AN ANALOGUE OF THE FUGLEDE FORMULA IN INTEGRAL GEOMETRY ON MATRIX SPACES

ELENA OURNYCHEVA AND BORIS RUBIN

Abstract. The well known formula of B. Fuglede expresses the mean value of the Radon k-plane transform on R^n as a Riesz potential. We extend this formula to the space of n × m real matrices and show that the corresponding matrix k-plane transform f → f̂ is injective if and only if n − k ≥ m. Different inversion formulas for this transform are obtained. We assume that f ∈ L^p or f is a continuous function satisfying certain “minimal” conditions at infinity.

Preprint 2003/2004, No. 01

1. Introduction

In 1958, B. Fuglede [Fu] proved the following remarkable formula

(1.1) c(f̂)^∨(x) = (I^kf)(x), x ∈ R^n ,

where f̂ ≡ f̂(τ) is the integral of f(x) over a k-dimensional plane τ, 0 < k < n; (f̂)^∨(x) is the mean value of f̂(τ) over all k-planes through x, (I^kf)(x) denotes the Riesz potential of order k, and c = c(n, k) is a constant. For k = n − 1, when τ is a hyperplane, this formula was implicitly exhibited by J. Radon [R] who was indebted to W. Blaschke for this idea. A consequence of (1.1) is the inversion formula

(1.2) f = c(−Δ)^{k/2}(f̂)^∨

in which Δ denotes the Laplace operator.

2000 Mathematics Subject Classification. Primary 44A12; Secondary 47G10. Key words and phrases. Matrix Radon transform, Fourier transform, Riesz potential, inversion formulas.

The work was supported in part by the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany). 1

Our aim is to extend (1.1) and (1.2) to the case when x is an n × m real matrix. We note that Riesz potentials of functions of matrix argument and their generalizations arise in different contexts in harmonic analysis, integral geometry, and PDE; see [Far], [FK], [Ge], [Kh], [Ra], [St1], [Sh1]-[Sh3]. A systematic study of Radon transforms on matrix spaces was initiated by E.E. Petrov [Pe1] and continued in [Č], [Gr], [Pe2]-[Pe4], [Sh1], [Sh2]. These publications traditionally deal with Radon transforms f → f̂ of C^∞ rapidly decreasing functions, and employ decomposition in plane waves in order to recover f from f̂.

We suggest another approach which is based on a matrix analogue of (1.1) (see Theorem 5.4) and allows to handle arbitrary continuous or locally integrable functions f subject to mild restrictions at infinity. These restrictions are minimal in a certain sense. We show that inequality n − k ≥ m is necessary and sufficient for injectivity of the matrix k-plane transform, and obtain two inversion formulas (in terms of the Fourier transform and in the form (1.2)).

Our key motivation is the following. Converting integral-geometrical entities into their matrix counterparts has specific “higher rank” features and sheds new light on classical problems in multidimensional spaces (just note the space R^N with N = nm can be treated as a collection of n × m matrices).

Acknowledgements. We are grateful to Prof. E.E. Petrov and Dr. S.P. Khekalo for the papers they sent us, and useful discussions.

2. Preliminaries

We establish some notation and recall basic facts. Let M_{n,m} be the space of real matrices x = (x_{i,j}) having n rows and m columns. We identify M_{n,m} with the real Euclidean space R^{nm} and set dx = ∏_n i=1 ∏_m j=1 dx_{i,j}. In the following x^′ denotes the transpose of x, I_m is the identity m × m matrix, 0 stands for zero entries. Given square matrices a, b, q, s, etc., we denote by |a|, |b|, |q|, |s| their determinants. GL(m, R) is the group of real non-singular m × m matrices; SO(n) is the group of orthogonal n × n real matrices of determinant one, endowed with the normalized invariant measure. We denote by P_m the cone of positive definite symmetric matrices r = (r_{i,j}); tr(r) is the trace of r, dr = ∏ i≤j dr_{i,j}. The Lebesgue space L^p(M_{n,m}) and the Schwartz space S(M_{n,m}) are identified with respective spaces on R^{nm} .

Lemma 2.1. (see, e.g., [Mu, pp. 57–59]). (i) If x = ayb, where y ∈ M_{n,m}, a ∈ GL(n, R), b ∈ GL(m, R), then dx = |a|^m|b|^ndy.

(ii) If r = q^′sq, where s ∈ P_m, q ∈ GL(m, R), then dr = |q|^{m+1}ds. (iii) If r = s^{−1}, where s ∈ P_m, then r ∈ P_m, and dr = |s|^{−m−1}ds.

The Siegel gamma function associated to the cone P_m is defined by (2.1) Γ_m(α) = ∫ P_m exp(−tr(r))|r|^{α−d}dr, d = (m + 1)/2. This integral converges absolutely if and only if Re α > d − 1, and represents a product of ordinary Γ-functions: (2.2) Γ_m(α) = π^{m(m−1)/4}Γ(α)Γ(α − 1 2 ) . . . Γ(α − m − 1 2 ). If 1 ≤ k < m, k ∈ N, then (2.3) Γ_m(α) = π^{k(m−k)/2}Γ_k(α)Γ_{m−k}(α − k/2),

(2.4)

Γ_m(α) Γ_m(α + k/2) = Γ_k(α + (k − m)/2) Γ_k(α + k/2) . For n ≥ m, let V_{n,m} = {v ∈ M_{n,m} : v^′v = I_m} be the Stiefel manifold of orthonormal m-frames in R^n ; V_{n,n} = O(n) is the orthogonal group in R^n . We fix invariant measure dv on V_{n,m} [Mu, p. 70] normalized by

(2.5) σ_{n,m} ≡ ∫ V_{n,m} dv = 2^mπ^{nm/2} Γ_m(n/2) .

