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Abstract

We study a gradient-flow version of the Ginzburg-Landau equations with an addition
of a compactly supported potential term. We consider initial data close to a mag-
netic vortex solution of the Ginzburg-Landau equations and find the dynamical law
governing the motion of the vortex center in the presence of the potential.

1. Introduction
1.1 Preliminary discussion and statement of the problem

In this work we consider the gradient flow Ginzburg-Landau equations in the presence
of a local potential. Specifically, we study certain solutions of the system of equations

Oup = A+ 5 (1= [f?) = W
HA = -V XV x A+ Im(V a1))

(1.1)

where (¢(t), A(t)) : R?* — C x R? for each t > 0, V4 = V —iA and Ay = V4. The
function W : R? — R is a localized potential and is assumed to be smooth and compactly
supported. The parameter € is the potential strength parameter.

Setting ¢ = 0 in Eq. (1.1), one obtains the following set of coupled equations for 1)
and A

@¢=AW+§&—WW¢

A=V xVxA+Im@V ).

(1.2)

This system of equations is a particular dynamical model in the study of superconductivity
known as the superconducting model, also called the Gorkov-FEliashberg equations or time-
dependent Ginzburg-Landau (TDGL) equations [GE,T]. In the study of superconductivity
the function ¢ is the order parameter measuring the density of superconducting electrons
and the vector field A is the vector potential for the magnetic field.

The stationary solutions of the TDGL equations are solutions of the Ginzburg-Landau
(GL) equations

A
A+ 5= [P[*) =0

—V XV xA+Im@pVa)=0.

(1.3)
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Denote by Eqr(u) the Ginzburg-Landau energy functional

Cor = [ [IVavP 41V x AP+ (0 - 17 (1.4

2
where u = (¢, A). The Ginzburg-Landau equations, Eq. (1.3) are the Euler-Lagrange
equations derived from Eqgy,.

Superconductors are characterized by two length scales called penetration depth and
coherence depth. In the scaling units corresponding to the form of gy, given in Eq. (1.4)
the penetration depth, measuring the scale of variations in the magnetic field, is equal
to 1. The coherence length, measuring the scale of variations in the order parameter v
is 1/my where my = min(v/A,2). For A = 1 the two length scales are equal and we
distinguish between type I superconductors, for which A < 1 and type II superconductors
for which A > 1. Experimentally, type I and type II materials differ in their magnetic
behavior. In type I superconductors magnetic fields are excluded from the bulk of the
material except for a very thin layer near the surface. In type II superconductors magnetic
fields penetrate the material in vortex structures. In general, Type II superconductors
can sustain magnetic fields much higher than type I superconductors without losing their
superconducting state. The existence of magnetic vortices and of type Il superconductors
was predicted in 1957 by Abrikosov [A] (in addition Abrikosov predicted the existence of
large arrays of magnetic vortices, called Abrikosov lattices, in type II materials).

Magnetic (Abrikosov) vortices are equivariant solutions of Eq. (1.3) of the form

VW (2) = fu(r)e™, A" (x) = an(r)V(n) (1.5)

where (r,0) are the polar coordinates of z € R?> and n € Z. In Eq. (1.4) configurations
(1, A) with finite energy are classified by the Brouwer degree of 1, i.e., the topological
degree

deg () = deg <£

Y]

where R is large enough. For the magnetic field B = V x A the degree map corresponds
to the quantization of magnetic flux and we have

) , deg(y) € Z
|z|=R

/ B =2mdeg(v).
R2

Calculation of the degree of /(™ for a magnetic vortex solution given by Eq. (1.5) yields
deg(zp(”)) = n, so that magnetic vortices are characterized by the quantization of flux
and the pair (¢, A() is called an n-vortex. Denoting u = (1), A), we note that for an
n-vortex v(™ = (¢, A(™) the GL energy functional £gy, is a smooth functional on the
affine space given by

X(”)E{U:RQHC’X]#|u—v(”)€H1(R2;C'><R2)}. (1.6)
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In addition we note that 0 < f, < 1, 0 < a,, < 1 and that the asymptotic behavior for
an(r) and f,,(r) as r — oo is known to be given by (see [BC]):

fu(r) =14+ 0(e"™\"), an(r)=1+0(e™").

It is also known that f,(r) vanishes like r™ and a,(r) vanishes like 2 as 7 goes to the
origin.

The existence of n-vortices was proved by Pholr [P] and by Berger and Chen [BC| by
variational methods. Stability of n-vortices was proved by Gustafson and Sigal [GS1].

As mentioned above, type II superconductors can sustain very large magnetic fields
(over 10° Gauss). However, a major obstacle in the attempt to produce large magnetic
fields is the dissipation of energy due to the creeping or flow of vortices [T]. One way to
overcome this problem is to pin down the vortices to particular locations in the material.
The pinning down of vortices is achieved by the presence of point defects, impurities,
inhomogeneities or by a variation in the thickness of the sample of superconducting material
[DG]. Rubinstein [Rubl] considered a model of the effect of pinning in which the quartic
term in Egy, is replaced by the modified term

V(i) = S0P — @),

The function f(x) can be thought of as measuring the quality of the superconductor
(consider for example the large A limit). In the model analyzed by Rubinstein the super-
conductor occupies a bounded domain € and the function f(z) is taken to be

f@) =14 (a1 = Dx(h)

where x(€21) is the characteristic function of a region €2, which is taken to be in the interior
of Q, and a; < 1. It was proved in [Rubl] that if a configuration ()1, A1) contains a vortex
in Qo = Q — Qq, then, for a value of A\ large enough, there exists another configuration
(12, A2) containing a vortex in 1 such that Eqr (Y2, A2) < Ear (Y1, 41).

In [BBH] Bethuel, Brezis and Hélein study the large A limit of a simplified version of
the GL functional. Assuming that €2 is a simply connected bounded domain in C, Bethuel,
Brezis and Hélein consider the functional

uw) = [ |31908+ qmpllvl - 12

Since there is no magnetic field in the problem one needs to introduce a mechanism for the
confinment of vortices to 2. The minimization problem for £ (1)) is considered, therefore,
over all ¢ satisfying the Dirichlet boundary condition

(x) = g(x),  xedf

where g : 992 — S satisfies degg = d # 0. It was proved in [BBH] that, if  is a star
shaped domain in C, there are N points a1,...,ayn, IN integers dq,...,dy and a sequence
1., of critical points of & (1), corresponding to a sequence €, — 0, such that 1., — wu, in
C’f(;g(Q\{al, ...,an},C) where u, : Q\{a1,...,any} — S! is an harmonic map defined by
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z@H(z_a’J )dj
x — €
|z — ay]

and where the harmonic function ® is determined by the condition u, = g on 9¢2. Further-
more, if ¥, is a sequence of minimizers we have d; = +1 for all j =1,..., N = d and the
set of distinct points aq,...,aq is a global minimum of a renormalized energy functional
&, involving d points and the harmonic Green function of Q [BR, S] (see also [PaRi]). In
the general context of the Bethuel-Brezis-Hélein theory Andre and Shafrir [AS] analyzed
a model for the pinning of vortices in superconductors with small variable thickness which
was proposed by Du and Gunzburger [DG]. This model for the pinning effect involves a
weighted GL functional of the form

w) = [ p(o) | FIT0R + (1o - 17

For this model Andre and Shafrir proved the Bethuel-Brezis-Hélein type result that the set
of points aq,...,aq defining wu, consists of points (possibly repeating) in which p achieves
its global minimum.

More recently the effect of pinning was studied by I.M. Sigal and F. Ting [ST1] using
methods closely related to those applied in the proof of the main theorem in the present
paper. In addition, Sigal and Ting investigated the stability of pinned vortices [ST2].
Other results of recent work on the pinning of vortices can be found in Aftalion, Sandier
and Serfaty [ASaSe] and Andre, Bauman and Philips [ABP].

