Applications of Michael’s Continuous Selection

Theorem to Operator Extension Problems by M. Zippin^∗

Preprint No. 12 1996/97

Abstract

A global approach and Michael’s continuous selection theorem are used to prove a slightly improved version of the Lindenstrauss - Pełczyński extension theorem for operators from subspaces of c_0 into C(K) spaces.

∗Supported in part by a grant of the U.S.-Israel Binational Science Foundation. Participant at Workshop in Linear Analysis and Probability, Texas A & M University, NFS DMS 9311902. Mathematics Subject Classification: Primary 46E15. Partially supported by the Edmund Landau Center for research in Mathematical Analysis, sponsored by the Minerva Foundation (Germany).

1. Introduction. J. Lindenstrauss and A. Pełczyński proved in [L-P] the following result: Let E be a subspace of c_0, let K be a compact Hausdorff space and let T be an operator from E into C(K). Then for every ε > 0, there is an extension T̂ : c_0 → C(K) of T with ‖T̂ ‖ ≤ (1 + ε)‖T ‖. The original proof [?] is based on a construction of a sequence {T_n}^∞_{n=1} of extensions T_n : E_n → C(K) of T , where E = E_0 ⊂ E_1 ⊂ · · · , ∪^∞_{n=1}E_n = c_0 and dim(E_n/E_{n−1}) = 1.

The following simple observation (see e.g. [Z] Proposition 2) suggests a different approach to the above extension theorem.

The Extension Criterion: Let ε > 0 and let E be a subspace of X. Then the following are equivalent:

(1.1) For every compact Hausdorff space K and every operator T : E → C(K) there is an extension T̂ : X → C(K) with ‖T̂ ‖ ≤ (1 + ε)‖T ‖.

(1.2) there is a ω^∗ continuous function φ : Ball(E^∗) → (1 + ε)Ball(X^∗) such that φ(e^∗)(e) = e^∗(e) for all e ∈ E and e^∗ ∈ Ball(E^∗).

We include the simple proof for the sake of completeness:

Assume (1.1) and let K = Ball(E^∗) under the ω^∗ topology. Let J : E → C(K) be the natural isometric embedding, i.e., (Je)(e^∗) = e^∗(e) for every e ∈ E and e^∗ ∈ Ball(E^∗). By (1.1), given ε > 0, J admits an extension Ĵ : X → C(K) with ‖Ĵ‖ < 1 + ε. Identifying e^∗ ∈ Ball(E^∗) with the corresponding point evaluation functional δ(e^∗) ∈ C(K)^∗ (determined by δ(e^∗)(f) = f(e^∗) for all f ∈ C(K)) we obtain the desired w^∗ continuous function φ : Ball(E^∗) → (1 + ε)Ball(X^∗) defined by φ(e^∗) = Ĵ^∗δ(e^∗). Conversely, assume (1.2) and let T : E → C(K) be an operator of norm ‖T ‖ = 1. Let φ_T : K → Ball(E^∗) be defined by φ_T (k)(e) = (T e)(k) for every k ∈ K. Then, clearly, φ_T is w^∗ continuous, and because φ : Ball(E^∗) → (1 + ε)Ball(X^∗) is w^∗ continuous, so is the composite mapping ψ_T = φ ∘ φ_T : K → (1 + ε)Ball(X^∗). Now define T̂ : X → C(K) by (T̂ x)(k) = ψ_T (k)(x). Then T̂ is linear because ψ_T (k) is a linear functional, ‖T̂ ‖ = sup{|(T̂ x)(k)| : ‖x‖ ≤ 1, k ∈ K} ≤ sup{‖ψ_T (k)‖‖x‖ : ‖x‖ ≤ 1, k ∈ K‖ ≤ 1 + ε and T̂ extends T because φ(e^∗)(e) = e^∗(e) for all e^∗ ∈ Ball(E^∗) and e ∈ E. □

The purpose of this note is to show that Michael’s continuous selection theorem [?] implies the following

Theorem 1.1 Let E be a subspace of c_0. Then for every ε > 0 there is a ω^∗ continuous function φ : Ball(E^∗) → (1 + ε)Ball(c^∗_0) such that

(1.3) φ(e^∗)(e) = e^∗(e) for every e ∈ E and e^∗ ∈ Ball(E^∗) and (1.4) ‖φ(e^∗)‖ ≤ (1 + ε)‖e^∗‖ for all e^∗ ∈ Ball(E^∗).