Lemma 2.2. (polar decomposition; see, e.g., [Mu, pp. 66, 591], [Ma]). Let x ∈ M_{n,m}, n ≥ m. If rank(x) = m, then x = vr^{1/2}, v ∈ V_{n,m}, r = x^′x ∈ P_m, and dx = 2^{−m}|r|^{(n−m−1)/2}drdv. 3. Riesz potentials For x ∈ M_{n,m}, let |x|_m = det(x^′x)^{1/2}. The Riesz potential of order α ∈ C is defined by (3.1) (I^αf)(x) = 1 γ_{n,m}(α) ∫ Mn,m f(x − y)|y|^{α−n}_m dy,

γ_{n,m}(α) = 2^{αm} π^{nm/2} Γ_m(α/2) Γ_m((n − α)/2) , provided this expression is finite. Note that for m ≥ 2, the sets of poles of Γ_m(α/2) and Γ_m((n − α)/2) are {m − 1, m − 2, . . .}, and {n − m + 1, n − m + 2, . . .} respectively. These sets overlap if and only if 2m ≥ n + 2 (keep this inequality in mind!). For m = 1, the set of poles of Γ_m((n − α)/2) is {n, n + 2, n + 4, . . .}. Thus if α = { n − m + 1, n − m + 2, . . . for m ≥ 2, n, n + 2, . . . for m = 1, then the coefficient 1/γ_{n,m}(α) is infinite. In the following we exclude these values of α and focus on the case m ≥ 2.

The Riesz distribution corresponding to (3.1) is defined by (3.2) (h_α, f) = a.c. ∫ Mn,m h_α(x)f(x)dx, h_α(x) = |x|^{α−n}_m γ_{n,m}(α) , where “a.c.” abbreviates analytic continuation in the α-variable, and f ∈ S(M_{n,m}). The following lemma resumes basic properties of h_α.

Lemma 3.1. Let m ≥ 2.

(i) The integral in (3.2) absolutely converges if and only if Re α > m−1. (ii) The function α → h_α extends to all α ∈ C as a meromorphic S^′- distribution with the only poles at the points α = n−m+1, n−m+2, . . .. The order of these poles is the same as in Γ_m((n − α)/2). (iii) h_α is a positive measure if and only if α belongs to the set (3.3) W ={0, 1, 2, . . . , k_0} ∪ {α : Re α >m−1; α ≠n−m(mod 1)}, k_0 = min(m − 1, n − m).

(iv) If α ≠ n − m + 1, n − m + 2, . . ., and

(3.4) (Ff)(y) = ∫ Mn,m exp(tr(iy^′x))f(x)dx

is the Fourier transform of f ∈ S(M_{n,m}), then

(3.5) (h_α, f) = (2π)^{−nm}(|y|^{−α}_m , (Ff)(y))

in the sense of analytic continuation. In particular,

(3.6) (h_0, f) = f(0).

These statements can be found in [Kh]; see also [Sh1], [Sh3], [FK]. The set (3.3) is an analog of the Wallach set in [FK], p. 137. We adopt this name for our case too. The formula (3.5) is known as a functional equation for the zeta function α → (h_α, f). Different proofs of (3.5) (usually in a more general set-up) can be found in [Ge], Chapter IV; [Ra], Prop. II-9; [Sh1], [Far], [FK], Theorem XVI.4.3; see also [St1].

In the case 2m < n + 2, when poles of Γ_m(α/2) and Γ_m((n − α)/2) do not overlap, a simple proof of (3.5) can be given following slight modification of the argument from [St2], Chapter III, Sec. 3.4. Let e_s(x) = exp(tr(−xsx^′)/4π), s ∈ P_m. By the Plancherel formula, (3.7) |s|^{−n/2} ∫ Mn,m (Ff)(y) exp(tr(−πys^{−1}y^′))dy = ∫ Mn,m f(x)e_s(x)dx.

Multiplying (3.7) by |s|^{(n−α)/2−d}, d = (m + 1)/2, and integrating in s ∈ P_m, after changing the order of integration we obtain ∫ Mn,m (Ff)(y)a(y)dy = ∫ Mn,m f(x)b(x)dx,

where a(y) = ∫ P_m |s|^{−α/2−d} exp(tr(−πys^{−1}y^′))ds (s = t^{−1})

= ∫ P_m |t|^{α/2−d} exp(tr(−πty^′y))dt = Γ_m(α/2)π^{−αm/2}|y|^{−α}_m

if Re α > m − 1, and b(x) = ∫ P_m |s|^{(n−α)/2−d}e_s(x)ds = (4π)^{m(n−α)/2} Γ_m((n − α)/2) |x|^{n−α}_m if Re α < n − m + 1. A simple computation of these integrals is performed using (2.1) and Lemma 2.1. Thus (3.5) follows if the set m − 1 < Re α < n − m + 1 is not vacuous, i.e., 2m < n + 2. We note that if 2m ≥ n + 2 then distributions in both sides of (3.5) are not regular simultaneously.

Explicit representations for h_α in the discrete part of the Wallah set (3.3) play a vital role in our consideration.

Lemma 3.2. Let f ∈ S(M_{n,m}), k_0 = min(m−1, n−m), m ≥ 2. Then for k = 1, 2, . . . , k_0,

(3.8) (h_k, f) = c ∫ M_{k,m} du ∫ SO(n) f ( γ [ u 0 ]) dγ,

(3.9) c = 2^{−km} π^{−km/2} Γ_m (n − k 2 ) /Γ_m (n 2 ) .

