = {f ∈ C(H) | f(x) → 0 as d(O, x) → ∞}, then the limit holds uniformly on H.

Proof. (i) By passing to polar coordinates on H, we get K_εf(x) = ω_{n−1} ε ∫_∞ 0 k_0

(2(cosh r − 1) ε ) M_rf(x) d(cosh r) = ∫_∞ 0 k_0(s)u(2 + εs) ds (19)

where M_rf(x) is the mean value of f over the geodesic sphere of radius r centered at x, u(t) = 2^{−1}ω_{n−1}M_{arcosh(t/2)}f, t ≥ 2. Properties of M_rf for f ∈ L^p(H) and f ∈ C_0(H) were studied, e.g., in [11], [2]. Without loss of generality one can assume f ≥ 0. Since k_0 has a decreasing integrable majorant, then

|K_εf| ≤ c sup_{h∈R} 1 2h ∫_{2+h} 2−h u(t) dt = c 2 sup_{h>0} γ(h) (20)

(for t < 0, u(t) is defined by zero), where γ(h) = h^{−1}

∫_{1+h} 1 M_{arcosh τ} f dτ, c = const. Consider the function ψ(t) = ω_{n−1} ∫_t 1 (s^2 − 1)^{n/2−1}M_{arcosh s}f ds = ∫ B(x, arcosh t) f(y) dy. Let ν(t) = |B(x, arcosh t)|. Since ν(t) = ∫ [x,y]<t dy = c ∫_t 1 (τ^2 − 1)^{n/2−1}dτ,

then ν(t) = O((t^2 − 1)^{−n/2}) for t ≤ 2 and ν(t) = O(t^{n−1}) for t > 2. Hence ψ(t) ≤ ν(t)f^∗, and integration by parts yields γ(h) = ω^{−1}_{n−1} h ∫_{1+h} 1 (t^2 − 1)^{1−n/2}dψ(t) ≤ cf^∗ h [ ((1 + h)^2 − 1)^{1−n/2}ν(1 + h) +

∫_{1+h} 1 ν(t)(t^2 − 1)^{−n/2}tdt ] ≤ Af^∗, A being independent of h. This estimate together with (20) implies (17).

(ii) Let us prove the limit relation (18). By (19),

K_εf − c_0f = ω_{n−1} 2 ∫_∞ 0 k_0(s) [ M_{arcosh(1+εs/2)}f − f ] ds → 0 as ε → 0 in the L^p-norm (and uniformly for f ∈ C_0(H)) owing to the properties of M_rf (see Lemma 2.1 from [2]). The a.e. conversgence is then a consequence of (17) due to the estimate ‖f^∗‖_p ≤ ‖f‖_p (for p = 1 the corresponding weak estimate holds; see [7], [19]).

3 Inversion of the Horocycle Transform

With the horocycle transform and its dual we associate the following fractional integral operators R^αf(ξ) = c_{n,α} ∫ H f(x) h_α(x, ξ) dx, (21)

∗ R^αφ(x) = c_{n,α} ∫ Γ φ(ξ) h_α(x, ξ) dξ. (22) Here Re α > 0, α ≠ 1, 3, . . . , c_{n,α} = 2^{−α}π^{−1/2}Γ((1 − α)/2)/Γ(α/2), h_α(x, ξ) = |[x, ξ] − 1|^{α−1} [x, ξ]^{−ρ−α/2} = | |[x, ξ]^{1/2} − [x, ξ]^{−1/2} | |^{α−1} [x, ξ]^{−ρ−1/2}. These operators share properties with the horocycle transform and its dual, namely, duality ∫ H f(x)^∗R^αφ(x) dx = ∫ Γ R^αf(ξ) φ(ξ) dξ. Furthermore, they intertwine the action of G on H and on Γ, i.e. R^αf(g∘ξ)= R^αf_g(ξ) and^∗R^αφ(g ∘ x) =^∗R^αφ_g(x), where f_g(x) = f(g ∘ x) and similarly for φ_g. The following lemma links these fractional integrals with the horocycle transform and its dual.

