CONVOLUTION-BACKPROJECTION METHOD FOR THE k-PLANE TRANSFORM, AND CALDERÓN’S IDENTITY FOR RIDGELET TRANSFORMS

BORIS RUBIN

Abstract. We develop a convolution-backprojection method for the k-plane Radon transform f → f̂, f ∈ L^p(R^n ). A slight modification of this method gives an explicit inversion formula for f̂ in terms of the corresponding wavelet-like transforms (or the k-plane ridgelet transforms), and a generalization of Calderón’s reproducing formula.

1. Introduction

Let G_{n,k} be the manifold of all non-oriented k-dimensional planes τ in R^n , 1 ≤ k < n. The k-plane Radon transform of a function f(x) on R^n is defined by f̂(τ) = ∫ τ f(x)d_τ x where d_τ x denotes the Lebesgue measure on τ. In the past few years an interest to this transform grew up owing to recent developments in approximation theory and computer sciences related to the so-called ridgelet transforms. This direction was stimulated by works of D. Donoho, E. Candès and their collaborators; see, e.g., [Do1, Do2, C1-C3]. Ridgelet transforms are particular cases (corresponding to k = n − 1) of the scaled intertwining operators (U_tf)(τ) = t^{k−n} ∫ R^n f(x)u (|x − τ| t ) dx, (1.1)

(V^∗_t φ)(x) = t^{k−n} ∫ G_{n,k} φ(τ)v (|x − τ| t ) dτ, t > 0, (1.2)

generated by appropriate “wavelet functions” u(·) and v(·) depending on the euclidean distance |x − τ| between the point x and the k-plane

2000 Mathematics Subject Classification. Primary 42C40; Secondary 44A12. Key words and phrases. k-plane Radon transform, wavelet transforms, ridgelet transforms.

The work was supported in part by the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany). 1

2 BORIS RUBIN

τ. Here dx and dτ stand for the corresponding canonical measures. One can call (1.1), (1.2) the k-plane ridgelet transforms or wavelet-like transforms associated to the k-plane Radon transform and its dual, respectively. For k = 0, integrals (1.1), (1.2) represent ordinary continuous wavelet transforms on R^n [Da]. The asterisk “*” in V^∗_t indicates that the operator acts backwards, from G_{n,k} to R^n . For k = n − 1, the functions like x → u(|x − τ|) are constant on hyperplanes parallel to τ and called plane waves or ridge functions.

In the present article we develop a general point of view on the convolution-backprojection method for the k-plane transform. A slight modification of this method will give an explicit inversion formula for f̂, f ∈ Lp, in terms of the corresponding wavelet-like transforms, and a generalization of the Calderón reproducing formula [FJW], [R8] to the k-plane ridgelet transforms (1.1), (1.2). Our approach relies on some properties of intertwining operators, covers the maximal range of functions f, and can be carried out without using the Fourier transform technique (the latter leads to inevitable “L^1 −L^2” restrictions that may be artificial in some contexts).

Some historical comments are in order. Decomposition of functions on R^n into plane waves (as a substitute for the Fourier analysis) is widely used in PDE, integral geometry and related problems of approximation theory; see, e.g., [J], [H], [C3]. The relevant wavelet-like transforms were introduced independently at about the same time by E.J. Candès, N. Murata, and B. Rubin. In author’s work [R1, R5-R7] transformations like (1.1)-(1.2) (with u and v replaced by finite Borel measures) were used for explicit inversion of the hyperplane Radon transform and the k-plane transform of L^p functions. This investigation was inspired by M. Holschneider [Ho] and author’s previous research in fractional calculus; see [R2, Sections 10.7, 12-14, 17, 34]. Waveletlike transforms (1.1), (1.2) can be used for analytic continuation of intertwining fractional integrals

(P^αf)(τ) = ∫ R^n f(x)|x − τ|^{α−n+k}dx, τ ∈ G_{n,k},

(^∗P^αφ)(x) = ∫ G_{n,k} φ(τ)|x − τ|^{α−n+k}dτ, x ∈ R^n , associated to the k-plane transform and its dual, respectively; see [R4, Section 3]. One should also mention the papers by C.A. Berenstein and D. Walnut [BW] and D. Walnut [W] devoted to investigation of Radon transforms by using wavelet transforms. A series of papers related to

k-PLANE TRANSFORM 3

application of intertwining wavelet-like transforms to various problems of integral geometry on spaces of constant curvature were published by the author in 1998/9. The expository paper [R4] gives a flavor of these results.