Proof. We split x ∈ M_{n,m} in two blocks x = [y; b] where y ∈ M_{n,k} and b ∈ M_{n,m−k}. Then for Re α > m − 1, (h_α, f) = 1 γ_{n,m}(α) ∫ M_{n,k} dy ∫ M_{n,m−k} f([y; b]) | | | y^′y y^′b b^′y b^′b | | | (α−n)/2 db

where | | | ∗ ∗ ∗ ∗ | | | denotes the determinant of the respective matrix [ ∗ ∗ ∗ ∗ ] . By passing to polar coordinates (see Lemma 2.2) y = vr^{1/2}, v ∈ V_{n,k}, r ∈ P_k, we have

(h_α, f) = 2^{−k} γ_{n,m}(α) ∫ V_{n,k} dv ∫ P_k |r|^{(n−k−1)/2}dr

× ∫ M_{n,m−k} f([vr^{1/2}; b]) | | | r r^{1/2}v^′b b^′vr^{1/2} b^′b | | | (α−n)/2 db

= 2^{−k} σ_{n,k} γ_{n,m}(α) ∫ SO(n) dγ ∫ P_k |r|^{(n−k−1)/2}dr

× ∫ M_{n,m−k} f_γ ([λ_0r^{1/2}; b]) | | | | r r^{1/2}λ^′_0b b^′λ_0r^{1/2} b^′b | | | | (α−n)/2 db. Here

λ_0 = [ I_k 0 ] ∈ V_{n,k}, f_γ (x) = f(γx). We write b = [ b_1 b_2 ] , b_1 ∈ M_{k,m−k}, b_2 ∈ M_{n−k,m−k}. Since λ^′_0b = b_1, then

(h_α, f) = 2^{−k} σ_{n,k} γ_{n,m}(α) ∫ SO(n) dγ ∫ P_k |r|^{(n−k−1)/2}dr ∫ M_{k,m−k} db_1

× ∫ M_{n−k,m−k} f_γ ([ r^{1/2} b_1 0 b_2 ]) | | | r r^{1/2}b_1 b^′_1r^{1/2} b^′_1b_1 + b^′_2b_2 | | | (α−n)/2 db_2. Note that [ r r^{1/2}b_1 b^′_1r^{1/2} b^′_1b_1 + b^′_2b_2 ] = [ r 0 b^′_1r^{1/2} I_{m−k} ] [ I_k r^{−1/2}b_1 0 b^′_2b_2 ] , and | | | | r r^{1/2}b_1 b^′_1r^{1/2} b^′_1b_1 + b^′_2b_2 | | | = det(r)det(b^′2b^2), see, e.g., [Mu], p. 577. Therefore,

(3.10) (h_α, f) = c_α ∫ SO(n) dγ ∫ P_k |r|^{(α−k−1)/2}dr ∫ M_{k,m−k} ψ_{α−k}(γ, r, b_1)db_1,

where c_α = 2^{−k} σ_{n,k} γ_{n−k,m−k}(α − k) γ_{n,m}(α) ,

ψ_{α−k}(γ, r, b_1) = 1 γ_{n−k,m−k}(α − k) ∫ M_{n−k,m−k} f_γ ([ r^{1/2} b_1 0 b_2 ])

× |b^′_2b_2|^{(α−k)−(n−k)2} db_2. The last expression is the Riesz distribution of order α − k in the b_2- variable. Owing to (3.6), analytic continuation of (3.10) at α = k reads (h_α, f) = c_k ∫ SO(n) dγ ∫ P_k |r|^{−1/2}dr ∫ M_{k,m−k} f_γ ([ r^{1/2} b_1 0 0 ]) db_1,

c_k = lim_{α→k} c_α. To transform this expression, we replace γ by γ [ β 0 0 I_{n−k} ] , β ∈ SO(k) and integrate in β. This gives (h_α, f) = c_k ∫ P_k |r|^{−1/2}dr ∫ SO(k) dβ ∫ M_{k,m−k} db_1 ∫ SO(n) f_γ ([ βr^{1/2} βb_1 0 0 ]) dγ

(set ζ = βb_1, η = b|r|^{1/2} and use Lemma 2.2) = 2^k c_k σ_{k,k} ∫ M_{k,k} dη ∫ M_{k,m−k} dζ ∫ SO(n) f_γ ([ η ζ 0 0 ]) dγ

= c ∫ M_{k,m} du ∫ SO(n) f ( γ [ u 0 ]) dγ,

c = σ_{n,k} σ_{k,k} lim_{α→k} γ_{n−k,m−k}(α − k) γ_{n,m}(α) = 2^{−km} π^{−km/2} Γ_m (n − k 2 ) /Γ_m (n 2 ) . (here we used formulae (2.3) and (2.4)). □

Definition 3.3. According to Lemma 3.2 and (3.6), we can redefine the Riesz potential I^αf for any locally integrable function f as

(3.11)

(I^αf)(x) =

1 γ_{n,m}(α) ∫ Mn,m f(x − y)|y|^{α−n}_m dy if Re α > m − 1; α ≠ n − m + 1, n − m + 2, . . ., c ∫ M_{k,m} du ∫ SO(n) f ( x − γ [ u 0 ]) dγ if α = 1, . . . , k_0,

Here m ≥ 2, c is the constant (3.9), k_0 = min(m − 1, n − m). It is assumed that f is good enough, so that the corresponding integrals are absolutely convergent.

Conjecture 3.4. We state the following hypotheses. (a) For f ∈ L^p(M_{n,m}), the integrals in (3.11) absolutely converge if and only if

(3.12) 1 ≤ p < (n + m − 1)/(Re α + m − 1).

(b) If f is a continuous function satisfying f(x) = O(|I_m + x^′x|^{−λ/2}), then the absolute convergence of (3.11) holds if and only if λ > Re α + m − 1. This conjecture is true if α is a positive integer; see the next section.

Remark 3.5. Another formula for h_k obtained in [Sh1] and [Kh] reads

(3.13) (h_k, f)=c_1 ∫ M_{n,k} dy |y|^{n−m}_k ∫ M_{k,m−k} f([y; yz])dz, k =1, 2, . . . , k_0.

(3.14) c_1 = 2^{−km}π^{k(k−n−m)/2} Γ_k ( n − m 2 ) /Γ_k ( k 2 ) .

It can be derived from (3.8). Indeed,

(h_k, f) = c ∫ M_{k,m} du ∫ SO(n) f ( γ [ u 0 ]) dγ

= c ∫ M_{k,m} du ∫ SO(n) f(γλ_0u)dγ ( λ_0 = [ I_k 0 ] ∈ V_{n,k} )

= c σ_{n,k} ∫ M_{k,m} du ∫ V_{n,k} f(vu)dv.