Lemma 4 Let f and φ be smooth compactly supported functions on H and Γ respectively, and let r_α(t) = 2^{α−1}c_{n,α}e^{−t(ρ+1/2)} |sinh(t/2)|^{α−1} . Then

R^αf(ξ) = ∫ R r_α(t) R_ωf(s − t) dt, ξ = e^sb(ω), (23) ∗ R^αφ(x) = ∫ R r_α(s) [ ∫ S^{n−1} e^{2ρ(s+⟨x,ω⟩)}φ(e^{s+⟨x,ω⟩}b(ω)) dω ] ds, (24) and the following relations hold

lim_{α→0+} R^αf = Rf, lim_{α→0+}^∗R^αφ =^∗Rφ. (25)

Proof. In order to prove (23) we write ξ = e^sk ∘ ξ_0. Then [x, ξ] = e^s[k^{−1} ∘ x, ξ_0)] and from (21) we have R^αf(ξ) = c_{n,α} ∫ H f(k ∘ x) | |e^{s/2}[x, ξ_0)]^{1/2} − e^{−s/2}[x, ξ_0)]^{−1/2} | |^{α−1} × e^{−(ρ+1/2)s} [x, ξ_0)]^{−ρ−1/2}dx.

We now express the integral using horocycle coordinates (3) in the form x = a_tn ∘ O. Then [x, ξ_0)] = x_{n+1} − x_n = e^{−t}, and therefore R^αf(ξ) = c_{n,α} ∫ R ∫ N f(ka_tn ∘ O) | |e^{(s−t)/2} − e^{−(s−t)/2} | |^{α−1} e^{−(ρ+1/2)(s−t)}dn dt. This is equivalent to (23) by (6). The equality (24) can be derived from (22) by putting ξ = e^tb(ω), dξ = e^{2ρt}dtdω, [x, ξ] = exp(t − ⟨x, ω⟩) (cf. (5)), and further, t = s + ⟨x, ω⟩. The limit relations (25) follow from (23) and (24) due to normalization (cf. [9], Ch. I, Sec. 3.5).

In view of (25), the horocycle transform and its dual can be regarded as members of the analytic families of operators {R^α} and {^∗R^α}, respectively. This is the key observation in our approach. The form of the kernel h_α in (21) and (22) was discovered taking into account calculations in [20, p. 164].

Following the philosophy given in [2, 14, 16], it is natural to expect that the fractional integral R^α can be inverted by the dual operator via the formula (R^α)^{−1} =^∗R^{1−n−α}. Consequently, the inversion formula for the horocycle transform would take the form (α = 0)

f =^∗R^{1−n}Rf. (26)

However, the integral defining^∗R^{1−n} is divergent in general, hence the righthand side of the above formula must be interpreted via analytic continuation in a suitable sense. In what follows, this analytic continuation is carried out via a wavelet-like transform.

Specifically, fix a complex-valued function w ∈ L^1(0, ∞). The wavelet transform of a function φ living on Γ is given for x ∈ H, and t > 0 by W φ(x, t) = 1 t ∫ Γ φ(ξ) w (| [x, ξ]^{1/2} − [x, ξ]^{−1/2} | t ) [x, ξ]^{−n/2}dξ. (27) The name wavelet transform is appropriate as the function w (called a wavelet) will be required to satisfy certain growth and moment conditions (specified later). The structure of (27) is motivated by the formula ∗ R^αφ(x) = const × ∫_∞ 0 W φ(x, t) dt t^{1−α} , 0 < Re α < 1, (28) which can be checked by interchanging the order of integration in the righthand side. This formula can be used to give the analytic continuation of^∗R^α for Re α ≤ 0.

¿From (26) and (28) one expects inversion of the horocycle transform via f(x) = c_w ∫_∞ 0 W Rf(x, t) dt t^n , for suitable wavelets w. The following makes precise the above formula.