Our goal in the present paper is to provide a description of the dynamics of the pinning
effect, i.e., assuming that a magnetic vortex is not pinned down at an equlibrium position
by a local pinning potenial, but is located at its near vicinity, we aim to give a description
of the motion of the vortex under the influence of the potential. More specifically, we give
an equation of motion for the vortex center and for the elecromagnetic gauge function
in the presence of the potential. Formally speaking, this constitutes a reduction of the
dynamics of the various fields in the problem to an effective dynamics of a smaller number
of degrees of freedom, i.e, the vortex center and the gauge function. The methods utilized
for the proof of the main theorem in the current work is essentially the same as those
used by Gustafson and Sigal in their study of the dynamics of magnetic vortices [GS2].
In this context we mention that in [GS2] one can find a short survey of various rigorous
and non-rigorous results concerning the dynamics of vortices in various time dependent
versions of the GL equations. In particular, we mention here the non-rigorous results for
the superconducting model of Eq. (1) obtained by Atiyah and Hitchin [AH], Perez and
Rubinstein [PeRu] and W. E [E] and the rigorous results obtained, for the same equations,
by Demoulini and Stuart [DS]. A simplified version of the TDGL equations, called the
nonlinear heat flow (NLHF) equation, in which A = 0, was studied by Neu [NEU], Lin [L],
Jerard and Soner [JS]| and Rubinstein and Sternberg [RS1] (see also [Rub2] and references
therein).

We conclude this subsection by noting that reviews of the Ginzburg-Landau theory
of superconductivity can be found, for example, in [BFGLV, Gul, JT, Rit, Riv, Rub2|.
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1.2 Symmetries of the Ginzburg-Landau equations

The Ginzburg-Landau energy functional €5 is invariant under the following symme-
tries:

(i) Translation symmery x — 2’ =z + z

(@) = Pa(a) =gz —2),  Alz) = As(x) = Az - 2).

(ii) Gauge symmetry

Y(z) = ¢y (2) =" DP(a),  Alz) — A, (2) = Ax) + V().

(iii) Rotation Symmetry x — '’ = Rz, R € SO(2)

b(a) - br) = $(R7a),  Ale) - Ap(x) = RA(R 'a).

We note that for an n-vortex solution the application of the rotation symmetry group
correspond to a subgroup of the gauge symmetry. Therefore, for n-vortices the relevant
symmetry operations are the translation and gauge groups. Accordingly, given an n-
vortex v(") = (w("), A(”)), we can apply translation symmetry with translation parameters
z = (21, 22) € R? and gauge symmetry with a gauge function v and find another solution
Uz of Eq. (1.3) where

Vay = (s Agy) = (€7 (- —2), A (- —2) + V) = (€Mg0, Ao + V) (L7)

and 1,0 = ™ (- — z) and A,y = A™ (- — z). For reasons that will become clear below we
consider gauge transforms of the form

y=) ZAM(—2) 45 (1.8).

i=1,2

Then, according to Eq. (1.6) and Eq. (1.7) we require that ¥ € H?(R?; R). In this case
Uzy in Eq. (1.7) will always be in X (") Applying symmetry transformations in the form
of Eq. (1.7) for all possible values of z and  we obtain the symmetry manifold of the
n-vortex

M = {v,, |z € R*,7 € H*(R*R)} (1.9)
with 4 given in Eq. (1.8). It is obvious that all points in MS(ST),L are solutions of the
Ginzburg-Landau equations, Eq. (1.3).

In order to obtain Eq. (1.1) we add to £gr, an interaction term of the form

Eint(u) = /de W (z)|¢(x)|? (1.10)
where u € X("). Define a modified energy functional

bt



Ec(u) =Eqr(u) + €Eint(u). (1.11)
With this definition Eq. (1.1) can be written

Do = —E' () (1.12)

where &! is the Fréchet derivative of . We observe that the interaction term in Eq. (1.10)
does not break the gauge symmetry. However, &;,; does break the translation symmetry
and if we translate 1 the interaction energy depends on the translation parameter z. In
particular, applying translations to the n-vortex solution v(™) we define the interaction
energy

wnt

W () = € / 2o W (x)[0™ (x — Z)?. (1.13)

1.3 Summary of results

The main result in this work states that the force derived from the interaction energy

WZ.SZ) (z) is governing the effective dynamics of the magnetic vortex. More specifically,

given an initial data uwy = (10, Ao) close to a point v, ., € Ms(g%@, we show that there
exists a curve in M 5(377)71, parametrized by the time ¢, such that for all £ > 0 the solution

u(t) satisfies

U(t) — Vz(t)y(t) = 0(5)

where the equation for the effective dynamics of the vortex center is given by

anz + VW (z) = O(2)

nt

and

1 n n
an = 51V A B3 + [V x A3, (1.14)

The rest of the paper is organized as follows: In Section 2 we state the main result
proved in this paper in the form of Theorem A. This theorem provides the exact form
of the effective dynamics of a magnetic vortex in the presence of a localized potential.
In Section 3 we give the proof of Theorem A. Starting in Subsection 3.1 and Subsection
3.2 with the definition and discussion of the notions of manifold of approximate solutions
and local Sobolev spaces, we continue in Subsection 3.3 with the four main steps of the
proof of Theorem A. A proof of Proposition D, which contains many technical details,
is provided in Section 4. Proofs of several technical lemmas are given in Section 5. The
proofs of the two important lemmas, Lemma C and Lemma D, are found in Subsection 5.1.
Subsection 5.2 contains the proofs of some auxiliary technical lemmas. Finally, Appendix
A contains explicit expressions for the Taylor expansions of the energy functional and its
Fréchet derivative (r.h.s. of the equation of motion).

2. Results



2.1 Effective dynamics of vortices - main theorem

Our main result in this work is the following theorem concerning the effective dynamics
of the gradient flow Ginzburg-Landau equations with a local potential:

Theorem A (effective dynamics): Let v(™) = ("), AU be an n-vortex solution
of the static GL equations, Eq. (1.3), with n an arbitrary integer if 0 < A < 1 and n = +1

if A\ > 1. Let M§§2n be the symmetry manifold for v™. Let ug = (Yo, Ag) be the initial
data for a solution u(t) = (¥(t), A(t)) of Eq. (1.1). There exist constants €y, c,co > 0, with
¢, co depending only on €y, such that for 0 < € < ey and initial data u(0) = wg satisfying
the condition that there is some vy, € M§g)n with

||U0 - UZO’YOHX(TL) < ¢p€ ,

the solution u(t) of Eq. (1.1) is of the form

u(t) = vg()ye) +C(0)
With Vg (1)~ (1) € Ms% and the functions z(t), v(t) satisfying the differential equations
dz

angy = ~VaWiii (2) + O(%)
TS HA =)+ Opr(), >0 @1)

and the function ((t) is in X™) and is bounded by
IC@) [ x e < ce. (2.2)

Eq. (2.1) will be called the effective dynamics equations. We see that, for functions
z(t) and ~y(t) satisfying the effective dynamics equations, v, «) € Mé;% follows the path
of the actual solution u(t) up to an error of order e.

3. Proofs

Before commencing with the proof of Theorem A we make some comments concerning
notation. Throughout the discussion below the symbol H?® always means the Sobolev space
H*(R?,C x R?). Let ( = (&, F) € L*(R%:C x R?) and n = (\,G) € L3(R?%;C x R?). The
L? inner product of ¢ and 7 is denoted by ({,7n) and is given by

= [ (Re@)+F-0).

In order to make the notation less cubersome we shall denote below the parameters {z,~}
by o. For example, according to this convention v, stands for v,,. We restore the full
notation whenever this is necessary or if it adds to the clarity of argument. Otherwise, the
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shorter notation is kept throughout the course of the proof. In several steps that do not
require reference to the parametrization of M,s we omit it altogether.