Now we represent u in the block form u = [η; ζ], η ∈ M_{k,k}, ζ ∈ M_{k,m−k}, and change the variable ζ = ηz. This gives

(h_k, f) = c σ_{n,k} ∫ M_{k,k} |η|^{m−k}dη ∫ M_{k,m−k} dz ∫ V_{n,k} f(v[η; ηz])dv.

Using Lemma 2.2 repeatedly, and changing variables, we obtain

(h_k, f) = c σ_{k,k} 2^{−k} σ_{n,k} ∫ P_k |r|^{(m−k−1)/2}dr ∫ M_{k,m−k} dz ∫ V_{n,k} f(v[r^{1/2}, r^{1/2}z])dv

= c_1 ∫ M_{n,k} dy |y|^{n−m}_k ∫ M_{k,m−k} f([y; yz])dz

where by (3.9), (2.5) and (2.4),

c_1 = c σ_{k,k} σ_{n,k} = 2^{−km}π^{k(k−n−m)/2} Γ_k ( n − m 2 ) /Γ_k ( k 2 ) . 4. Radon transforms 4.1. Matrix planes. Let k, n, and m be positive integers, 0 < k < n, V_{n,n−k} be the Stiefel manifold of orthonormal (n−k)-frames in R^n . For ξ ∈ V_{n,n−k}, t ∈ M_{n−k,m}, the linear manifold (4.1) τ = τ(ξ, t) = {x ∈ M_{n,m} : ξ^′x = t} will be called a matrix k-plane in M_{n,m}. We denote by G(n, k, m) a variety of all such planes. The parameterization τ = τ(ξ, t) by the points (ξ, t) of the “matrix cylinder” V_{n,n−k} ×M_{n−k,m} is not one-to-one because for any orthogonal transformation θ ∈ O(n − k), the pairs (ξ, t) and (ξθ^′, θt) define the same plane. We identify functions φ(τ) on G(n, k, m) with functions φ(ξ, t) on V_{n,n−k} × M_{n−k,m} satisfying φ(ξθ^′, θt) = φ(ξ, t) for all θ ∈ O(n − k), and supply G(n, k, m) with the measure dτ so that

(4.2) ∫ G(n,k,m) φ(τ) dτ = ∫ V_{n,n−k}×M_{n−k,m} φ(ξ, t) dξdt. The matrix k-plane is, in fact, a usual km-dimensional plane in the Euclidean space R^{nm} . To see this, we write x = (x_{i,j}) ∈ M_{n,m} and t = (t_{i,j}) ∈ M_{n−k,m} as column vectors

(4.3) x̄ = x_{1,1} x_{1,2} ... x_{n,m} ∈ R^{nm} , t̄ = t_{1,1} t_{1,2} ... t_{n−k,m} ∈ R^{(n−k)m} , and denote (4.4) ξ̄ = diag(ξ, . . . , ξ) ∈ V_{nm,(n−k)m}. Then (4.1) reads (4.5) τ = τ(ξ̄, t̄) = {x̄ ∈ R^{nm} : ξ̄^′x̄ = t̄}. The km-dimensional planes (4.5) form a subset of measure zero in the affine Grassmann manifold of all km-dimensional planes in R^{nm} .

The manifold G(n, k, m) can be regarded as a fibre bundle the base of which is the ordinary Grassmann manifold G_{n,k} of k-dimensional linear subspaces η of R^n , and the fibres are homeomorphic to M_{n−k,m}. Indeed, let π : G(n, k, m) → G_{n,k} be the canonical projection which assigns to each matrix k-plane τ(ξ, t) the subspace

(4.6) η = η(ξ) = {y ∈ R^n : ξ^′y = 0} ∈ G_{n,k}.

Let η^⊥ be the orthogonal complement of η in R^n . The fiber H_η = π^{−1}(η) is the set of all matrix planes (4.1), when t sweeps the space M_{n−k,m}.

Regarding G(n, k, m) as a fibre bundle, one can utilize a parameterization which is alternative to (4.1) and one-to-one. Let

(4.7) x = [x_1 . . . x_m], x_i ∈ R^n , t = [t_1 . . . t_m], t_i ∈ R^{n−k} .

For τ = τ(ξ, t) ∈ G(n, k, m), we have τ = {x ∈ M_{n,m} : ξ^′x_i = t_i, i = 1 . . . m}. Each k-dimensional plane τ_i = {x_i ∈ R^n : ξ^′x_i = t_i} can be parameterized by the pair (η, λ_i), where η is the subspace (4.6), and λ_i ∈ η^⊥, i = 1, . . . , m, are columns of the matrix λ = ξt ∈ M_{n,m}. The corresponding parameterization (4.8) τ = τ(η, λ), η ∈ G_{n,k}, λ = [λ_1 . . . λ_m], λ_i ∈ η^⊥, is one-to-one.

4.2. Definition of the Radon transform. The matrix k-plane Radon transform f̂ of a function f(x) on M_{n,m} assigns to f a collection of integrals of f over all matrix planes τ ∈ G(n, k, m). Namely,

f̂(τ) = ∫ x∈τ f(x). In order to give this integral precise meaning, we note that the matrix plane τ = τ(ξ, t), ξ ∈ V_{n,n−k}, t ∈ M_{n−k,m}, consists of “points” x = g_ξ [ u t ] , where u ∈ M_{k,m}, and g_ξ ∈ SO(n) is a rotation satisfying

(4.9) g_ξξ_0 = ξ, ξ_0 = [ 0 I_{n−k} ] ∈ V_{n,n−k}. This observation leads to the following

Definition 4.1. The Radon transform of a function f(x) on M_{n,m} is defined as a function on the ”matrix cylinder” V_{n,n−k} × M_{n−k,m} by the formula

(4.10) f̂(τ) ≡ f̂(ξ, t) = ∫ M_{k,m} f ( g_ξ [ u t ]) du.