The simplest inversion formula for the k-plane transform φ = f̂ in terms of the corresponding wavelet-like transforms can be written as

(1.3) ∞∫ 0 W^∗_t φ t dt = cf, (W^∗_t φ)(x) = 1 t^n ∫ G_{n,k} φ(τ)w (|x − τ| t ) dτ. Deconvolution and re-scaling of w(·) enable us to write (1.3) as

(1.4) ∞∫ 0 V^∗_t U_tf t^{1+k} dt = cf in terms of operators (1.1), (1.2). This equality generalizes the Calderón reproducing formula [FJW], [R8],

(1.5) f = ∞∫ 0 f ∗ u_t ∗ v_t t dt, u_t(x) = t^{−n}u(x/t), v_t(x) = t^{−n}v(x/t), which can be obtained from (1.4) by setting k = 0.

Different ideas originated in computations on neural networks and approximation theory led Murata [M1], [M2], and Candès [C1], [C2], to an analog of (1.4) for k = n − 1. Their argument is based on the Fourier transforms technique, and assumptions for functions are more restrictive than in [R1, Theorem 3.11] (for k = n − 1) and [R6, Theorem 3.7] (for any 1 ≤ k ≤ n−1). Operators (1.1), (1.2) in the case k = n−1 were written by Candès in a slightly different form and called continuous ridgelet transform. Their discrete modifications were also studied in [C1]-[C3]. For arbitrary 1 ≤ k ≤ n−1, D. Donoho introduced wavelet-like tight frames, called k-plane ridgelets [Do1]. These can be regarded as discrete versions of (1.1), (1.2) for all such k.

The paper is organized as follows. Section 2 contains some properties of the k-plane transform and the corresponding intertwining operators. Section 3 is devoted to the convolution-backprojection method and justification of (1.3), (1.4). Main results are stated in Theorems 3.1, 3.2, and 3.5. Different account of the convolution-backprojection method for the k-plane transform of L^2 functions was presented in [K].

Notation. In the following M(n) is the group of isometries of R^n ; σ_{n−1} = 2π^{n/2}/Γ(n/2) denotes the area of the unit sphere S^{n−1}

4 BORIS RUBIN

in R^n ; e_1, . . . , e_n are coordinate unit vectors;

R^k = Re_1 + . . . + Re_k , R^{n−k} = Re_{k+1} + . . . + Re_n .

The notation C = C(R^n ) and L^p = L^p(R^n ) for function spaces is standard; C_0 = {f ∈ C : lim_{|x|→∞} f(x) = 0}. The Riemann-Liouville (or

Abel) fractional integral of a function g on R_+ =(0, ∞) is defined by

(1.6) (I^α_+g)(t) = 1 Γ(α) t∫ 0 g(r) (t − r)^{1−α} dr, Re α > 0.

2. Some properties of k-plane transforms

We start with basic definitions. Let G_{n,k} and G_{n,k} be the affine Grassmann manifold of all non-oriented k-planes τ in R^n , and the ordinary Grassmann manifold of k-dimensional subspaces ζ of R^n , respectively. The group M(n) of isometries of R^n acts on G_{n,k} transitively. Given ζ ∈ G_{n,k}, each vector x ∈ R^n can be written as x = (x^′, x^{′′}) = x^′ + x^{′′} where x^′ ∈ ζ and x^{′′} ∈ ζ^⊥, ζ^⊥ being the orthogonal complement to ζ in R^n . Each k-plane τ is parameterized by the pair (ζ, x^{′′}) where ζ ∈ G_{n,k} and x^{′′} ∈ ζ^⊥. The manifold G_{n,k} will be endowed with the product measure dτ = dζdx^{′′}, where dζ is the SO(n)-invariant measure on G_{n,k} of total mass 1, and dx^{′′} denotes the usual volume element on ζ^⊥.

The k-plane transform f̂(τ) of a function f(x) and the dual k-plane transform φ̌(x) of a function φ(τ) ≡ φ(ζ, x^{′′}) are defined by

f̂(τ) = ∫ ζ f(x^′ + x^{′′})dx^′, τ = (ζ, x^{′′}) ∈ G_{n,k}; (2.1)

φ̌(x) = ∫ SO(n) φ(x + γζ_0)dγ = ∫ G_{n,k} φ(ζ, Pr_ζ⊥ x)dζ, x ∈ R^n . (2.2)

Here Pr_ζ⊥ x denotes the orthogonal projection of x onto ζ^⊥, ζ_0 is an arbitrary fixed k-plane through the origin. We denote

(2.3) (f_1, f_2) = ∫ R^n f_1(x)f_2(x)dx, (φ_1, φ_2)^∼ = ∫ G_{n,k} φ_1(τ)φ_2(τ)dτ.