3.1 The manifold of approximate solutions
Let

S ={(z,7)|z€ R~ - ZziAE”)( —z) € H*(R*R)}. (3.1)

Denote the elements of the translation group by G (z € R?) and the elements of the
gauge group by G, (v € H*(R?;C)). Applying the translation and gauge transformations
to a vortex solution v(™ of Eq. (1.3) we obtain a manifold M, of solutions of this equation

M,s ={G,G, v | (2z,7) € 2} ={vzy | (z,7) € X} = MM - x®) (3.2)

sym

The manifold M, is, therefore, parametrized by z and . A point in M, corresponding
to a given value {z,~v} of the parameters (for v this means a definite gauge function) is
denoted by v, .

The manifold M, is called manifold of approximate solutions. We argue for the
introduction of M,, and the terminology used as follows: Inserting v,, € M,s as a trial
solution into Eq. (1.12) we obtain in the r.h.s

gé(”m) = EIGL (Uzv) + Eg{nt(vzv) = ng{nt (UZ’Y) (3.3)

hence the r.h.s of Eq. (1.12) (or, equivalently, of Eq. (1.1)) is of order € and v, is seen to
be an approximate static solution of Eq. (1.1) for € small.

Denote by T3, X the tangent space to ¥ at the point (z,v) and by T, M, the tangent
space to M, at the point v,,. A basis for T, is given by

{6% + <Z : &A, 677), 8@} (34)

where 7 is given by Eq. (1.8) and for a function g we set (g, 95) = [ d*x g(x)95(,). Using
the natural parametrization map § : ¥ — M, defined by ((z,7) = v,, we can push
forward the basis given in Eq. (3.4) in order to obtain a basis for T, M,,. This later
basis, is obtained via the mapping of the basis in Eq. (3.4) by the Fréchet derivative
D,y (8(2,7)) = Dyyvyy. Denoting 92 = 9., + (4;, 0,), we get in T, M, the basis vectors
T = 00y, i=1,2 Gy = On(a)Vary (3.5)

(2

where the (covariant) translation vectors 7.7 are given by

T2 = ((Vas, Yay)i - (V X Agy)éi) - (3.6)

Here é; = (0,1) and é2 = (—1,0). For a definite gauge function x the gauge basis vectors
G5y in Eq. (3.5) are defined by the relation

/d2:z: Gilmx(@) =G (3.7)
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where

GY = (1XYW, VX) - (3.8)

The vectors in Eq. (3.5) form an orthogonal basis for T, Mas. We have (G5, T77) =0
and (T, T;7) = d;ja, with

VA Z 1 n n
an = T3 = 13715 = SV ae ™13 + [V x AT |3 (3.9)

and, in addition

<G§(7x)7 ngy)> Koy (2,9) (3.10)

where K, (x,y) is the integral kernel for the operator

Koy = A+ [ (3.11)

We note that K, is self-adjoint and that K,, > 0.

We will see below that one of the main ingredients that enter into the proof of Theorem
A is the projection of Eq. (1.1), for each time ¢, on the tangent space T, M,, (where
z and v depend on ¢ in a sutible way). Denote P, : T, X(™ — T,M,, the projection on
the tangent space to M, at the point v,,. We are able to use the orthogonal basis of Eq.
(3.5) to obtain an explicit expression for P,, . For any ¢ € T,, X (") we have

Py, C= Y a, ' TITY, / d?x / Py Gl Ko (2, y)(Gh) ) - (3.12)

1=1,2

In particular, if v(t) = v,), ) is a path in Mg, depending on the time ¢, then we have

Uay = Poigy = Y _(—)I77 +GY (3.13)

with
F=5 -3 A" (-~ 2). (3.14)

In Eq. (3.13) and Eq. (3.14) we use the notation 0,y = Oiv,y, ¥ = 047, 5 = 8,4 and
zZ = 8tz.

3.2 Local Sobolev spaces on the manifold of approximate solutions

In this subsection we define the notion of local Sobolev spaces on the manifold of
approximate solutions M,s;. The introduction of this concept helps to facilitate many of
the estimates in this work and is based on the observation that certain estimates are not
uniform on Mg, but depend on the point v € M,,. More specifically, at the point v, the
constants appearing in the estimates depend on the gauge function ~.
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As an example for the motivation for the definition of local Sobolev spaces on M, we
give an estimate which is used below in the proof of Lemma B. Consider vectors (&, F') €
T, X (") with the component & transforming covariantly under gauge transformations and
F' gauge invariant. Let ¢ = (£, F') be such a vector and let G,( be the action of (an
appropriate unitary representation of) an element G of the gauge group on (. We have
G.¢ = ¢ where ¢! = (¢, F') = (¢, F). Construct a vector ¢, = (0, Im(£V 4€)) where &
is the first component of ¢. Then ¢, € T, X (") has the desired transformation properties
under the action of the gauge group. Suppose that we want to estimate the H=° (s > 0)
norm of (,. we have

ICollzr—o = €V a&ll - = 1EVE =i AP | o < 1EVE -2 + [ AIEP |- (3.15)

For the first term on the r.h.s. of Eq. (3.15) we have the estimate

IEVEN -+ = sup [(n,EVE)| = sup [(n€, VE| < sup |[Ing]l2[|VE]l2

Inllms <1 Il ms <1 Il ms <1

< sup [nllplélqlélle < l1€]7 -
Inllas <1

(3.16)

where 1/2 = 1/p+ 1/q and ¢ is large enough so that H® C LP. In order to estimate the
second term on the r.h.s. of Eq. (3.15) we recall that at v, we have A,, = A (.—z)+V~y
and so

HAIEP - = (A" (¢ = 2) + VIEP N < TAD N l€l + 1VAEP - (3:17)

For the second term on the r.h.s. of Eq. (3.17) we have the estimate

VAP - = sup [, V€)= sup  [(nlg]*, V)< sup [InlEfll2) VA2
Il <1 Il s <1 Il s <1
< sup [nllpll€®llallyllz < 1151 I1e < 117 I]a

Inll zzs <1

(3.18)
where again 1/2 = 1/g+1/p and ¢ is large enough so that H* C L?. Using Eq. (3.16)-(3.18)
we obtain

I1Gollzr-+ < Gl (3.19)

where

Cy =CQA+yllar) (3.20)

we see that this estimate is not uniform on M,s; but depends on the gauge function 7.
In order to simplify estimates of the type considered here we define the notion of local
Sobolev spaces on M,s. With a point v,, € M,,, and for any real s, we associate a local
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Sobolev space H;  such that, given ( = (§, F) € Tp,, X (") with the gauge transformation
properties described above, its H;fm norm is defined to be

ICllrrs,, = 1G—Cllm - (3.21)

The definition of Hiz7 preserves all of the properties of Sobolev spaces. In particular, the
Sobolev embedding theorems are all valid for the local Sobolev spaces. Note also that
LY = LP for all p.

Suppose we want to obtain an estimate for the vector ¢, = (0, Im(£V 4€)) in the local
H,* (s> 0) norm. We have

Vz

ISollzrze = 1€V A&l = (€77 (€™ Va) -+ = €V 4 &'llrr— (3.22)

where £ = e~7¢. Repeating the sequence of estimates in Eq. (3.16)-(3.18) for the r.h.s.
of Eq. (3.22) we find that

1€V 4 & llmr=+ < CllE Nz = Clle™ €N = Cligll_ (3.23)

with C' = 1+ [|A"||4, a constant independent of y. Thus we arrive at the (local) estimate

Collms < Ol (3.24)

which has the same form as Eq. (3.19). The emphasis is on the fact that the constant C
here does not depend on ~.

In accord with the discussion here most of the estimates involved in the proof of the
main theorem of this work are performed using the local Sobolev spaces H. v

3.3 Proof of Theorem A

The strategy for the proof of Theorem A is as follows: Given € > 0 small enough we
show that there exists a neighborhood of M, such that, if the initial data ug for Eq. (1.1)
is in this neighborhood, then the distance of the solution u(t) from M, can be controlled
for all times ¢t > 0. For such a solution we define in a sutible way a projection on M, so
as to obtain, for each ¢ > 0 a unique point v(t) = v(u(t)) € M, corresponding to u(t). We
think of u(t) as inducing a (uniquely defined) trajectory on M,, traced by v(t). We then
obtain effective equations of motion for the point v(¢) in terms of the parametrization of
M, by the translation parameters z and the gauge function =, i.e, we obtain equations of
motion for these parameters and prove their accuracy to order €2 for all ¢ > 0. The process
is considered as a reduction of the problem of the analysis of the dynamics generated by
Eq. (1.1) to a dynamical problem consisting of a small number (in a sense) of degrees of
freedom, providing an effective overall behavior of the original system.