The reader is encouraged to check that (4.10) is independent of the choice of the rotation g_ξ : ξ_0 → ξ. In terms of the one-to-one parameterization (4.8), where τ = τ(η, λ), η ∈ G_{n,k}, λ = [λ_1 . . . λ_m] ∈ M_{n,m}, and λ_i ∈ η^⊥, the Radon transform (4.10) reads

(4.11) f̂(τ) = ∫ η dy_1 . . . ∫ η f([y_1 + λ_1 . . . y_m + λ_m]) dy_m.

If m = 1, then f̂(ξ, t) is the ordinary k-plane Radon transform that assigns to a function f(x) on R^n a collection of integrals of f over all k-dimensional planes [Hel]. A different definition of the matrix Radon transform was given by E.E. Petrov [Pe1]-[Pe3] (the case n − k = m), and L.P. Shibasov [Sh1], [Sh2] (the general case).

The following properties can be easily checked.

Lemma 4.2. Suppose that the Radon transform f(x) −→ f̂(ξ, t), x ∈ M_{n,m}, (ξ, t) ∈ V_{n,n−k} × M_{n−k,m}, exists (at least almost everywhere). Then (4.12) f̂(ξθ^′, θt) = f̂(ξ, t), ∀θ ∈ O(n − k). If g(x) = γxβ + y where γ ∈ O(n), β ∈ O(m), y ∈ M_{n,m}, then (4.13) (f ∘ g)^∧(ξ, t) = f̂(γξ, tβ + ξ^′γ^′y). In particular, if f_y(x) = f(x + y), then (4.14) f̂_y(ξ, t) = f̂(ξ, ξ^′y + t).

The equality (4.12) is a matrix analog of the “evenness property” of the classical Radon transform, cf. [Hel], p. 3. Lemma 4.3.

(i) If f ∈ L^1(M_{n,m}), then the Radon transform f̂(ξ, t) exists for all ξ ∈ V_{n,n−k} and almost all t ∈ M_{n−k,m}. Furthermore, (4.15) ∫ M_{n−k,m} f̂(ξ, t)dt = ∫ Mn,m f(x) dx, ∀ ξ ∈ V_{n,n−k}.

(ii) Let ||x|| = (tr(x^′x))^{1/2} = (x^2_{1,1} + . . . + x^2_{n,m})^{1/2}. If f is a continuous function satisfying (4.16) f(x) = O(||x||^{−a}), a > km, then f̂(ξ, t) exists for all ξ ∈ V_{n,n−k} and all t ∈ M_{n−k,m}. Proof. (i) is a consequence of the Fubini theorem: ∫ M_{n−k,m} f̂(ξ, t)dt = ∫ M_{n−k,m} dt ∫ M_{k,m} f ( g_ξ [ u t ]) du

= ∫ Mn,m f(g_ξx) dx = ∫ Mn,m f(x) dx. (ii) becomes obvious if we regard τ = τ(ξ, t) as a km-dimensional plane (4.5) in R^{nm} . □ A much deeper result is contained in the following Theorem 4.4. If f ∈ L^p(M_{n,m}) then the Radon transform f̂(ξ, t) is finite for almost all (ξ, t) ∈ V_{n,n−k} × M_{n−k,m} provided (4.17) 1 ≤ p < p_0 = n + m − 1 k + m − 1 . If f is a continuous function satisfying f(x) = O(|I_m + x^′x|^{−λ/2}), λ > k + m − 1, then f̂(ξ, t) is finite for all (ξ, t) ∈ V_{n,n−k} × M_{n−k,m}.

The proof of this theorem was given in [OR] using Abel type representation of the Radon transform of radial functions. The conditions for p and λ are sharp. For instance, one can show [OR] that

(4.18) f_0(x) = |2I_m + x^′x|^{−(n+m−1)/2p}(log |2I_m + x^′x|)^{−1}

belongs to L^p(M_{n,m}), and f̂_0(ξ, t) ≡ ∞ if p ≥ p_0. For m = 1, the result of Theorem 4.4 is due to Solmon [So]; see also [Ru2] for another proof.

4.3. Connection with the Fourier transform. The Fourier transform of a function f ∈ L^1(M_{n,m}) is defined by (3.4). The following statement is a matrix generalization of the so-called Central Slice Theorem. It links together the Fourier transform (3.4) and the Radon transform (4.10). In the case m = 1, this theorem can be found in [Na, p. 11] (for k = n − 1) and [Ke, p. 283] (for any 0 < k < n).

For y = [y_1 . . . y_m] ∈ M_{n,m}, let L(y) = lin(y_1, . . . , y_m) be the linear hull of the n-vectors y_1 . . . y_m, that is the smallest linear subspace containing y_1 . . . y_m. Suppose that rank(y) = ℓ. Then dim L(y) = ℓ ≤ m.

Theorem 4.5. Let f ∈ L^1(M_{n,m}), n − k ≥ m. If y ∈ M_{n,m}, and ζ is an (n − k)-dimensional plane in R^n containing L(y), then for any orthonormal frame ξ ∈ V_{n,n−k} spanning ζ, there exists b ∈ M_{n−k,m} so that y = ξb. In this case

(4.19) (Ff)(y) = ∫ M_{n−k,m} exp(i tr(b^′t)) f̂(ξ, t) dt,

or (4.20) (Ff)(ξb) = F[f̂(ξ, ·)](b), ξ ∈ V_{n,n−k}, b ∈ M_{n−k,m}. Proof. Since each vector y_j (j = 1, . . . , m) lies in ζ, it decomposes as y_j = ξb_j for some b_j ∈ R^{n−k} . Hence y = ξb where b = [b_1 . . . b_m] ∈

M_{n−k,m}. Thus it remains to prove (4.20). By (4.10), F[f̂(ξ, ·)](b) = ∫ M_{n−k,m} exp(i tr(b^′t)) dt ∫ M_{k,m} f ( g_ξ [ u t ]) du.