In view of the Extension Criterion, Theorem 1.1 clearly yields the Lindenstrauss-Pełczyń-ski extension theorem and condition (1.4) adds the following two features to it:

Corollary 1.2 Let T be an operator from a subspace E of c_0 into a C(K) space Y . Let G ⊂ K and assume that, for every k ∈ G and e ∈ Ball(E), |(T e)(k)| ≤ η. Then, for every ε > 0, there is an extension T̂ : c_0 → Y of T such that ‖T̂ ‖ ≤ (1 + ε)‖T ‖ and |(T̂ x)(k)| < (1 + ε)η for all x ∈ Ball(X) and k ∈ G.

Corollary 1.3 Let X_i = c_0 for i = 1, 2, . . . and put X = (_∞ ∑ i=1 ⊕X_i ) l_p , where 1 < p < ∞.

For each i ≥ 1 let E_i be a subspace of X_i and let E = (_∞ ∑ i=1 ⊕E_i ) l_p . Let T : E → C(K) be any operator of norm 1. Then, for every ε > 0, T admits an extension T̂ : X → C(K) with ‖T̂ ‖ ≤ 1 + ε. Proof of Corollary 1.2.: Assume ‖T ‖ ≤ 1, define ψ_T : K → Ball(E^∗) by ψ_T (k)(e) = (T e)(k) and let φ : Ball(E^∗) → (1 + ε)Ball(c^∗_0) be the function the existence of which is guaranteed by the Theorem. Put ψ = φ∘ψ_T and define T̂ by (T̂ x)(k) = ψ(k)(x). It is easy to check that T̂ extends T and ‖T̂ ‖ ≤ (1 + ε)‖T ‖. Suppose that |(T e)(k)| ≤ η for all k ∈ G and e ∈ Ball(E) then ‖ψ_T (k)‖ ≤ η for k ∈ G hence ‖ψ(k)‖ = ‖(φ ∘ ψ_T )(k)‖ ≤ (1 + ε)‖ψ_T (k)‖ ≤ (1 + ε)η and so, for any x ∈ Ball(c_0) and k ∈ G, |(T x)(k)| = |ψ(k)(x)| ≤ ‖ψ(k)‖ ≤ (1 + ε)η. □ Proof of Corollary 1.3.: By Theorem 1.1, given ε > 0, for each i ≥ 1 there is a w^∗ continuous function φ_i : Ball(E^∗_i ) → (1 + ε)Ball(X^∗_i ) with φ_i(e^∗_i )(e_i) = e^∗_i (e_i) for all e^∗_i ∈ Ball(E^∗_i ) and e_i ∈ E_i and ‖φ_i(e^∗_i )‖ ≤ (1 + ε)‖e^∗_i ‖.

Since E^∗ = ( ∑_∞ i=1 ⊕E^∗_i )_{lq} and X^∗ = ( ∑_∞ i=1 ⊕X^∗_i )_{lq} , where p^{−1} + q^{−1} = 1, we define φ : Ball(E^∗) → (1 + ε)Ball(X^∗) as follows: If e^∗ = ∑_∞ i=1 e^∗_i , where e^∗_i ∈ Ball(E^∗_i ) and

∑_∞ i=1 ‖e^∗_i ‖^q ≤ 1, put φ(e^∗) = ∑_∞ i=1 φ_i(e^∗_i ). The function φ is well defined because ‖e^∗‖^q = ∑_∞ i=1 ‖e^∗_i ‖^q and, for each i ≥ 1, ‖φ_i(e^∗_i )‖^q ≤ (1 + ε)^q‖e^∗_i ‖^q.

It is easy to check that φ(e^∗) is w^∗ continuous and that φ(e^∗)(e) = e^∗(e) for all e ∈ E and e^∗ ∈ Ball(E^∗). Hence, the Extension Criterion ensures the existence of an extension T̂ : X → C(K) of T with ‖T̂ ‖ ≤ 1 + ε. □

Remark 1.4. The above Corollary 1.3 can be extended to more general direct sums of c_0 in the obvious way.