An important duality relation for (2.1) and (2.2) reads

(2.4) (f̂, φ)^∼ = (f, φ̌)

k-PLANE TRANSFORM 5

provided that either side is finite for f and φ replaced by |f| and |φ|, respectively [H, So]. A simple proof of (2.4) is as follows:

(f̂, φ)^∼ = ∫ G_{n,k} dζ ∫ ζ^⊥ φ(ζ, x^{′′})dx^{′′} ∫ ζ f(x^′ + x^{′′})dx^′

= ∫ G_{n,k} dζ ∫ R^n φ(ζ, Pr_ζ⊥ x)f(x)dx = (f, φ̌).

Lemma 2.1. For x ∈ R^n and τ ≡ (ζ, x^{′′}) ∈ G_{n,k}, let (2.5) r = |x| = dist(o, x), s = |x^{′′}| = dist(o, τ) = |τ| denote the corresponding distances from the origin. If f(x) and φ(τ) are radial, i.e. f(x) ≡ f_0(r) and φ(τ) ≡ φ_0(s), then f̂(τ) and φ̌(x) are represented by Abel type integrals

(2.6) f̂(τ) = σ_{k−1} ∞∫ s f_0(r)(r^2 − s^2)^{k/2−1}rdr,

(2.7) φ̌(x) = σ_{k−1} σ_{n−k−1} σ_{n−1} r∫ 0 φ_0(s)(r^2 − s^2)^{k/2−1}s^{n−k−1}ds, provided the integrals ∫_∞ s (...) and ∫_r 0 (...) are absolutely convergent.

Proof. In bi-polar coordinates x = tω + sθ; t, s ≥ 0; ω ∈ ζ ∩ S^{n−1}, θ ∈ ζ^⊥ ∩ S^{n−1}, (2.1) reads

f̂(τ) = ∞∫ 0 t^{k−1}dt ∫ ζ∩S^{n−1} f_0(|tω + sθ|)dω = σ_{k−1} ∞∫ 0 t^{k−1}f_0( √ t^2 + s^2)dt.

This gives (2.6). Furthermore,

φ̌(x) = ∫ G_{n,k} φ_0(|Pr_ζ⊥ x|)dζ = ∫ SO(n) φ_0(|Pr_{γR}n−k x|)dγ

= 1 σ_{n−1} ∫ S^{n−1} φ_0(|Pr_Rn−k rσ|)dσ, r = |x|. By passing to bi-spherical coordinates σ = a cosψ + b sin ψ, a ∈ S^{k−1} ⊂ R^k , b ∈ S^{n−k−1} ⊂ R^{n−k} , 0 < ψ < π/2,

6 BORIS RUBIN

dσ = sin^{n−k−1} ψ cos^{k−1}ψ dψ da db [VK, pp. 12, 22], we obtain

φ̌(x) = σ_{k−1} σ_{n−k−1} σ_{n−1} π/2∫ 0 φ_0(r sin ψ) sin^{n−k−1} ψ cos^{k−1}ψ dψ.

This coincides with (2.7). □ Lemma 2.2. If f ∈ L^p then f̂(τ) is finite a.e. provided 1 ≤ p < n/k. If p ≥ n/k and f(x) = (2+|x|)^{−n/p}(log(2+|x|))^{−1} (∈ L^p) then f̂(τ) ≡ ∞.

This result is due Solmon [So]. Note that the second statement follows immediately from (2.6).

Lemma 2.3. For measurable functions a(·) and b(·) on R_+ , the following relations hold:

(2.8) (i) ∫ G_{n,k} f̂(τ)a(|x−τ|)dτ = ∫ R^n f(y)ψ(|x − y|)dy,

(2.9) ψ(r)=cr^{2−n} r∫ 0 s^{n−k−1}a(s)(r^2 −s^2)^{k/2−1} ds, c= σ_{k−1} σ_{n−k−1} σ_{n−1} .