If x = g_ξ [ u t ] , then, by (4.9),

ξ^′x = ξ^′_0g^′_ξg_ξ [ u t ] = ξ^′_0 [ u t ] = t, ξ_0 = [ 0 I_{n−k} ] ∈ V_{n,n−k}, and the Fubini theorem yields F[f̂(ξ, ·)](b) = ∫ Mn,m exp(i tr(b^′ξ^′x)) f(x) dx = (Ff)(ξb).

□ Remark 4.6. It is clear that matrices ξ and b in (4.19) are not uniquely defined. In the case rank(y) = m, one can choose ξ and b as follows. By taking into account that n − k ≥ m, we set u_0 = [ 0 I_m ] ∈ V_{n−k,m}, v_0 = [ 0 I_m ] ∈ V_{n,m}, so that ξ_0u_0 = v_0. Consider the polar decomposition y = vr^{1/2}, v ∈ V_{n,n−k}, r = y^′y ∈ P_m, and let g_v be a rotation with the property g_vv_0 = v. Then y = vr^{1/2} = g_vv_0r^{1/2} = g_vξ_0u_0r^{1/2} = ξb, where (4.21) ξ = g_vξ_0 ∈ V_{n,n−k}, b = u_0r^{1/2} ∈ M_{n−k,m}. Theorem 4.7.

(i) If n − k ≥ m, then the Radon transform f → f̂ is injective on the Schwartz space S(M_{n,m}), and f can be recovered by the formula f(x) = 2^{−m} (2π)^{nm} ∫ P_m |r|^{n−m−12} dr (4.22) × ∫ V_{n,m} exp(−i tr(x^′vr^{1/2}))(Ff̂(g_vξ_0, ·))(ξ^′_0v_0r^{1/2})dv.

(ii) For n − k < m, the Radon transform is non-injective. Proof. By Theorem 4.5, given the Radon transform f̂ of f ∈ S(M_{n,m}), the Fourier transform (Ff)(y) can be evaluated at each point y ∈

M_{n,m} by the formula (4.19), so that if f̂ ≡ 0 then Ff ≡ 0. Since

F is injective, then f ≡ 0, and we are done. Remark 4.6 allows to reconstruct f from f̂, because (4.21) expresses ξ and b through y ∈

M_{n,m} explicitly. This gives (4.22). To prove (ii), we denote L_{n,m} = {x ∈ M_{n,m} : rank(x) = m}.

This set is open in M_{n,m}. Let ψ be a Schwartz function with the Fourier transform supported in L_{n,m}. By (4.20), (4.23) F[ψ̂(ξ, ·)](b) = ψ̂(ξb) = 0 ∀ ξ ∈ V_{n,n−k}, ∀ b ∈ M_{n−k,m}, because ξb /∈ L_{n,m} (note that since n − k < m, then rank(ξb) < m). By injectivity of the Fourier transform in (4.23), we obtain ψ̂(ξ, t) = 0 ∀ξ, t. Thus, for n − k < m, the injectivity of the Radon transform fails. □

Remark 4.8. After the paper had been finished, we became aware of another account of the topic of this subsection in [Sh1], [Sh2], written in a different manner. Nevertheless, Remark 4.6, formula (4.22) and the statement (ii) of Theorem 4.7 seem to be new.

Remark 4.9. For n − k > m, the dimension of the manifold G(n, k, m) of all matrix k-planes in M_{n,m} is greater than that of the ambient space M_{n,m}, and the inversion problem is overdetermined. In the case n − k = m both dimensions coincide. The problem of reducing overdeterminicity by fixing a certain “invertible” mn-dimensional complex of matrix planes, was studied in [Sh2].

5. The dual Radon transform and the Fuglede formula

Definition 5.1. Let τ = τ(ξ, t) be a matrix plane (4.1), (ξ, t) ∈ V_{n,n−k} × M_{n−k,m}. The dual Radon transform φ̌(x) assigns to a function φ(τ) on G(n, k, m) its mean value over all matrix planes τ through x. Namely,

φ̌(x) = ∫ τ ∋x φ(τ), x ∈ M_{n,m}. This means that

φ̌(x) = 1 σ_{n,n−k} ∫ V_{n,n−k} φ(ξ, ξ^′x)dξ (5.1)

= ∫ SO(n) φ(γξ_0, ξ^′_0γ^′x)dγ, ξ_0 = [ 0 I_{n−k} ] ∈ V_{n,n−k}.

The mean value φ̌(x) apparently exists for all x ∈ M_{n,m} if φ is a continuous function. Moreover, φ̌(x) is finite a.e. on M_{n,m} for any locally integrable function φ [OR].

Remark 5.2. The dual Radon transform φ̌(x) of a function φ(τ), τ ∈ G(n, k, m), is independent of the parameterization τ = τ(ξ, t) in the sense that for any other parameterization τ = τ(ξθ^′, θt), θ ∈ O(n − k), (see Sec. 4.1), (5.1) gives the same result: 1 σ_{n,n−k} ∫ V_{n,n−k} φ(ξθ^′, θξ^′x)dξ = 1 σ_{n,n−k} ∫ V_{n,n−k} φ(ξ_1, ξ^′_1x)dξ_1 = φ̌(x).

Lemma 5.3. The duality relation

(5.2) ∫ Mn,m f(x)φ̌(x)dx = 1 σ_{n,n−k} ∫ V_{n,n−k} dξ ∫ M_{n−k,m} φ(ξ, t)f̂(ξ, t)dt

holds provided that either side of (5.2) is finite for f and φ replaced by |f| and |φ|, respectively.

Proof. By (4.10), the right hand side of (5.2) is

(5.3) 1 σ_{n,n−k} ∫ V_{n,n−k} dξ ∫ M_{n−k,m} φ(ξ, t) dt ∫ M_{k,m} f ( g_ξ [ u t ]) du.

Changing variables x = g_ξ [ u t ] , we have

ξ^′x = (g_ξξ_0)^′g_ξ [ u t ] = ξ^′_0 [ u t ] = t. Hence, by the Fubini theorem, (5.3) reads 1 σ_{n,n−k} ∫ V_{n,n−k} dξ ∫ Mn,m φ(ξ, ξ^′x)f(x) dx = ∫ Mn,m φ̌(x)f(x) dx.