As mentioned above, the proof of Theorem A consists of several steps:

Step 1- Decomposition
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the first step in the proof is to establish the validity an appropriate decomposition for
any u € X(™ which is close enough to M,:

Proposition A (decomposition): Define a neighborhood Us C X of M, in X
as follows
Us ={u|ue X™ and 3(z,7) € X, ||u — gy || xn) < I} (3.25)

Then there exist § > 0 and a C' map Mye. : Us — ¥ such that, if we denote v(u) =
B(Mgec(w)) for u € Us (where 3(z,7) = vgy; the parametrization mapping for M), we
have u — v(u) € H'(R?*;C x R?) and

Py (u —v(u)) =0. (3.26)

Proof:

Given the expression in Eq. (3.12) for the projection operator P,, we see that con-
dition (3.26) is equivalent to the following conditions

(T77, (u—vgy)) =0, i =1,2 (ngc), (u—1vz~))=0. (3.27)

Define a function g : Us x ¥ — R? x L*(R?) by

9 2,7) = (T2, (= 0} (GET (= 1) (3.28)
It is obvious that g(vs;0) = 0. Taking the Fréchet derivative we obtain a map D,g(v,;0) :
T,Y — R? x L*(R?)

Dsg(ve;o) = —({T7, Dyve), g(z)’DUUU ) - (3.29)

Using the basis of T,,3 given in Eq. (3.4) we can express Eq. (3.28) as a transformation on
the coordinate vector in that basis. We then obtain a matrix representation [D,g(vy;0)|r
of Dyg(ve;0) with

[Dog(ve;0)|r : R? x H*(R* R) — R* x L*(R?)

and

[DUg(UU; 0)]R = diag{_ana —0Qn, Ka} . (330)

Since K, is invertible we find that [D,g(v,; 0)]r is invertible (hence also D, g(vy;0)). The
implicit function theorem then implies that for any v, € M, there is a unique C' map My,
from By (n)(v4;9), a ball in X (™) of size § centered at v, to 3 such that, for 0 = Mye.(u),
Eq. (3.27) and hence Eq. (3.26) are satisfied. We note that |[K;!||z2_ g2 is uniformly
bounded on M, and also that D,g(u; o) and D2g(u; o) contain only covariant derivatives
of TY and Gg(x). We therefore find that the coordinate transformation representations

[Dog(u;0)]gr : X™ x (R? x H*(R%* R)) — R? x L*(R?)
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and

[D2g(u;0)]gr : X™ x (R? x H*(R%; R)) x (R? x H*(R*;R)) — R? x L*(R?)

are uniformly bounded in o for all balls Bx)(vs;00), where &g is independent of o.
Thus, we can choose ¢ independent of the point v, and the existence of an appropriate
neighborhood Uy is established.

Consider a solution u(t) of Eq. (1.1) which, for a time interval ¢ € [0,T}s] satisfies
u(t) € Us. Proposition A then implies that for such a solution it is possible to find, for
each t € [0,T5] a unique point v(u(t)) € M,s such that the condition in Eq. (3.26) holds.
If we denote C,(t) = u(t) —v(u(t)) then ¢(t) € X(™ and we obtain a unique decomposition

u(t) = v(u(t)) + Gu(t) (3.31)

with

Py ut)Cu(t) = 0. (3.32)

For the sake of bravity we omit in the sequel from our notation the time ¢ and all indications
for the procedure of obtaining the point v(u(t)) when given a solution u(t). Thus we write,
unless a temporary need arises to restore the full notation, u(t), v(u(t)) and (,(t) as u, v
and (, respectively. Eq. (3.31) will then be written in short as u = v + (,, Eq. (3.32) will
be written P,(, = 0, etc.

Step 2- Effective dynamics equations

Once the existence of the decomposition, Eq. (3.31)-(3.32), is established, we can
project Eq. (1.1) on the tangent space to M, in order to obtain the effective equations of
motion. Applying the projection P, to Eq. (1.12) we get

Py = —P,E(u) . (3.33)
Making use of the decomposition in Eq. (3.31) we obtain
Py = —P,E (u) — Py, . (3.34)
We expand in a Taylor series the Fréchet derivative of the energy functional

Ei(u) = E[(v) + LewCo + Nu(Co) (3.35)

where L, = £/ (v) and N,((,) is the non-linear term defined by N, (¢,) = &/ (u) —EL(v) —
L..,¢y. Inserting Eq. (3.35) into Eq. (3.34) we get

Py = —PU(Sé(v) + LewCo + No(Co)) — P’Uév . (3.36)

Note further that P,o = v (since v € T, M,s) and hence
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b+ PyEl(v) = —PyLewCo — PuNy(Co) — Poly - (3.37)

The last term on the r.h.s. of Eq. (3.37) can be written in a more convenient form by
using Eq. (3.32). We have

0= at(Pva) = Pva + Pvév
and so
Pvév - _PUC’U . (338)
Inserting Eq. (3.38) into Eq. (3.37) we obtain

b+ PyEl(v) = —PyLewCo — PoNy(G) + Polo - (3.39)

Eq. (3.39) is the starting point for the derivation of the effective dynamics on the manifold
M, induced by the gradient flow equations.
We begin by estimating Eq. (3.39)

Proposition B: Suppose that a solution w of Eq. (1.1) satisfy the condition that
u(t) € Us fort € [0,Ts], where Us C X is the neighborhood of M, given by Proposition

A. For such u the decomposition u = v + (, is valid and we have the following estimate

fort € [0, Ts]
100+ Po, E:(vo)ll s < ClellCo, Iz, + 6o, s + €0, 7 + 21+ 11711210, 12, ] (3.40)

for some C > 0.

Proof:
A first estimate of Eq. (3.39) gives

o + Pa, €20l =+ < 1 Poy Leswy Cop lz=s + 1Poy Nay Coo g + 1Pa, Goy ll s - (3:41)

The proposition is a result of Lemma A, Lemma B and Lemma C below, which provide
estimates on the terms on the r.h.s. of Eq. (3.41):

Lemma A (approximate zero modes property): There exists a constant C' > 0 such
that, for all v € M, and any vector ¢ € T,X ™, we have

1Py Ly;eCll2 < €CIC][2 (3.42)

where € is the potential strength parameter appearing in Eq. (1.1).

Lemma A is proved in Subsection 5.2. This lemma provides a bound on the first term
on the r.h.s. of Eq. (3.41) (since L? = ngw)' A straightforward technical calculation
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provides an estimate for the middle term on the r.h.s of Eq. (3.41). This is also done in
Subsection 5.2, where we obtain the following result:

Lemma B: For ¢ € T,X™ and s > 0 we have

1P, Ny ()l g+ < OIS + 11 )- (3.43)

An estimate of the last term on the r.h.s. of Eq. (3.42) is given in Lemma C, proved
in Subsection 5.1:

Lemma C: For ¢, € TUUX(”) satisfying P, _C,, = 0 we have

1Po, o ll2 < Ozl + 17121160, 1z (3.44)

where 7 is giwen in Eq. (3.14).

insertion of the inequalities, Eq. (3.42)-(3.44) into Eq. (3.41) completes the proof of
proposition B.