The proof of Theorem 1.1. is based on E. Michael’s continuous selection theorem. We consider the set function ψ : Ball(E^∗) → (1 + ε)Ball(c^∗_0) defined by

(1.5) ψ(e^∗) =

{0} if e^∗ = 0 {x^∗ ∈ (1 + ε)Ball(c^∗_0) : x^∗ extends e^∗ and ‖x^∗‖ < (1 + ε)‖e^∗‖ }, if e^∗ ≠ 0 Under the ω^∗ topology, ψ(e^∗) is a convex subset of the ω^∗ compact and metrizable set (1 + ε)Ball(c^∗_0). Consequently, in order to prove Theorem 1.1. it suffices to prove the following

Theorem 1.5 The carrier ψ is ω^∗ l.s.c.

Indeed, if we prove that the carrier ψ(e^∗) is ω^∗ l.s.c. it then easily follows that ψ̄(e^∗) is ω^∗ l.s.c., where ψ̄(e^∗) denotes the ω^∗ closure of ψ(e^∗) for every e^∗ ∈ Ball(E^∗). Hence, by Michael’s continuous selection theorem [?] there exists a ω^∗ continuous function φ : Ball(E^∗) → (1 + ε)Ball(c^∗_0) such that, for every e^∗ ∈ Ball(E^∗), φ(e^∗) ∈ ψ̄(e^∗). It follows that φ(e^∗) is an extension of e^∗ and ‖φ(e^∗)‖ ≤ (1 + ε)‖e^∗‖.

Theorem 1.5 will be proved in Section 3. Let us remark that carrier ψ seems to be the first example of its kind which is ω^∗ l.s.c.

Notation: We use standard Banach space theory notation as can be found in [?].

2. Preliminaries. We start with an easy fact which allows us to reduce the extension problem to subspaces F ⊂ c_0 which are positioned in c_0 in a convenient way.

Lemma 2.1 Let X be a Banach space with a basis {x_n}^∞_{n=1} and let F be a subspace of X. Then, for every 1 > ε > 0, there is an automorphism J on X so that ‖I − J^{−1}‖ < ε and so that the vectors in J(F ) with finite expansion with respect to the basis are dense in J(F ).

Proof: We may clearly assume that ‖x_n‖ = 1 for all n ≥ 1. Let {f_k}^∞_{k=1} be a dense sequence in Ball(F ) and let {δ_n}^∞_{n=1} be a sequence of positive numbers with^∞ ∑ n=1 δ_n < μ^{−1}ε, where μ is the basis’ constant. We will construct by induction an increasing sequence {i(k)}^∞_{k=1} of integers and a sequence {y_n}^∞_{n=1} ⊂ X such that ‖y_n − x_n‖ ≤ δ_n for all n ≥ 1 and, for each k ≥ 1, f_k ∈ [y_n]^{i(k)}_{n=1}. This is done as follows: Suppose that {i(k)}^m_{k=1} and {y_n}^{i(m)}_{n=1} have been chosen so that ‖y_n − x_n‖ ≤ δ_n for 1 ≤ n ≤ i(m) and, for each 1 ≤ k ≤ m, f_k ∈ [y_n]^{i(k)}_{n=1}. Clearly, if ε is small enough then {y_n}^{i(m)}_{n=1} ∪ {x_n}^∞_{n=i(m)+1} is a basis of X. Consider f_{m+1} : if, for some N, f_{m+1} ∈ [ {y_n}^{i(m)}_{n=1} ∪ {x_n}^N_{n=i(m)+1} ] then put i(m + 1) = N and y_n = x_n for all i(m) < n ≤ i(m + 1). On the other hand, if f_{m+1} =^{i(m)} ∑ j=1 a_jy_j +^∞ ∑ j=1 b_j x_j is an infinite expansion, pick j(m + 1) > i(m) for which b_{j(m+1)} ≠ 0 and let i(m + 1) > j(m + 1) be so large that |b_{j(m+1)}|^{−1} · ‖^∞ ∑ h=i(m+1) b_hx_h‖ < δ_{j(m+1)}. Now define

y_{j(m+1)} = x_{j(m+1)} + ( ∞∑ h=i(m+1)+1

b_hx_h)b^{−1}_{j(m+1)}

and, for all i(m) < n < j(m + 1) and j(m + 1) < n < i(m + 1) let y_n = x_n. It follows that ‖y_n − x_n‖ ≤ δ_n for all 1 ≤ n ≤ i(m + 1) and f_{m+1} =^{i(m)} ∑ j=1 a_j y_j +^{i(m+1)} ∑ j=i(m)+1 b_j y_j. This completes the induction step and the construction of y_n. Clearly, if ε is small enough, then the map J defined by Jy_n = x_n is an automorphism on X with ‖I − J^{−1}‖ ≤ ε. Let F_0 denote the linear span of {f_k}. The construction of {y_n}^∞_{n=1} ensures that F_0 ⊂ linear span of {y_n}^∞_{n=1} hence J(F_0) ⊂ linear span of {x_n}^∞_{n=1}. □