□ Now we state the main theorem.

Theorem 5.4. Let f ∈ L^p(M_{n,m}), 1 ≤ p < (n + m − 1)/(k + m − 1), or f is a continuous function satisfying f(x) = O(|I_m + x^′x|^{−λ/2}), λ > k + m − 1. Then

(5.4) c(f̂)^∨(x)=(I^kf)(x), c=2^{−km} π^{−km/2} Γ_m (n−k 2 ) /Γ_m (n 2 ) , (the generalized Fuglede formula).

Proof. The proof given below is applicable to any locally integrable function f for which either side of (5.4) is finite provided f is replaced by |f|. Let f_x(y) = f(x + y). By (5.1) and (4.14),

(f̂)^∨(x) = 1 σ_{n,n−k} ∫ V_{n,n−k} f̂(ξ, ξ^′x)dξ = 1 σ_{n,n−k} ∫ V_{n,n−k} f̂_x(ξ, 0)dξ

= ∫ M_{k,m} du ∫ SO(n) f ( x + γ [ u o ]) dγ.

This coincides with c^{−1}(I^kf)(x) for k < m, see Definition 3.3. If k ≥ m, d = (m + 1)/2, we pass to polar coordinates and get

(f̂)^∨(x) = 2^{−m} ∫ V_{k,m} dv ∫ P_m |r|^{k/2−d}dr ∫ SO(n) f_x ( γ [ vr^{1/2} 0 ]) dγ,

= 2^{−m} σ_{k,m} σ_{n,m} ∫ P_m |r|^{k/2−d}dr ∫ V_{n,m} f_x(wr^{1/2})dw

= σ_{k,m} σ_{n,m} ∫ Mn,m f(x + y)|y^′y|^{(k−n)/2}dy = c^{−1}(I^kf)(x). □ Corollary 5.5. (cf. Conjecture 3.4) For f ∈ L^p(M_{n,m}) and k ∈ N, the Riesz potential (I^kf)(x) is finite a.e. on M_{n,m} if and only if (5.5) 1 ≤ p < (n + m − 1)/(k + m − 1).

If f is a continuous function satisfying f(x) = O(|I_m + x^′x|^{−λ/2}), then (I^kf)(x) is finite for all x ∈ M_{n,m} if and only if λ > k + m − 1.

This statement holds by Theorem 4.4.

6. Inversion problem for the Radon transform The Fuglede formula c(f̂)^∨ = I^kf reduces the inversion problem for the Radon transform to Riesz potentials. This is exactly the same situation as in the rank-one case. Whereas for the ordinary k-plane transform and Riesz potentials a variety of pointwise inversion formulas is available in a large scale of function spaces [Ru1], [Ru2], in the higher rank case we cannot obtain pointwise inversion formulas rather than for Schwartz functions via the Fourier transform (see (4.22)) or in terms of divergent integrals understood somehow in the regularized sense. This is still an open problem.

Below we show how the unknown “rough” function f can be recovered in the framework of the theory of distributions. First we specify the space of test functions. From the Fourier transform formula (h_α, f) = (|y|^{−α}_m , (Ff)(y)), it is evident that the Schwartz class S ≡ S(M_{n,m}) does not suit well enough because it is not invariant under multiplication by |y|^{−α}_m . To get around this difficulty, we follow an idea of V.I. Semyanistyi [Se] suggested for m = 1. Let Ψ ≡ Ψ(M_{n,m}) be the subspace of functions ψ(y) ∈ S vanishing on the set (6.1) {y : y ∈ M_{n,m}, rank(y) < m} = {y : y ∈ M_{n,m}, |y^′y| = 0} with all derivatives (the coincidence of both sets in (6.1) is clear because rank(y) = rank(y^′y), see, e.g., [FZ], p. 5). The set Ψ is a closed linear subspace of S. Therefore, it can be regarded as a linear topological space with the induced topology of S. Let Φ ≡ Φ(M_{n,m}) be the Fourier image of Ψ. Since the Fourier transform F is an automorphism of S (i.e., a topological isomorphism of S onto itself), then Φ is a closed linear subspace of S. Having been equipped with the induced topology of S, the space Φ becomes a linear topological space isomorphic to Ψ under the Fourier transform. We denote by Φ^′ ≡ Φ^′(M_{n,m}) the space of all linear continuous functionals (generalized functions) on Φ. Since for any complex α, multiplication by |y|^{−α}_m is an automorphism of Ψ, then, according to the general theory [GSh], I^α, as a convolution with h_α, is an automorphism of Φ, and we have F[I^αf](y) = |y|^{−α}_m F[f](y) for all Φ^′-distributions f.

In the rank-one case, the spaces Φ, Ψ, their duals and generalizations were studied by P.I. Lizorkin, S.G. Samko and others in view of applications to the theory of function spaces and fractional calculus; see [Sa], [SKM], [Ru1] and references therein.

The Fuglede formula (5.4), Theorem 4.4, and Corollary 5.5 imply the following

Theorem 6.1. Let f ∈ L^p(M_{n,m}), 1 ≤ p < (n + m − 1)/(k + m − 1) or f is a continuous function satisfying f(x) = O(|I_m + x^′x|^{−λ/2}) for some λ > k + m − 1. Then the Radon transform g = f̂ is well defined, and f can be recovered from g in the sense of Φ^′-distributions by the formula (6.2) (f, ϕ) = c(ǧ, I^{−k}ϕ), ϕ ∈ Φ, where (I^{−k}ϕ)(x) = (F^{−1}|y|^k_mFϕ)(x), c = 2^{−km} π^{−km/2} Γ_m (n − k 2 ) /Γ_m (n 2 ) .

Remark 6.2. For k even, the Riesz potential I^kf can be inverted (in the sense of Φ^′-distributions) by repeated application of the Cayley-Laplace operator Δ_m = det(∂^′∂), ∂ = (∂/∂x_{i,j} ) [Kh]. In the Fourier terms, this operator agrees with multiplication by (−1)^m|y|^2_m, and therefore, (−1)^mΔ_mI^αf = I^{α−2}f in the Φ^′-sense.