Step 3- A bound on the error term

Given the decomposition u = v + (,, for a solution u satisfying the conditions of
Proposition A, we show that the remainder term (, is of order € for all times ¢ > 0, where
€ is the potential strength parameter (this result also justifies the assumption that the
decomposition implied by Proposition A exists for all times if the initial data «(0) satisfies
certain requirments which are specified below). The following proposition is the main step
in the proof of Theorem A:

Proposition C: Let u(t) be a solution of Fq. (1.1) with initial data u(0) = uy =
(0, Ag). There exist constants €y, cg, ¢ > 0, with ¢y and ¢ depending only on €y, such that,
for any 0 < € < €, if ug s chosen in such a way that there exists a point vy, € Mys with
1140 — V2o~ || x () < co€, then Proposition A holds for u(t) for allt > 0 and the decomposition

u(t) = vy (t) + (u, (t) satisfies

1Co, (Dl xem < cé, t>0 (3.45)

and

[0 + Po, EL(vo) | -2 < €, t>0. (3.46)

Proof: The central result underlying the proof of Theorem A is the linear stability
Theorem for the GL equations proved by S. Gustafson and I.M. Sigal [GS1]. This linear
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stability property corresponds to the coercivity of the Hessian. We start the proof of
proposition C by stating this theorem in a form convenient for our purposes.
Suppose that the manifold M, corresponds to a vortex with index n, i.e., M,s =

M s(g,ll An n-vortex is called stable if there exists some constant v > 0 such that

L();U ’(TvMas)J‘Z V.

An n-vortex is called unstable if L., has a negative eigenvalue. We have

Linear Stability Theorem (S. Gustafson and I.M. Sigal):
(1) For all A > 0 the vortex with n = £1 is stable.
(ii) For X\ <1 a vortex with |n| > 2 is stable.
(ii) For X\ > 1 a vortex with |n| > 2 is unstable.

In our work here we consider only stable vortices. Then L., ’(Tv M,,)L 18 a positive

operator. In this case, for any vector ¢, € T, X ™ such that P,(, = 0, the linear stability
theorem implies that

<C7J7 LO;’UC’U> Z VHCU“%Jl (347)

for some constant v > 0.

Introducing the potential W along with the potential strength parameter ¢ we have
the following corollary to the linear stability theorem:

Corollary A: For a vector (, € T,X™ with P,(, =0 and for € > 0 we have

(Coy Le;uGo) > V“CU”%II . (3.48)

Proof: We calculate

(Cos LewGo) = (Gos (Low + €W)Go) = (Go LowCo) + €(Co, W) = (G LowCo) = vl Gullzn

since the term containing the potential W is positive.

The following result, which we use below, is also an immediate corollary of the linear
stability theorem

Corollary B: For a vector ¢, € T,, X™ satisfying P, (.. = 0 and for € > 0 we
have

<§'UU7 LE;UUC’U0> Z V||CUU ||%‘111)0_ ° (3'49)
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Proof: It is easy to check that the application of the gauge transformation G_, to
the projection P,,  yields G_,P,, G* =G_,P, G, = P,,. This implies that
0 = G_’VPUO' Cvo' = G—’vao Gi'yG—’YC’Ua = UzOC'UzO (3'50)

where (,,, = G_,(y, . In addition we have G_, L¢,,, = Ley,,G—~. Therefore, we obtain

<Cva 5 Le;va C’ug> - <G—'yCvg 5 G—'yLe;va Cv(,>

(3.51)
= <<’UZO,L€;UZOC’UZO> Z VHC'UZOH§‘11 = VHG_FYCUo'HiIl = V"CUO'||2PI1];U )

In the proof of proposition C we make use of the dominating linear stability properties
mentioned above by analyzing the time evolution and providing an upper bound on the
quantity (Cy, LewCy). Corollary A of the linear stability theorem then ensures that this
yields a bound on the error term (,.

In Section 4 we prove the following proposition:

Proposition D: Let u be a solution of Eq. (1.1) satisfying the assumption of Propo-
sition B above and let u = v+ (, be the decomposition implied by Proposition A. Then, for
t € [0,Ts], there exist constants v', C1,Cy,C3 > 0 such that

1 1
§8t<CUU7 Lﬁ;”a g’Uo‘> S _EV/<C'UU’L5§UU C’Uo-)
+{ - Cl + CQHQJU ||chr [(2 + ||Cva ||H50)(1 +e+ ||v(, + Pvagé(UU)HH;;) - 1] }HCUO ”?’{30
+€C5(1 + (Vg + Po, E(vo) |l s + 1Co, s, + o, 72 )G, a2 -

(3.52)
Assume that there exists a maximum time 77 such that
|05 + Pvgé’é(vg)HH;s <, t €0,Ty]. (3.53)
By Eq. (3.52) and Eq. (3.53) we have in this time interval
1
0 L) < (<ot Gl [ Ul 020 =y
7 (3.54

1
HTl’o' + HC’UJH%I}}O_)HCUG”H%G - _V,<CU0’LE;U0<UO'> :

Gyl + e+ G :

Let 6 > 0 be such that the decomposition u = v, (u) + (,, implied by Proposition A holds
for any u € Us € X(™ (see Eq. (3.25) for the definition of Us). The existence of such a §
is guaranteed by Proposition A. Suppose that there exists a maximum time 75 such that
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&

[Go, |2, < min {17 mﬁ} ; te0,T3]. (3.55)

Set 7 = min{Ty,T5}. Then for t € [0, 7] we have, for some C,C >0,

1 1 C C
éat<cvgaL€;ngvg> < _§V/<CUU7L6;UGCUU> - 71”41)0 ||%I§U + E;HC%HH]{U : (3'56)

Dropping the negative definite second term on the r.h.s. of Eq. (3.56) and using Corollary
B of the linear stability theorem we get

1 1 o
506G, Lew, G, ) < =51 (Cug Lerw, Cup) + €5 (G L, C) '/ (3.57)

where o > 0. Set (G, (t), Lesw, (1)Co, (t)) = f2(t), then Eq. (3.57) reads

d
i<V fte. (3.58)

Let g(t) be a solution of Eq. (3.58) with an equality sign and initial condition ¢g(0) =
F(0) = (Gu, (0), Lesw, (0)Go, (0)) 2 Lee,

d o
—q = —V €EQ .
e g

We get
g(t) = FO)e " + (1) < F(0) +

With the help of Lemma F, stated in Section 4, we observe that

f2 (0) = <Cv0 (0>7 Le;vg(o)gvcr (O)> = <<vg (0>7 ?v(7 <0)Le;vg(O)CvCr (O)>

< 16un Ol P Lo G O3 < CllGu, O3 < Clo, O3

(o ©

The validity of the last inequality stems from the fact that v,(0) is some fixed point on
M,s and we can estimate the gauge function there.

Now, Proposition A guarantees the existence of a neighborhood Us of M, in which the
decomposition property holds. Take u(0) to be an initial data for Eq. (1.1) with u(0) € Us.
Then we have (,,(0) = u(0) — v(u(0)) with P,(,(0))Cv, (0) = 0. Assume furthermore that
u(0) is chosen to satisfy the condition that there exists a point v, = vs, € Mys such
that ||u(0) — veyllxy = [[u(0) — Ve, ||gr < coe for some constant ¢y > 0. Under these
conditions we have

1Co, )zt < [[u(0) = voq [t + [lvoy — v(u(0))|[ 2 < o€+ ||voy — v(w(0))l[ a1 -
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Denoting u' = v,,, the solution v(u') satisfying the orthogonality condition, Eq. (3.26), is
simply v(u') = u'. We need to show that for u” in the vicinity of v’ = v,, we have

/ 12 / / 1)
_ m < _ .
lv(u") — (W) || < du" —u"|| g2 (3.59)

for some constant ¢ > 0 which may depend only on €, since then we would have ||v,, —
v(u(0) g < |vey —u(0)||gr < 'coe. In order to see that Eq. (3.59) holds near v’ = v,,
we first observe that by the implicit function argument in the proof of Proposition A we
have

0= Du[g(u; Mdec(u))] - Dug(u; Mdec(u)) + DuMdec(u) Dag(u; Mdec(“))
and hence

DyMgee(u) = —[Dyg(u; MdeC(U))]_lDuQ(u3 Magee(u)) .