Theorem 1 Let f ∈ L^p(H) for some 1 ≤ p < 2. Let w : (0, ∞) → C satisfy ess sup_{s>0} (1 + s)^μ |w(s)| < ∞, for some μ > n; (29) ∫_∞ 0 s^jw(s) ds = 0, for j = 0, 2, . . . 2[ρ], ρ = n − 1 2 . (30)

Then

lim_{ε→0} ∫_∞ ε W Rf(x, t) dt t^n = c_nf(x), (31)

where the limit is understood in the L^p-norm and a.e., and

c_n = ω_{n−1}ω_{n−2} 2 Γ(−ρ) ∫_∞ 0 s^{2ρ}w(s) ds, if n is even,

(−1)^{ρ+1} 2ρ! ∫_∞ 0 s^{2ρ}w(s) log s ds, if n is odd.

(32)

Moreover, if f ∈ C_0(H) ∩ L^p(H) for some 1 ≤ p < 2, then (31) holds uniformly.

The proof will depend on several preliminaries concerning the wavelet transform (27). The growth condition (29) and moment conditions (30) are the reason we call (27) a wavelet transform.

For functions φ defined on Γ, consider the operator Bφ(x) = ∫ Γ φ(ξ) b([x, ξ]) dξ. (33)

The wavelet transform given by (27) has this structure and we need to determine conditions on the kernel b so that Bφ is defined when φ = Rf for f ∈ L^p(H) and some 1 ≤ p < 2. For this it is useful to express the operator group theoretically as follows. Let x = g ∘ O and write ξ = gka_t ∘ ξ_0. Then Bφ(x) = ω_{n−1} ∫_∞ −∞ [ ∫ K φ(gka_t ∘ ξ_0) dk ] b([O, a_t ∘ ξ_0]) e^{2ρt}dt = ω_{n−1} ∫_∞ −∞ ∗ M^tφ(x) b(e^t) e^{2ρt}dt, (34) where^∗M^tφ(x) is an averaging operator in brackets. The last formula is justified provided one of the integrals is finite with φ and b replaced by |φ| and |b|, respectively.

Lemma 5 Let 0 ≤ β ≤ ρ. Assume that b : [0, ∞) → C and φ : Γ → C are non-negative and measurable with γ_β = ess sup_{s>0} s^{ρ−β}(1 + s)^{2β}b(s) < ∞.

Then Bφ(x) ≤ c_β γ_β x^{ρ+β}_{n+1} ∫ Γ |ξ|^{β−ρ} ||ξ| − 1|^{−2β} φ(ξ) dξ a.e., (35) where c_β is independent of b. Proof. We start from (34) to obtain Bφ(x) ≤ γ_βω_{n−1} ∫_∞ −∞ ∗ M^tφ(x) e^{(β−ρ)t}(e^t + 1)^{−2β}e^{2ρt}dt, or as an integral over Γ, Bφ(x) ≤ γ_βω_{n−1} ∫ Γ φ(g ∘ ξ) [ ξ^{β−ρ}_{n+1} (1 + ξ^{−2β}_{n+1} ) ] dξ, x = g ∘ O. Changing the variable we see it suffices to estimate the quantity in brackets where ξ is replaced by g^{−1} ∘ ξ. For this in the case |ξ| > 1 we have Ω(x, ξ) ≡ (g^{−1} ∘ ξ)^{β−ρ}_{n+1} ((g^{−1} ∘ ξ)_{n+1} + 1)^{−2β} |ξ|^{β−ρ} | |ξ| − 1|^{−2β} = |ξ|^{ρ−β} | |ξ| − 1|^{2β} (g^{−1} ∘ ξ)^{ρ−β}_{n+1} ((g^{−1} ∘ ξ)_{n+1} + 1)^{2β} ≤ |ξ|^{ρ−β} | |ξ| + 1|^{2β} (g^{−1} ∘ ξ)^{ρ+β}_{n+1} .

Now (g^{−1} ∘ ξ)_{n+1} = [x, ξ] and if we write this in coordinate form (x = (cosh s, sinh s ω), ξ = e^tb(ω^′)), then (g^{−1} ∘ ξ)_{n+1} = e^t(cosh s − sinh s (ω · ω^′)), the dot representing ordinary Euclidean inner product. Hence, (g^{−1} ∘ξ)_{n+1} ≥ e^{t−s} = e^{t−d(x,O)}. The rest of the estimation is straightforward. If |ξ| < 1, then Ω(x, ξ) ≤ (|ξ|/(g^{−1} ∘ ξ)_{n+1})^{ρ−β} which does not exceed x^{ρ−β}_{n+1} (≤ x^{ρ+β}_{n+1}) up to a constant multiple.