Notation: Throughout the paper {u_n}^∞_{n=1} will denote the unit vector basis of c_0, U = linear span of {u_n}^∞_{n=1}, and, for each n ≥ 1, P_n = the n-th basis projection and U_n = P_n(c_0).

Our next step is the following

Proposition 2.2 Let E_0 be a subspace of U and let E_n = E_0 ∩ U_n. Then, for every δ > 0 and every integer M ≥ 1 there is an integer N > M such that whenever e ∈ E_0 and ‖e‖ = 1 there is a v ∈ E_0 satisfying the following four conditions: (2.1) v ∈ E_N (2.2) ‖v‖ < 1 + δ

(2.3) ‖P_M (e − v)‖ < δ and (2.4) ‖e − v‖ < 1 + δ. Proof: Let n(0) be the smallest integer ≥ M for which E_{n(0)} ≠ {0}. We construct the integers n(0) < n(1) < n(2) < · · · inductively as follows: having defined n(k) we let 0 < θ < 1 4 min{δ, 1} and pick a^θ_2 -net

P_{n(k)}y_1, P_{n(k)}y_2, · · · , P_{n(k)}y_{m(k)} in P_{n(k)}(BallE_0).

For each 1 ≤ j ≤ m(k) let c_j = inf{‖z‖ : z ∈ E_0 and ‖P_{n(k)}z − P_{n(k)}y_j‖ <^θ_2 }.

Clearly, because ‖y_j‖ ≤ 1 also c_j ≤ 1. Choose z_j ∈ E_0 such that ‖z_j‖ < (1 +^θ_2 )c_j ≤ 1 +^θ_2 and ‖P_{n(k)}(y_j − z_j)‖ ≤^θ_2 . Then, clearly, {P_{n(k)}z_j }^{m(k)}_{j=1} is a θ-net in P_{n(k)}(BallE_0). Since each z_j is a finite linear combination of {u_n}^∞_{n=1}, we can find n(k + 1) > n(k) so large that, for all 1 ≤ j ≤ m(k), (I − P_{n(k+1)})z_j = 0. It follows that if e ∈ E_0 and ‖e‖ = 1 then there is an integer 1 ≤ j(k) ≤ m(k) so that ‖P_{n(k)}z_{j(k)} − P_{n(k)}e‖ < θ while the definition of c_j ensures that ‖z_{j(k)}‖ ≤ (1 +^θ_2 )‖e‖ = 1 +^θ_2 .

We are now ready to select N and v which appear in the statement of the Proposition. Let m > 4δ^{−1}, m > k and put N = n(m + 1) and v = m^{−1} ∑_m k=1 z_{j(k)}. Because N ≥ n(k + 1) and because z_{j(k)} ∈ E_{n(k+1)} we have that v ∈ E_N . Also, each ‖z_{j(k)}‖ < 1 +^θ_2 hence ‖v‖ ≤ m^{−1} ∑_m k=1 ‖z_{j(k)}‖ ≤ 1 +^θ_2 < 1 + δ. This establishes (2.1) and (2.2). Since ‖P_{n(k)}z_{j(k)} − P_{n(k)}e‖ < θ and n(1) > M ‖P_M z_{j(k)} − P_M e‖ < θ for all 1 ≤ k ≤ m and therefore ‖P_M (v − e)‖ ≤ m^{−1} m∑ k=1 ‖P_M (z_{j(k)} − e)‖ < θ < δ, proving (2.3)

Finally, to prove (2.4), we use an argument of E. Odell: Note that each z_{j(k)} can be expressed by P_{n(k)}z_{j(k)} + (P_{n(k+1)} − P_{n(k)})z_{j(k)} where