It follows that ||[DyMaec(Voo)|lxm op2xme < C; since Eq. (3.30) (recall that K, is uni-
formly invertible on M,s) and the definition of g(u;0) in Eq. (3.28) imply, respectively,
that the two mappings | [Deg(vay; 00)] llr2x 1t oz and | Dyg(vmy: 00) | xon— g 1o
are uniformly bounded on M,s. This observation leads to the following bound

||Duv(vao)||X<">—>X(”) = ||DU[ﬁ(MdeC(Uoo))] [l xm s x )
< || (Do )oo | p2x 2 x 0 1DuMaec(Voo)) | x ) g2 x 2 < C

and we conclude that, for ¢y = ¢o(€) small enough, if ||u(0) — vy, || g1 < coe then f(0) < ce
for some constant ¢ = ¢(¢) > 0. Hence, in the time interval ¢ € [0, 7], we have

ICollm < v {Co, LewCo) 2 = v f() < v lg(t) < Ce. (3.60)

In order to close the proof of Proposition C we need an estimate on the time derivatives z
and 4 appearing in the last term on the r.h.s of Eq. (3.40). The following lemma is proved
in Subsection 5.1:

Lemma D: For s > 0 we have the following estimate for the parametric equations of
motion

|anz + azAge(Ua” + ||'L7||H1—S < Cljvs + Pvagé(UU)HH;S (3.61)
where 7 is defined in Eq. (3.14).
Since 92 E.(vy) = o(€) (see Eq. (3.67) below) we get that for 0 < s < 1
2]+ 171l2 < ay (Jan + 05 Ec(va)| + 105 e (va)]) + [Fllmn1-o < Cl|06 + Po, E:(vo)l = +€)
(3.62)
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then, under the assumption made in Eq. (3.53), we have

iz + |2 <eC,  teo,1]. (3.63)

Eq. (3.40), Eq. (3.60) and Eq. (3.63) then imply that for ¢ € [0, 7] the following inequality
is valid

105+ Po, E(va)ll 1+ < ClellGo, iz, +1Cu, 7y + 160, 12+ (2l +132)[1Co, a2 ] < Ce*.

(3.64)
The definition of 7 implies that at ¢ = 7 at least one of the conditions, Eq. (3.53) or Eq.
(3.55), is no longer valid. However, we can choose €y in such a way that for 0 < € < ¢( this
conclusion will stand in contradiction with the results, Eq. (3.60) and Eq. (3.64). Hence
7 = 00 and the proof of Proposition C is complete.

Step 4 - Effective equations for the parameters

We derive the appropriate equations for the variables z and v, parametrizing the
manifold M,s. Thus, solutions of Eq. (1.1) with an initial condition close enough to M,
induce, up to a small, controlable error, an effective dynamics on M, in terms of equations
of motion for the vortex center and gauge function in the presence of the potential W.

The effective equations of motion for the parameters z and 4 are derived using Eq.
(3.61) and proposition C. For 4 we have simply

3] s < C€? (3.65)
and for z we get
lanz + 02 E(vy)| < Cé? (3.66)

Since & (vy) = Eint(vy) = W(n)(z), where

wnt
W (z) = e / P2 W ()™ (x — z)[? (3.67)
does not depend on the vector potential A, we get finally

lanz + V,Wini(2z)| < Cé? (3.68)

This derivation of the parametric equations of motion completes the proof of Theorem A.

4. Proof of Proposition D

We calculate
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SO Lo = DEw) = £.(0) = (EL(0). ) — RulQ) =

= {EL(u) 8) — (L), B) — (€ ()5, C) — (EL0), Co) — DRW(G)] =

=(EL(w) = EL(0), 1) — (Lo, G} — HRu(G)] = (1)
= — (EL(w) — EL(0), EL(w) — (Lo G — BRG]

=~ (EL(w) — EL(0), oL w) + (EL(0) = EL(u), PuEL(w) — (L, Go) — BIRu(G)]

where the energy remainder term R, (¢) is given in Appendix A, Eq. (A.5). Next we define
the quantity R, ((,) by

Oc[Ro(Co)] = Ro(Go) + (Nu(Go): G- (4.2)

Consider the equation of motion for the error term (,. This equation is obtained by
projecting Eq. (1.12) on (T, M,s)*. We have

From Eq. (4.2) and Eq. (4.3) we get

at[Rv(Cv>] = Rv(Cv) - <Nv(Cv)aﬁvgé<u)> - <Nv(Cv)7Pva> . (4~4)

Inserting Eq. (4.4) into Eq. (4.1) we obtain the following inequality

E(u) — E(v), Pu&l(u))
e0®s Co) = Ro(Co) + (No(Co), PuGo) =
E(u) — E(v ), P £ (v)

L O0{Co L) = (Lo Pol(w) —
r

( )
LtG) — Bo(Go) + (Vo6 Pre) =
(L

(N

S _<L6,UCU7FUE"£( )>

+
Gos Pu(EL(v) + Ny (Co))

v )
o(Go)y PoEL(0)) — Ro(Co) + (Ny(Co)s PoCo)
(4.5)

_<FUL57UCU7?ULE,1)CU> +
_<L6;vaa v+ Pvgé( )>

and so

30u{Gos L) < ~(PuLeaGos PuLicwo) + HLewGos PolEL0) + No(G))
(LG + PN+ NG, PoELD)] + 1G]+ [N (G0). P

In Subsection 5.2 we establish, via straightforward calculations, the validity of the following
estimates

(4.6)

Lemma E: For ¢ € T,X"™ we have
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1N, (Oll2 < Clicllzz, (Sl + 1€IZ; ) (4.7)

and

Lemma F: For ¢ € T,X™ the following inequalities hold

1Po, Leww, Cll g2 < Clilla, . I1Po, Lew, Cll2 < ClICT 2 - (4.8)

Eq. (4.7), Eq. (4.8) and the easily obtainable inequality

1€c(a)llms, = €|[Wibgo|l 1 < €C (4.9)

result in the following estimates:

[{(Po, Lesw, Gopr EL(v))] < ||ﬁnge,vana||H;;||5é(va)\|Hgo < ECHC%HH%U (4.10)

and

[Py Lty Goos Ny (oo ) < 1Py L, Goo 121N, (G
< CllGo, W3z, (I s, + 1160, I3 ) -

Furthermore, we have the two estimates

(4.11)

[{Lesv, Coo s Vo + Po, E(V6))] = [(Po, Lesv, Co, s Vo + Po, EL(vs))]|
< [Po, Leo, o, ||H,$U [06 + Pvagé(va)”H;; < €C|C, ||H§a 100 + ongé(vo)HH;:
(4.12)
(see the proof of Lemma A) and

(N, (Gog)s Po €L )| < [1Po, Noy (Co g2 1€2(va) Lz < €ClIGo, 172+ IS, 17 )

(4.13)
where in Eq. (4.13) use has been made of Eq. (4.9) and Lemma B.
In order to obtain a bound on the term R,((,) we note that Eq. (4.2) implies
Ry(¢) = (0eRo(0)) ¢ _pomsr. = (0500 Ru(Q)) (4.14)
hence, we have
R’U v - 00'7 8’(} R’U v
s (6o = s, R (G s

< (1o + Po, E(vo)ll s + 1Po, EL(vo )l )

’8'00 R'ua (Cvg)HHig :
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The following estimate is proved in Subsection 5.2:

Lemma G: For any ¢ € T,,, X we have

190, Bo, ()1, < CUCH - (4.16)

Lemma G and Eq. (4.9) then imply the following bound for 0 < s < 1

|Ro, (Goo)| < Cllloo + Poy €0(vo)ll g + o, 2 1Go, N1z, - (4.17)

With Eq. (4.10), (4.11), (4.12), (4.13) and (4.17) providing appropriate bounds on the
corresponding terms in Eq. (4.6) we get

1 — —
iat <Cvo' Y LG;/UU CUO’) S - <on' LE;UO' CUO’ Y PUO'LE;UO' CU0>
+C(L+ e+ |G, a2, + 0 + Po, E(vo)ll =) [Coo 172