References

[Č] V.G. Černov, Homogeneous distributions and the Radon transform in the space of rectangular matrices over a continuous locally compact disconnected field, Soviet Math. Dokl., 11 (1970), No. 2, 415-418.

[FZ] V.G. Fang and Y.-T. Zhang, Generalized multivariate analysis, Springer- Verlag, Berlin, 1990.

[Far] J. Faraut, Intégrales de Marcel Riesz sur un cône symétrique, Actes du colloque Jean Braconnier (Lyon, 1986), 17–30, Publ. Dép. Math. Nouvelle Sér. B, 87-1, Univ. Claude-Bernard, Lyon, 1987.

[FK] J. Faraut and A. Korányi, Analysis on symmetric cones, Clarendon Press, Oxford, (1994).

[Fu] B. Fuglede, An integral formula, Math. Scand., 6 (1958), 207-212. [Ge] S.S. Gelbart, Fourier analysis on matrix space, Memoirs of the Amer.

Math. Soc., No. 108, AMS, Providence, RI, 1971.

[GSh] I.M. Gelfand and G.E. Shilov, Generalized functions, Vol. 2. Spaces of fundamental and generalized functions, Academic Press, New York, 1968.

[Gr] M. I. Graev, Integral geometry on the space L^n, where L is a matrix ring. Funktsional. Anal. i Prilozhen. 30 (1996), No. 4, 71-74 (Russian); translation in Funct. Anal. Appl. 30 (1996), No. 4, 277–280 (1997).

[Hel] S. Helgason, The Radon transform, Birkhäuser, Boston, Second edition, 1999.

[Ke] F. Keinert, Inversion of k-plane transforms and applications in computer tomography, SIAM Review, 31 (1989), 273–289.

[Kh] S.P. Khekalo, Riesz potentials in the space of rectangular matrices and iso-Huygens deformations of the Cayley-Laplace operator, Doklady Mathematics, 63, No. 1 (2001), 35-37.

[Na] F. Natterer, The mathematics of computerized tomography. Wiley, New York, 1986.

[Ma] A.M. Mathai, Jacobians of matrix transformations and functions of matrix argument, World Sci. Publ. Co. Pte. Ltd, Singapore, 1997.

[Mu] R.J. Muirhead, Aspects of multivariate statistical theory, John Wiley & Sons. Inc., New York, 1982.

[OR] E. Ournycheva and B. Rubin, Radon transform of functions of matrix argument, Preprint, 2003.

[Pe1] E.E. Petrov, The Radon transform in spaces of matrices and in Grassmann manifolds, Dokl. Akad. Nauk SSSR, 177, No. 4 (1967), 1504–1507.

[Pe2] , The Radon transform in spaces of matrices, Trudy seminara po vektornomu i tenzornomu analizu, M.G.U., Moscow, 15 (1970), 279–315 (Russian).

[Pe3] , Paley-Wiener theorems for the matrix Radon transform. Mat.

Sb. 190 (1999), no. 8, 103–124 (Russian); translation in Sb. Math. 190 (1999), No. 7–8, 1173–1193.

[Pe4] , Paley-Wiener theorems for the Radon complex, Izv. Vysš.

Učebn. Zaved. Matematika (1977), No. 3 (178), 66–77 (Russian). [R] J. Radon, Über die Bestimmung von Funktionen durch ihre Integralwerte längs gewisser Mannigfaltigkeiten, Ber. Verh. Sächs. Akad. Wiss. Leipzig, Math. - Nat. Kl., 69 (1917), 262–277 (Russian translation in the Russian edition of S. Helgason, The Radon transform, Moscow, Mir, 1983, pp. 134–148).

[Ra] M. Raïs, Distributions homogènes sur des espaces de matrices, Bull. Soc.

math. France, Mem., 30, (1972), 3–109.

[Ru1] B. Rubin, Fractional integrals and potentials, Pitman Monographs and Surveys in Pure and Applied Mathematics, 82, Longman, Harlow, 1996.

[Ru2] , Reconstruction of functions from their integrals over kdimensional planes, Israel J. of Math. (to appear).

[Sa] S.G. Samko, Hypersingular integrals and their applications, Analytical Methods and Special Functions, 5. Taylor & Francis, Ltd., London, 2002.

[SKM] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional integrals and derivatives. Theory and applications, Gordon and Breach Sc. Publ., New York, 1993.

[Se] V.I. Semyanistyi, Homogeneous functions and some problems of integral geomery in spaces of constant cuvature, Sov. Math. Dokl., 2 (1961), 59– 61. [Sh1] L.P. Shibasov, Integral problems in a matrix space that are connected with the functional X^λ_{n,m}. Izv. Vysš. Učebn. Zaved. Matematika (1973), No. 8 (135), 101–112 (Russian).

[Sh2] , Integral geometry on planes of a matrix space. (Russian) Harmonic analysis on groups. Moskov. Gos. Zaočn. Ped. Inst. Sb. Naučn. Trudov Vyp. 39 (1974), 68–76.

[Sh3] , Integral representation of a homogeneous spherically symmetric functional, Functional Analysis (1982), No. 19, 155–161, Ul’yanovsk. Gos. Ped. Inst., Ul’yanovsk, (Russian).

[So] Solmon, D. C., A note on k-plane integral transforms, Journal of Math.

Anal. and Appl., 71 (1979), 351–358.

[St1] E. M. Stein, Analysis in matrix spaces and some new representations of SL(N, C). Ann. of Math. (2) 86 (1967), 461–490.

[St2] , Singular integrals and differentiability properties of functions.

Princeton Univ. Press, Princeton, NJ. 1970.

Institute of Mathematics, Hebrew University, Jerusalem 91904, IS- RAEL

E-mail address: boris@math.huji.ac.il, ournyce@math.huji.ac.il