(2.10) (ii) ∫ R^n φ̌(y)b(|x−y|)dy = ∫ G_{n,k} φ(τ)h(|x − τ|)dτ,

(2.11) h(s) = σ_{k−1} ∞∫ s b(r)(r^2 − s^2)^{k/2−1}rdr, (we assume that integrals in these formulae exist in the Lebesgue sense). Proof. We fix x ∈ R^n , and introduce functions f_x(y) = f(y+x), φ_x(τ) = φ(τ +x) of shifted argument. Let a_1(τ) = a(|τ|), b_1(y) = b(|y|). Owing to M(n)-invariance, the left hand side of (2.8) reads ∫ G_{n,k} f̂_x(τ)a_1(τ)dτ^{(2.4)}= ∫ R^n f_x(y)ǎ_1(y)dy = ∫ R^n f(x+y)ǎ_1(y) dy. By (2.7), ǎ_1(y) = ψ(|y|). Similarly, ∫ R^n φ̌_x(y)b_1(y)dy = ∫ G_{n,k} φ_x(τ)b̂_1(τ)dτ^{(2.6)}= ∫ G_{n,k} φ(x + τ)h(|τ|)dτ. □

k-PLANE TRANSFORM 7

3. The convolution-backprojection method and ridgelet transforms For t > 0, let

(3.1) (W^∗_t φ)(x) = 1 t^n ∫ G_{n,k} φ(τ)w (|x − τ| t ) dτ. By Lemma 2.3(i),

(3.2) (W^∗_t f̂)(x) = 1 t^n ∫ R^n f(y)ψ (|x − y| t ) dy,

(3.3) ψ(r)=cr^{2−n} r∫ 0 s^{n−k−1}w(s)(r^2 −s^2)^{k/2−1} ds, c= σ_{k−1} σ_{n−k−1} σ_{n−1} . Regarding (3.2) as an approximate identity [St, Chapter VIII], we obtain the following Theorem 3.1. Let ψ(|x|) have an integrable (on R^n ) decreasing majorant, and let w(s) obey (3.3). If f ∈ L^p, 1 ≤ p < n/k, then

(3.4) lim_{t→0}(W^∗_t f̂)(x) = cf(x), c = ∫ R^n ψ(|x|)dx, in the L^p-norm and for almost all x. If f ∈ C_0 ∩ L^p for some 1 ≤ p < n/k, then (3.4) holds uniformly on R^n .

This theorem is a core of the convolution-backprojection method. The function ψ, realizing approximation to the identity, is in our disposal. The generating function w is determined by ψ as a solution of the Abel type integral equation (3.3).

Instead of passing to the limit in (3.4) as t → 0, one can integrate in t from 0 to ∞ with respect to invariant measure dt/t. This formalism leads to the following Theorem 3.2. Let f ∈ L^p, 1 ≤ p < n/k. If λ(s) is a measurable function on R_+ having an integrable decreasing majorant, and the function w̃(s) = s^{(n−k)/2−1}w( √ s) satisfies the Abel integral equation (3.5) (I^{k/2+1}_{0+} w̃)(s^2) = sλ(s) (see (1.6)), then

(3.6) ∞∫ 0 (W^∗_t f̂)(x) dt t = cf(x), c = π^{n/2} Γ((n − k)/2) ∞∫ 0 λ(s) ds,

8 BORIS RUBIN

where ∫_∞ 0 (...)dt/t = lim_{ε→0} ∫_∞ ε (...)dt/t in the L^p-norm and in the a.e.

sense. If f ∈ C_0 ∩ L^p, this limit is uniform on R^n . Proof. Owing to (3.2) and (3.3), we obtain ∞∫ ε (W^∗_t f̂)(x) dt t = ∞∫ ε dt t^{1+n} ∫ R^n f(y)ψ (|x − y| t ) dy

= c_1 ∫ R^n f(y)ψ̃_ε(x − y) dy, c_1 = π^{k/2}σ_{n−k−1} 2σ_{n−1} , (3.7)

where ψ̃_ε(x) = ∞∫ ε ψ (|x| t ) dt t^{1+n} = 1 ε^n ψ̃ (x ε ) , ψ̃(x) = |x|−n(I^{k/2+1}_{0+} w̃)(|x|2) = |x|1−nλ(|x|) (we leave simple computations to the reader). If λ(s) has an integrable decreasing majorant, the convolution (3.7) is an approximate identity, and we are done. □ Theorem 3.2 shows that assumptions for the wavelet function w are closely connected with following question: for which functions g on R_+ does the Riemann-Liouville fractional integral I^α_+g (see (1.6)) belong to L^1(R_+ )? It is possible only if g enjoys some oscillation. This question was studied in [R2] in detail.