+eC(1+ 06 + Po, E(va)ll g+ + 1o Nz, + 1Con 72 Mooz, + [{Nw, (o), Poy Goo) -

(4.18)

We still need to estimate the last term on the r.h.s. of Eq. (4.18). Using Lemma C and
Eq. (3.62) we obtain

C’Uo' HH},U

||P'U<7C'Uo' [2 < C([[0s + Pvagle(vo)HH;; + €)|Co, HHga . (4.19)

With the help of Lemma E and Eq. (4.19) we can provide the appropriate bound in the
form

|<Nvo (C%)?PUUCUUH < HNUU(C%)”QHPUUCUJ ||2

< C06 + Po, EL(0o) |l s + )X+ 1ICu, s IS, s €0, 72 -
(4.20)
Inserting the bound obtained in Eq. (4.20) into the r.h.s. of Eq. (4.18) we get

1 — —

§8t <Cvcr ’ LE;UU CUO'> S _<PUO‘ LG;’UO- gvo‘ Y P'Uo' LG;’L)O- C’Uo'>

+ Ca[(24 6o s YL+ e+ llo0 + Po, €L(vo )l ) = UllGo s NGo, 2 (421)
4 €L+ 0 + Poy E1000) L gs + WGon i, + 1o 1303 o s,

The first term on the r.h.s. of Eq. (4.21) is handled by utilizing the linear stability
properties of the Ginzburg-Landau equations. The linear stability theorem is used in
Subsection 5.2 in the proof of the following Lemma
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Lemma H: For (, € T, X orthogonal to T, M,s, that is for P,(, = 0, we have

<Fvo' LG,UO' C'Uo' Y ?'Uo' Leﬂ)o' C'Uo' > 2 201 Hgvo' ||%_I12)o' (4'22)

(the choice of the form of the constant here is purely for reasons of convenience).
We will also need an additional lemma which is also proved in Subsection 5.2:
Lemma I: For ¢ € T,X™ with ¢, € (TyMgys)* we have

<ﬁ’UL€;’UCU7F’UL6;’U§’U> Z Vl(CU7 Lﬁ;’UC’U> . (4’23)

Eq. (4.21), Lemma H and Lemma I imply that

1 1
5&5 <Cvcr ) Lé;va C'Uo'> < _§I/I<<UU ’ LE;UU §UU>

+{=C1+ CallGu i, [@+ 6o a3, )0+ €+ U + P €Ll arye) = 1] } 6o Iz,

+eCa(1+ Vg + Po, E(ve)l g+ + 1Gu, a1z + 1o, Tz ICo, [l -

(4.24)
Eq. (4.24) is the statement of proposition D

5. Proofs of technical results
5.1 Proofs of Lemma C and Lemma D
Proof of Lemma C:

The starting point to the proof of Lemma C is the explicit expression for the projection
P, given in Eq. (3.12). Taking the time derivative of P,  and applying the resulting
operator to a fixed vector ¢ € T,, X (™ satisfying the condition P, ¢ =0 we get

P’UGC = (1,,;2 Z Tiaat<TiU, C> + / d2l‘ Gg(x)K(;l(x,y)at<Gg(y), <> . (51)
i=1,2
Eq. (5.1) enable us to obtain the L? norm of P,¢
1P, ClI5 = an® Y KOTY, O

1=1,2
b [ [y B R 2GSy )

Consider the first term on the r.h.s. of Eq. (5.2). The time derivative of T} is given
by

(5.2)
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oty =5 (V400 ) 4 321, (5.3

where
a1 = (Gresdslh . 5.4

Thus we arrive at the following estimate

10:T7 |2 < 17 (V a,¥o)illa + 25141 1(Va, T7);]12
< A2V 4, %0 )illoo + Z5125] 10V 4, T7 )51z

The norms of the two vectors appearing on the r.h.s. of Eq. (5.5) are gauge and translation
invariant, hence they are constant at all points of M,s;. We conclude that the following
inequality is valid

(5.5)

10.T7 |2 < C(I7ll2 + Sil2]) (5.6)

and so

(077, Q) < 187 NI201¢llz < CUTNz + D 12D NG —Cll2

Hl .

Vo

< C(IAll2 + Z ZDIG -l = C(IA2 + Z EApliY

Consider now the second term on the r.h.s. of Eq. (5.2). Let ¢ = (¢, F) € T,X™),
the time derivative 0;(GY, () is given by (note that ¢ is a fixed vector)

(G, C) = 3,5(/ d*z X(#)G5 .y, C) = /dza: X(2)3:(GF 1), C) =

(5.8)
=0, [ @ (Imlxt,€) - VXF) = [ dox(@)Im(oi,4)(z)

hence

0:(G5 (), C) = Im[0h, (2)€(2)] . (5.9)

Now, K ! are uniformly bounded on M, as operators from H~! to H! (see [ST1]) and
we can estimate

\ [ @ [y 8GE L K, @.9)0G5 ), 0)| = (0G5, 0. K 0G5y )

< 106G (), D=1 1K 5 0:(G ) O e

<K -1 100Gy, Q-1 = CIIM[O€l[7-1 < CllOwbatll -1
(5.10)
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were here again ( = (£, F'). We want to estimate the r.h.s. of this inequality. We have

10 o€ll - = sup (0, 00,€) < sup [[ag]l2]|0s |2

lleell 1 <1 el g1 <1

(5.11)
< sup |allal|Oesl2llElla = CllOWs 21l -
lloell o <1
Furthermore, if we use Eq. (3.13) to write explicitly the time derivative
Orho = the + Y _(—4)(Va, Vo) (5.12)
we obtain the following bound on ||, ||2
10bolla < 7ll2 + D 12 1(Va, eo)ill < CUA N2 + Y 12l (5.13)
where again we use the gauge invariance of ||[(Va, %5 )ill2.
Thus we arrive at the result
1P, Cllz < CUAN2 + D 1zDICH - (5.14)
This completes the proof of Lemma C.
Proof of Lemma D:
Our goal is to prove the inequality
|an + 85 E(ve)| + 17l s < Cllig + Poy E(ve)ll s - (5.15)
Starting with 4 we have
(G(2)s Vo + Po, EL(vs)) = (GF(1): Vo) + (G (1), Po, Ec(V6)) = (GF (1), Do) (5.16)

= (=A+ Yo (2)]*)7(2) = (Ko7) (@)

since L PE'(v)) = Im[Y(eW (x = 0. We find the following expression for 4
i G;?m)Pé’é Im|Y(eW (x)y 0. We find the foll fi

i) = / Py K (2,5) (G 0 + Po EL(00)) (5.17)

where,

(G3yy Vo +Po, E(v5)) = {Tm[, (05 + Py, E(V5))1] = V - (05 + P, EL(vs))2} (y) - (5.18)

Here(0y + P, EL(vs))1 is the first, complex scalar, component and (0, + P, E/(vy))2 is the

second, real vector component. Since K, ! is a bounded operator from H~17% to H'~*
(uniformly in o) we have
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Il er1-2 = 1K, Gy 00+ Po, ELwo)) | -+ < CI{GS (), b0+ Po, E(0o)) |15 - (5.19)

y)?

However, using Eq. (5.18) we obtain

(G ) 0o + Poy ELwo )| 12 =
= [[Im[Py0e ™ (65 + Po, EL(0o)1] = V - (5 + Po, €L(vo))2ll -1+ (5.20)
< Clloo + Po, EL(ve)ll g5

which is the desired bound. As for Z;, we have

|anzi + 0% Ec(vo)| = {I7 , 0 + E(vo))| < ||T7 || as,

(0o + P, Elwo) |y (5.21)

Obviously |T7||ms = [|[T7°||m= < C. From the last estimate, together with Eq. (5.19)
and Eq. (5.20), follows Eq. (5.15).

5.2 Proof of auxiliary technical lemmas
Proof of Lemma A:

For any v € M, the tangent space T}, M, is spanned by zero eigenvectors of Ly.,,.
Hence, since P, is a projection on T, M,s we have

P,Lo.y = Lo P, =0. (5.22)

Furthermore, by assumption the potential W is bounded

sup |[W(x)|=C. (5.23)
xER?