‖(P_{n(k+1)} − P_{n(k)})z_{j(k)}‖ < 1 + θ 2 and ‖P_{n(k)}z_{j(k)} − P_{n(k)}e‖ < θ. The elements {(P_{n(k+1)} − P_{n(k)})z_{j(k)}}^m_{k=1} are disjointly supported with respect to the natural basis of c_0 therefore ‖ ∑_m k=1(P_{n(k+1)} − P_{n(k)})z_{j(k)}‖ = max_{1≤k≤m} ‖(P_{n(k+1)} − P_{n(k)})z_{j(k)}‖. It follows that ‖e − v‖ = ‖m^{−1} m∑ k=1 (e − z_{j(k)})‖ ≤

≤ ‖m^{−1} m∑ k=1 (e − P_{n(k)}z_{j(k)})‖ + ‖m^{−1} m∑ k=1 (P_{n(k+1)} − P_{n(k)})z_{j(k)}‖ ≤ m^{−1} m∑ k=1 ‖P_{n(k)}(e − z_{j(k)})‖ + m^{−1}‖ m∑ k=1 (I − P_{n(k)})e‖ + m^{−1} max_{1≤k≤m} ‖z_{j(k)}‖ ≤ θ + 1 + m^{−1}(1 + θ) < 1 + δ □ An immediate consequence of Proposition 2.2 is the following

Corollary 2.3 Under the assumptions of Proposition 2.2, given η > 0 and an integer M there is an integer N such that whenever e^∗ ∈ E^∗_0 , ‖e^∗‖ = 1 and ‖e^∗|_{EN} ‖ <^η_3 , any Hahn Banach extension y^∗ ∈ c^∗_0 of e^∗ satisfies the inequality (2.7) ‖P^∗_M y^∗‖ < η. Proof: Let δ =^η_6 and choose an integer N > M so that the conclusion of Proposition 2.2 holds. Let e^∗ ∈ E^∗_0 be a functional of norm 1 and assume that ‖e^∗|_{EN} ‖ <^η_3 . Pick e ∈ BallE_0 for which e^∗(e) > 1 −^η_3 . By Proposition 2.2, there is a v ∈ E_N so that conditions (2.1) - (2.4) hold. It follows from (2.1) and (2.2) that e^∗(e − v) = e^∗(e) − e^∗(v) ≥ 1 −^η_3 −^η_3 (1 + δ) > 1 −^{2η}_3 (1 +^η_6 ). Let y^∗ ∈ c^∗_0 be any Hahn-Banach extension of e^∗, then y^∗(e − v) = e^∗(e − v) > 1 − δ. Since ‖P^∗_M y^∗‖ + ‖(I − P^∗_M )y^∗‖ = ‖y^∗‖ = 1, if ‖P^∗_M y^∗‖ > η then ‖(I − P^∗_M )y^∗‖ < 1 − η and we get by (2.3) the contradiction

1 − 2 ( 1 + η 6 ) η 3 ≤ y^∗(e − v) ≤ |P_M y^∗(e − v)| + |(I − P^∗_M )y^∗(e − v)| ≤ ‖P_M (e − v)‖ + ‖(I − P^∗_M )(y^∗)‖‖e − v‖ ≤ η 6 + (1 − η)‖e − v‖ ≤ η 6 + (1 − η)(1 + η 6 ) ≤ 1 + η 3 − η(1 + η 6 ). □ 3. Proof of Theorem 1.5. In view of Lemma 2.1 we may assume that E_0 = E ∩ (linear span of {u_n}^∞_{n=1}) is dense in E. We must prove that the carrier ψ is ω^∗ l.s.c. Let us start by establishing the ω^∗ lower semicontinuity of ψ at 0. Recall that ψ(0) = {0} and let V be any ω^∗ neighborhood of 0 in (1 + ε)Ball(c^∗_0). Then, there exist η > 0 and M so that

(1 + ε)Ball(c^∗_0) ∩ [ η(1 + ε)Ball(c^∗_0) + ([u_i]^M_{i=1})^⊥ ] ⊂ V . Choose N so large that the conclusion of Corollary 2.3 holds. Now let e^∗ε(Ball(E^∗_0 )) ∩ (^η_3 Ball(E^∗_0 ) + E^⊥_N ) and choose any Hahn- Banach extension y^∗ ∈ c^∗_0 of e^∗. By Corollary 2.3, y^∗ ∈ V ∩ ψ(e^∗). This establishes the ω^∗ lower semi continuity of ψ at 0.