For the next lemma we introduce the notation

w_1(s) = s^{−1/2}w(s^{1/2})

and the associated fractional integral operator

I^μ_+w_1(u) = 1 Γ(μ) ∫_u 0 (u − s)^{μ−1}w_1(s) ds. (36)

Lemma 6 Let f ∈ L^p(H) for some 1 ≤ p < 2 and let w ∈ L^1(0, ∞) satisfy

ess sup_{s>0} (1 + s)^{2β+1} |w(s)| < ∞ (37)

for some β ∈ [0, min(1, ρ, 1/2 + n/p^′)].

(i) If f and w are nonnegative, then for each t > ε > 0 and x ∈ H, W Rf(x, t) ≤ c_{β,ε}t^{2β} x^{ρ+β}_{n+1} ‖f‖_p (38) with some constant c_{β,ε}, independent of f.

(ii) Let f_x(cosh r) = M^rf(x). Then W Rf(x, t) = 2Γ(ρ)ω_{n−1}ω_{n−2}t^{n−3} ∫_∞ 1 f_x(2τ − 1) I^ρ_+w_1 ( 4(τ − 1) t^2 ) dτ (39)

where f_x(cosh r) = M^rf(x).

Proof. Set φ = Rf. Then W φ has the form of the operator (33) with b(s) = t^{−1}s^{−n/2}w( | |s^{1/2} − s^{−1/2} | | /t). We will first demonstrate that W φ is well-defined for f ∈ L^p(H) via the previous lemma. For simplicity assume that w and f are non-negative. By Lemma 5 and Proposition 2 we need to show that for t > ε,

t^{−1}s^{−β−1/2}(1 + s)^{2β} w( | |s^{1/2} − s^{−1/2} | | /t) ≤ c_{β,ε}t^{2β} provided that β satisfies 0 ≤ β ≤ ρ and the hypothesis of Proposition 2 (i.e. β ∈ [0, min(1, ρ, 1/2 + n/p^′)]). This is a straightforward, albeit tedious calculation as follows. Let s = e^{2u} and v = |sinh u| , then

e^u = cosh u + sinh u = {√ 1 + v^2 + v, if u > 0 √ 1 + v^2 − v, if u < 0 ≥ √ 1 + v^2 − v = 1 √ 1 + v^2 + v . Consequently, for t > ε,

t^{−1}s^{−β−1/2}(1 + s)^{2β}w( | s^{1/2} − s^{−1/2} | /t) = (2 cosh u)^{2β} te^u w (2 |sinh u| t )

≤ 4^βt^{−1}(1 + v^2)^β (√ 1 + v^2 + v ) w (2v t )

≤ c_βt^{−1}(1 + v)^{2β+1}w (2v t )

≤ c_β t sup_{s>0} ( 1 + st/2 1 + s

)_{2β+1} ≤ c_{β,ε}t^{2β} .

Now we will verify (39). From (34) we have the formula W φ(x, t) = t^{−1}ω_{n−1} ∫_∞ −∞ ∗ M^sφ(x) w (2 |sinh(s/2)| t ) e^{(ρ−1/2)s}ds. With φ = Rf, a simple group theoretic argument shows that ∗ M^sφ(x) = Rf_x(s). The latter may be computed using (12): Rf_x(s) = 2^{2ρ−1}ω_{n−2}e^{−ρs} ∫_∞ u^2

f_x(2τ − 1) (τ − u^2)^{ρ−1}dτ, where u = cosh(s/2). Substituting in the formula for W φ we have W φ(x, t) = 2^{2ρ−1}ω_{n−1}ω_{n−2} t ∫_∞ −∞ [ ∫ ∞ cosh^2(s/2)

f_x(2τ − 1) (τ − cosh^2(s/2))^{ρ−1}dτ ]