Take any vector ( = (£, F) € T,X™ . The above observation leads to the following
estimate

1Py LesoCll2 = [Py (Lozw + €W)Cl2 < e[ W (|2 < €CIC][2 - (5.24)

Proof of Lemma B:
We set out to prove the following inequality

1PN (Ol e < CllICHT + €Iz 1 (5.25)

The expression for N, (¢) is given in Appendix A, Eq. (A.3), where ( = (£, F)). The
estimates of the terms in N, (¢) which do not include derivatives are straightforward. For
example, denoting N1 = (0,2Re(¢F€)) we obtain
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1N s = 20| Re(VFE) | e < Al|Re(VFE)| 12, = 4| Re(FE)|2 < C|IC|IF < CliCI, -

(5.26)
The vector Ny = (0, Im(§V 4€)) is an example for a term which is more difficult to estimate.
An estimate of this term is given in Subsection 3.2. The other problematic terms in N, (()
are estimated in the same manner.

Proof of Lemma E:

We want to prove the inequality

INs(Oll2 < Clicl iz, (ISl + €I ) (5.27)

Again the terms not containing any derivatives do not present any problems (see for
example Eq. (5.26)). For the vector No = (0,Im(£V 4,€)) we have

[ Nall2 < €V A Ell2 < €V AmE 2 < 1€ loo IV am € |2
< CNE N m= 1€ = CllEN 2 [1€N a2

where ¢ = e7"7¢. Other terms containing derivatives are estimated in a similar way.

(5.28)

Proof of Lemma F:

We want to prove the inequalities

IPo, Lew, Clla < ClI¢laz, (5.29)

and

HﬁvaLe;vaC”H;; < CHCHH%J : (5.30)

Since L., is a second order linear operator no difficulties arise and the two inequalities
are proved by strightforward calculations. We just note that

||FvoL€;vaC||2 - ”G—wﬁvaLe;voCHQ - ||FUZOL€;UZOC/||2 (5~31)
and
HﬁvaLe;vaCHH;’l = HG—WTD%LE;WCHH” = HﬁvzoLE;vzocl”H*1 (5.32)

where ¢/ = e~ ¥/(. Since the gauge function v does not appear in the operators on the
r.hs. of Eq. (5.31) and Eq. (5.32) one obtains by a straightforward calculation

1P oo LesvanCll2 < ClIC a2 = 1€l a2,

and
[Poso LesvgoC L1 < O i = O |, -
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Proof of Lemma G:

We want to prove the inequality

180, Ru (s, < €153 €Il
By derivation of the expression for R,({) (Eq. (A.5)) we obtain, for { = (§, F)
0.1.() = ((F* + JP)e  FIg?) (5.33)
We want to estimate the norm [|0y, Ry, (¢)||m2_. Note first that
G, 1, () = (P2 4 S FIEP ) = 0, R ()

where & = e7"7¢, ¢ = G_,(. The estimate of the L? norm (or L7 norm which is the
same) is straightforward and we get

A
100, Bo, (Ollz = 1072 + S1E'P)EN5 + IFIEPIE < ClIC Nz = CliCzs, -

Let F=F 1 + iF5 be the complexification of F'. We have

~ A B
IV (@ Ro (N5 = IV((IF]* + §|£’|2)€’)II§ +IV(FIEE =
= [2Re[(VE)FIE' + |FA(VE) + A(VE)IE? + %(v@gﬂ”g (5.34)
F[(VE) € + 2F Re[E'VE||3 .

All the terms on the r.h.s. of Eq. (5.34) are handled in the same manner. For example:

I(VE)EE |2 < [F ]l ll€ ool IV E 2
<P m2 € a1 F e < 11N e = 16Hz: IS, -

Proof of Lemma H:

First we use Eq. (5.22) and the linear stability theorem in order to arrive at the result
that for any ¢, € T, X ™ we have

||L0;11Cv||% - <L0'U<’U7LO"I}CU> = < I/QCMLOU 1/2Cv> - < 1/2C’U7P LO ’UP L(l)/v2 v>

(5.35)
= (PuLy2Co, Loy PoLy/2Co) > VI[PoLy/2GlI3 -
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In addition, using Eq. (5.22) again, we have
1P Lofw Gulls = (PoLow Loy *Go PoLoly Go) = 0. (5.36)

From Eq. (5.35), Eq. (5.36) and the linear stability theorem we deduce that

<LO'vaaL0~va> Z V<CvaL0'v<U> > V2HCUH%L11 . (537)

We note that ||(Lo., +A)<,UHQ < C1|& |l g1 + IVV Fy |2, where ¢, = (&, Fyy). Furthermore,
since ¢, € (T,My,)*, it satisfies the gauge condition Im (3,&,) — VF,=0. We conclude
that Lo, + A is a bounded operator from H' to L?, i.e. |[Lo, + Allg1_z2 < C;. we have

IACHS = [1(Zow + A)¢ = LowCl3 < 2(|(Low + A)CI5 + 1 Zo:wC3) < 2(C1lI¢IEn + 1 Lo )

and so

1
§||AC||§ = Cill¢ll < (LoswCs LowC) -
Then, for any 0 < 6 < 1 we have
<L0,’UC’U7 LO,UCU) == 5<LO,’UCU7 LO,U<U> + (1 - 5) <L0,v<1); LO,’UC’U>
S ) ) (5.38)
2 AGIz + (1 = 8)C2 — 8CH][ICo Iz -

Choosing ¢ small enough the second term on the r.h.s. of Eq. (5.38) is positive and we get

(Lo,Cus Lo,wGu) = CllGull7r- - (5.39)

In addition to this basic result we have

I LoswColl3 = 1P LowColl3 = [IPo(LeswCo — W E)II5 < 2(I1PyLeswCollz + €W N2 M1G0113)
(5.40)
which leads to

_ — 1
<PvLe;vaPvLe;va> 2 (5 - 62”W||C2>OV2> <LO;’UC7L0;’UC’U> . (541)
The proof of Lemma H is completed by the following simple observation
<ﬁvLe;va7?vLe;v<v> - <G—'yﬁULe;va7G—’y?vLe;v<v> — <ﬁvzoLe;vzo LaﬁvzoLe;vzoC:)
(5.42)
where (! = G_,(, and we have P, ¢, = 0. Eq. (5.39), Eq. (5.41) and Eq. (5.42) imply
the desired result.

Proof of Lemma 1I:
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The inequality in Lemma I, Eq. (4.23), follows from Eq. (5.37), Eq. (5.41) and the
following simple estimate

<CU7L6;UC@> = <CU7LO;UCU> + €<CU7 WCU> S <Cva LO;UQ}) + GHWHOOHC?J”%

5.43
S (1+6HWHOOI/)<C”U7LO;UC’U>' ( )

Appendix A - Taylor expansions of & (u) and &!(u):
In the proof of Theorem A above we frequently refer to the Taylor expansion of £ (u)

El(u) = E/(v) + LewC + New(€) (A.1)

A strightforward calculation provides us with explicit expressions for the linear and non-
linear terms in ¢. Denoting ¢ = (£, F'), we have

[—A4+ 52> — 1] + 392+ i[2V 4t + V] F 4 W
LeuC = - (A.2)
Im([Vah —4Val§) + (~A+VV + [¢]*)F

and

i(2VA8 + EV)F + F2 + F26 + (€% + 20¢ 0 + [¢]%¢)
Ny () = Ny,a(€) = _ _
2Re(PFE) — Im(EV 4€) + FIe?
(A.3)
In addition we refer at several points to the Taylor expansion of the energy functional
E!(u). Letting u = v + ¢ we have

£c(u) = £c(0) + (G, EL(0)) + 516 Lew) + Ru(Q) (A4)

where L., is given in Eq. (A.2) and the remainder R, ({) (containing all terms which are
higher then quadratic in () is given by

RQ) = [{(F* + IR o] - -1 E7a + (6P + 16l } o (49
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