Let us now show that ψ is ω^∗ l.s.c. at e^∗_0 ≠ 0. Given a ω^∗ neighborhood V of 0 in λBall(c^∗_0), where λ = 1 + ε, we may assume that there is a β > 0 so that

V = (λ Ball(c^∗_0)) ∩ ( β λ Ball(c^∗_0) + ([u_i]^M_{i=1})^⊥ ) . Pick x^∗_0 ∈ ψ(e^∗_0), then ‖x^∗_0‖ < λ‖e^∗_0‖. Let 0 < δ < 20^{−1} min{λ‖e^∗_0‖ − ‖x^∗_0‖, β, 1} and pick e_0 ∈ Ball(E_0) so that e^∗_0(e_0) > (1 − δ)‖e^∗_0‖. Choose M so large that P_M e_0 = e_0 and ∑_∞ i=M+1 |x ∗ 0(u_i)| = ‖(I − P^∗_M )x^∗_0‖ < δ. Choose N > M so large that the conclusions of Proposition 2.2 and Corollary 2.3 with δ‖e^∗_0‖ = η hold. Let

e^∗ ∈ (Ball(E^∗_0 )) ∩ ( η 3 Ball(E^∗_0 ) + E^⊥_N )

and assume that ‖e^∗_0 + e^∗‖ ≤ 1. Pick e ∈ Ball(E_0) so that e^∗(e) > (1 − η)‖e^∗‖. Using Proposition 2.3 we find v ∈ E_N so that conditions (2.1) – (2.4) are satisfied and let x^∗ ∈ c^∗_0 be any Hahn-Banach extension of e^∗. By Corollary 2.3, ‖P^∗_M x^∗‖ < δ‖e^∗_0‖. We use here the fact that e_0 and e − v are almost disjointly supported as elements of c_0 and x^∗_0 and x^∗ are almost disjointly supported as elements of l_1. We have that ‖e_0 + e − v‖ ≤ 1 + 2δ and (1 + 2δ)‖e^∗_0 + e^∗‖ ≥ (e^∗_0 + e^∗)(e_0 + e − v)) ≥ e^∗_0(e) + e^∗(e − v) − δ‖e^∗_0‖ − δ‖e^∗‖ ≥ ‖e^∗_0‖(1 − 2δ) + ‖e^∗‖(1 − 2δ). This yields

(3.1) ‖e^∗‖ ≤ (1 − 2δ)^{−1}((1 + 2δ)‖e^∗_0 + e^∗‖ − (1 − 2δ)‖e^∗_0‖) .

We also have

(3.2) ‖e^∗_0 + e^∗‖ ≥ (e^∗_0 + e^∗)(e_0) ≥ (1 − δ)‖e^∗_0‖ − δ‖e^∗_0‖ = (1 − 2δ)‖e^∗_0‖ .

Clearly, x^∗_0 + x^∗ extends e^∗_0 + e^∗ and, by Corollary 2.3, x^∗ ∈ V . Moreover, by (3.1) and (3.2), ‖x^∗_0‖ + ‖x^∗‖ < λ‖e^∗_0‖ − 20δ + ‖e^∗‖ ≤ (λ − 20δ)‖e^∗_0‖ + (1 + 4δ)[(1 + 4δ)‖e^∗_0 + e^∗‖ − (1 − 2δ)‖e^∗_0‖] ≤ (1 + 4δ)^2‖e^∗_0 + e^∗‖ + [λ − 20δ − (1 + 2δ − 8δ^2)] ‖e^∗_0‖ ≤ [(1 + 4δ)^2 + (λ − 1 − 20δ)(1 + 4δ)] ‖e^∗_0 + e^∗‖ < λ‖e^∗_0 + e^∗‖ .

It follows that x^∗_0 + x^∗ ∈ ψ(e^∗_0 + e^∗) and hence ψ is w^∗ l.s.c. at e^∗_0. □

4. Concluding remarks.

Remark 4.1: This work was done a long time ago but has not been prepared for publication until now. Theorem 1.1 was used, unfortunately without any explanation or reference, in the proof of Theorem 4 of [?].