× w (2 |sinh s/2| t ) e^{−s/2}ds = 2^{2ρ}ω_{n−1}ω_{n−2} t ∫_∞ 0 [ ∫ ∞ cosh^2(s/2)

f_x(2τ − 1) (τ − cosh^2(s/2))^{ρ−1}dτ ]

× w (2 sinh(s/2) t ) cosh(s/2) ds. Making the change of variable u = cosh^2(s/2) and interchanging the order of integration, we get the following W φ(x, t) = 2^{2ρ}ω_{n−1}ω_{n−2} t ∫_∞ 1 f_x(2τ − 1) ∫_τ 1 w ( 2 √ u − 1 t ) (τ − u)^{ρ−1} √ u − 1 du dτ. Now the change of variable η = 2 √ u − 1/t yields:

W φ(x, t) = 2^{2ρ}ω_{n−1}ω_{n−2} ∞∫ 1 f_x(2τ − 1) 2 √ τ −1/t ∫ 0 w(η) ( τ − 1 − t^2η^2 4 )_{ρ−1} dη dτ.

The last formula coincides with (39). Please note the use of Fubini’s theorem is justified by (i).

The following Corollory relates the integral in the left-hand side of (31) to a structural form similar to an approximate identity. The proof of Theorem 1 will then follow by verifying that indeed we have an approximate identity.

Corollary 2 Let f and w satisfy the conditions of Lemma 6, and let g(s) = s^{−1}I^{ρ+1}_+ w_1(s). Then ∫_∞ ε W Rf(x, t) t^n dt = ∫ H k_ε([x, y]) f(y) dy, (40)

k_ε(τ) = ω_{n−2}Γ(ρ) 2 (τ^2 − 1)^{1−n/2} ε^2 g ( 2(τ − 1)

ε^2 ) . (41)

Proof. Using (39) and interchanging the order of integration we have ∞∫ ε W Rf(x, t) t^n dt = 2Γ(ρ)ω_{n−1}ω_{n−2} ∞∫ 1 f_x(2τ −1) ∞∫ ε I^ρ_+w_1 ( 4(τ −1) t^2 ) dt t^3 dτ

= Γ(ρ)ω_{n−1}ω_{n−2} ∞∫ 1 f_x(2τ −1) 4(τ−1)/ε^2 ∫ 0 I^ρ_+w_1(z) dz dτ 4(τ −1) = Γ(ρ)ω_{n−1}ω_{n−2} ε^2 ∞∫ 1 f_x(2τ −1) g (4(τ −1) ε^2 ) dτ

= Γ(ρ)ω_{n−1}ω_{n−2} 2ε^2 ∞∫ 0 M^rf(x) g (2(cosh r − 1) ε^2 ) sinh r dr. The last expression is equivalent to (40). Application of Fubini’s theorem was possible due to Lemma 6(i).

Finally, we will obtain the proof of Theorem 1 by verifying that k_ε defines an approximate identity. This is accomplished via the following statement which is a consequence of Lemma 2.4 from [14].

Lemma 7 Let w ∈ L^1(0, ∞) satisfy (29) and (30). Set γ = ρ + (μ − n)/4. Then ∫_∞ 0 s^γ |w_1(s)| ds < ∞ and the function g from (41) enjoys the following properties: (i) g(s) = { O(s^{ρ−1}), if 0 < s ≤ 1, O(s^{δ−1}), if s > 1, δ = ρ − min(1 + [ρ], γ) < 0; (42)

(ii) ∞∫ 0 g(s) ds = Γ(−ρ) ∫_∞ 0 s^ρw_1(s) ds, if ρ /∈ N, (−1)^{ρ+1} ρ! ∫_∞ 0 s^ρw_1(s) log s ds, if ρ ∈ N.

(43)

The above Lemma shows that the kernel (41) satisfies the conditions of Lemma 3. Hence we deduce that

lim_{ε→0} ∫_∞ ε W Rf(x, t) t^n dt = c_nf(x), c_n = ω_{n−1}ω_{n−2}Γ(ρ) 4 ∫_∞ 0 g(s) ds, with the limit interpreted in the required senses. One can easily check that the constant c_n above coincides with that in (32).