Remark 4.2: Let E be a subspace of c_0 and let X be any separable space containing E. Our proof can be slightly modified to show that, for every ε > 0, the carrier ψ : Ball(E^∗) → (2 + ε) Ball(X^∗) defined by ψ(0) = {0} and, for e^∗ ≠ 0, ψ(e^∗) = {x^∗ ∈ (2 + ε) Ball(X^∗) : x^∗ extends e^∗ and ‖x^∗‖ < (2 + ε)‖e^∗‖} is ω^∗ l.s.c. However, this does not provide us with any new information beyond Corollary 2 of [?] and the corresponding additional features analogous to Corollary 1.2 and Corollary 1.3.

The proof is similar to that of Theorem 1.5 but uses the following corollary of Proposition 2.2.

Corollary 4.3 Under the assumptions of Proposition 2.2, for any 1 > μ, ε > 0 and every 0 ≠ e^∗_0 ∈ Ball(E^∗_0 ) there is a δ > 0 and an integer N so that if e^∗ ∈ Ball(E^∗_0 )∩(δBall(E^∗_0 )+E^⊥_N ) and ‖e^∗_0 + e^∗‖ ≤ 1 then

(2.5) ‖e^∗‖ ≤ (1 + ε)(‖e^∗_0 + e^∗‖ − (1 − μ)‖e^∗_0‖) and (2.6) ‖e^∗_0‖ ≤ (1 − ε)^{−1}‖e^∗_0 + e^∗‖ .

Proof: Let δ > 0 be so small that (1 + δ)(1 − δ)^{−1} < 1 + ε, δ <^1_2 ε‖e^∗_0‖ and (1 + δ)^{−1}((1 − δ)‖e^∗_0‖ − 5δ) > (1 − μ)‖e^∗_0‖ and find e_0 ∈ BallE_0 so that e^∗_0(e_0) > ‖e^∗_0‖(1 − δ). Pick M so large that e_0 ∈ E_M . Now choose N > M so large that the conclusion of Proposition 2.2 holds. Since e^∗ ∈ (BallE^∗_0 ) ∩ (δBallE^∗_0 + E^⊥_N ) we have that |e^∗(e_0)| < δ and so

‖e^∗_0 + e^∗‖ ≥ |(e^∗_0 + e^∗)(e_0)| ≥ e^∗_0(e_0) − δ ≥ ‖e^∗_0‖ − 2δ > ‖e^∗_0‖(1 − ε)

which proves (2.6). To prove (2.5), let e ∈ BallE_0 be an element satisfying e^∗(e) > ‖e^∗‖(1−δ). Let v ∈ E_N be an element satisfying conditions (2.1)- (2.4). It follows that e^∗(e − v) = e^∗(e) − e^∗(v) ≥ ‖e^∗‖(1 − δ) − δ(1 + δ) , |e^∗_0(e − v)| < δ + δ(1 + δ) ,

‖e_0 + e − v‖ ≤ 1 + δ and hence (1 + δ)‖e^∗_0 + e^∗‖ > (e^∗_0 + e^∗)(e_0 + e − v) ≥ ≥ e^∗_0(e_0) + e^∗(e − v) − δ(3 + δ) ≥ ‖e^∗_0‖(1 − δ) + ‖e^∗‖(1 − δ) − 5δ. The choice of δ ensures that (1 + δ)‖e^∗_0 + e^∗‖ > (1 − μ)(1 + δ)‖e^∗_0‖ + ‖e^∗‖(1 − δ) and therefore, ‖e^∗‖ ≤ (1 − δ)^{−1}(1 + δ)(‖e^∗_0 + e^∗‖ − (1 − μ)‖e^∗_0‖) ≤ (1 + ε)(‖e^∗_0 + e^∗‖ − (1 − μ)‖e^∗_0‖) □ References

[J-Z] W. B. Johnson and M. Zippin, Extension of operators form subspaces of c_0(Γ) into C(K) spaces, Proc. AMS 107 No. 3 1989, 751-754.

[L-P] J. Lindenstrauss and A. Pełczyński, Contributions to the theory of the classical Banach spaces, J. Functional Analysis 8 (1971), 225-249.

[L-T] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces I, sequence spaces, Springer- Verlag, 1977.

[M] E. Michael, Continuous selections I, Ann. of Math. 63 (1956), 361-382. [Z] M. Zippin, A global approach to certain operator extension problems, Longhorn Notes, Lecture Notes in Math. 1470 Springer-Verlag (1991) 78-84.

The Hebrew University of Jerusalem, Israel. E-mail address: zippin@math.huji.ac.il