Acknowledgement. B. Rubin wishes to expresses his gratitude to his colleague, W. O. Bray, for the hospitality he enjoyed during his visit at the University of Maine in June 1997.

References

[1] C. A. Berenstein, C. Tarabusi, An inversion formula for the horocycle transform on the real hyperbolic space, Lectures in Appl. Mathematics 30 (1994) p1-6.

[2] C. A. Berenstein, B. Rubin, Radon transform of L^p-functions on the Lobachevsky space and hyperbolic wavelet transforms, The Hebrew University of Jerusalem, Preprint #1 (1997).

[3] W. O. Bray, Aspects of harmonic analysis on real hyperbolic space, Fourier Analysis: analytic and geometric aspects, Vol 157 Lect. Notes Pure Appl. Math. Marcel Dekker (1994) eds. W. O. Bray, P. S. Milojevic, Časlav V. Stanojević, p77-102.

[4] W. O. Bray, Generalized spectral projections on symmetric spaces of non-compact type: Paley-Wiener theorems, Jour. Func. Anal. 135 (1996) p206-232.

[5] W. O. Bray, D. C. Solmon, The horocycle transform and harmonic analysis on the Poincaré disk, Preprint (1988).

[6] W. O. Bray, D. C. Solmon, Paley-Wiener theorems on rank one symmetric spaces of non-compact type, Contemporary Math. 113 (1990) p17-29.

[7] J. L. Clerc, E. M. Stein, L^p-multipliers for non-compact symmetric spaces, Proc. Nat. Acad. Sci. USA 71 (1974) p3911-3912.

[8] I. M. Gelfand, M. I. Graev, N. Ja. Vilenkin, Generalized Functions, Vol 5 Integral Geometry and Representation Theory, Academic Press (1966).

[9] I. M. Gelfand, G. E. Shilov, Generalized Functions, Vol 1 Properties and Operations, Academic Press (1964).

[10] S. Helgason, Geometric Analysis on Symmetric Spaces, Amer. Math.

Soc. (1994).

[11] P. I. Lizorkin, Direct and inverse theorems of approximation theory for functions on Lobachevsky space, Proc. of the Steklov Inst. of Math. Issue 4 (1993) p125-151.

[12] B. Rubin, Fractional Integrals and Potentials, Addison Wesley Longman (1996).

[13] B. Rubin, Inversion of Radon transforms using wavelet transforms generated by wavelet measures, Math. Scand. (to appear).

[14] B. Rubin, Spherical Radon transforms and related wavelet transforms, Applied and Computational Harmonic Analysis 5 (1998) p202-215.

[15] B. Rubin, Inversion of k-plane transforms via continuous wavelet transforms, Jour. Math. Anal. Appl. 220 (1998) p187-203.

[16] B. Rubin, Fractional calculus and wavelet transforms in integral geometry, Fractional Calculus and Applied Analysis 1 (1998), No. 2, p193-219.

[17] D. C. Solmon, A note on k-plane integral transforms, Jour. Math. Anal.

Appl. 71 (1979) p351-358.

[18] R. J. Stanton, P. A. Tomas, Pointwise inversion of the spherical transform on L^p(G/K), 1 ≤ p < 2, Proc. Amer. Math. Soc. 73 (1979) p398- 404.

[19] J. O. Strömberg, Weak type L^1 estimates for maximal functions on noncompact symmetric spaces, Ann. Math. 114 (1981) p115-126.

[20] N. Ja. Vilenkin, A. U. Klimyk, Representation of Lie Groups and Special Functions, Vol 2, Kluwer Academic Publ. (1993).

[21] A. Zorich, Inversion of horospherical integral transform on real semisimple Lie groups, International Journal of Modern Physics A, Vol 7, Suppl. 1B (1992) p1047-1071, Proceedings of the RIMS Reseach Project 1991, ”Infinite Analysis”, World Sci. Publishing Company.

William O. Bray Department of Mathematics, University of Maine, Orono, Maine 04469-5752, USA.

Boris Rubin Institute of Mathematics, The Hebrew University, 91904, Jerusalem, Israel