One can call (W^∗_t φ)(x) the wavelet transform of φ associated to the dual k-plane transform and generated by the wavelet function w. It can be shown [RR] that any function w satisfying

(3.8) ∫_∞ 0 s^{j+n−k−1}w(s)ds = 0 ∀j = 0, 2, 4, . . . , 2[k/2], ( [k/2] is the integral part of k/2 ), and

(3.9) ∫_∞ 1 s^{β+n−k−1}|w(s)|ds < ∞ for some β > k, is admissible in Theorem 3.2. If w obeys (3.8) and (3.9) then, by Lemma 2.4 from [R3], the constant c in (3.6) has the form

(3.10)

c = 2π^{n/2} Γ((n − k)/2) Γ(−k/2) ∫_∞ 0 s^{n−1}w(s)ds for k odd,

2(−1)^{1+k/2} (k/2)! ∫_∞ 0 s^{n−1}w(s) log s ds for k even.

k-PLANE TRANSFORM 9

Thus we have the following

Corollary 3.3. Let f ∈ L^p, 1 ≤ p < n/k. If the function w satisfies (3.8) and (3.9), then the inversion formula (3.6) holds with the constant c defined by (3.10).

Examples of wavelet functions can be found in [R9, Example 5.4]. Let us pass to the ridgelet transforms. The Calderón reproducing formula (1.5) follows from the integral representation

(3.11) f = ∞∫ 0 f ∗ w_t t dt, if we set w = u ∗ v. Admissible pairs of functions u and v in (1.5) are determined by their convolution w = u ∗ v. The latter must satisfy certain cancellation conditions [FJW], [R2, Section 12]. The same idea of deconvolution goes through smoothly if we start with the formula (3.6) as a substitute for (3.11). We recall the notation

(3.12) (U_tf)(τ) = t^{k−n} ∫ R^n f(x)u (|x − τ| t ) dx,

(3.13) (V^∗_t φ)(x) = t^{k−n} ∫ G_{n,k} φ(τ)v (|x − τ| t ) dτ, t > 0.

Note that for τ = (ζ, x^{′′}), x^{′′} ∈ ζ^⊥,

(3.14) (U_tf)(τ) = t^{k−n} ∫ ζ^⊥ f̂(ζ, y^{′′}) u (|x′′ − y′′| t ) dy^{′′},

and therefore, for f ∈ L^p, p ≥ 1, the integral (3.12) can be well defined only if p < n/k (see Lemma 2.2). The integral (3.14) represents the ordinary continuous wavelet transform of the function y^{′′} → f̂(ζ, y^{′′}) on the (n − k)-plane ζ^⊥.

Definition 3.4. A pair of functions u(s) and v(s), s ∈ R_+ , is called admissible if the function w(s) defined by

(3.15) w(|y|) = ∫ R^{n−k} u(|z|) v(|y − z|)dz, y ∈ R^{n−k} , satisfies cancellation conditions (3.8), (3.9).

10 BORIS RUBIN

Theorem 3.5. Let f ∈ L^p, 1 ≤ p < n/k. If the pair (u, v) is admissible, and c is a constant (3.10), then

(3.16) ∞∫ 0 (V_tU_tf)(x) dt t^{1+k} = cf(x)

where ∫_∞ 0 (...)dt/t = lim_{ε→0} ∫_∞ ε (...)dt/t in the L^p-norm and in the a.e.

sense. If f ∈ C_0 ∩ L^p this limit is uniform on R^n .

Proof. Let f̂(τ) ≡ f̂(ζ, y), ζ ∈ G_{n,k}, y ∈ ζ^⊥. Abusing notation, for u(y) ≡ u(|y|) and v(y) ≡ v(|y|), we set u_t(y) = t^{k−n}u(y/t), v_t(y) = t^{k−n}v(y/t). By (3.15), (3.17) t^{k−n}w(y/t) = ∫ ζ^⊥ v_t(z)u_t(y − z)dz.

Consider the wavelet-like transform (3.1) and show that (3.18) W^∗_t f̂ = V_tU_tf. Denoting f_x(·) = f(· + x), by M(n)-invariance we have

(W^∗_t f̂)(x) = ∫ G_{n,k} dζ ∫ ζ^⊥ f̂_x(ζ, y)dy ∫ ζ^⊥ v_t(z)u_t(y − z)dz

= ∫ G_{n,k} dζ ∫ ζ^⊥ v_t(z)dz ∫ ζ^⊥ u_t(y − z)f̂_x(ζ, y)dy. (3.19)

The last integral in (3.19) reads ∫ ζ^⊥ u_t(y − z)f̂(ζ, y + x_ζ⊥ )dy = ∫ ζ^⊥ f̂(ζ, y)u_t(y − z − x_{ζ⊥} )dy,

where x_ζ⊥ = Pr_ζ⊥ x. Replacing z + x_ζ⊥ = z_1, we get

(W^∗_t f̂)(x) = ∫ G_{n,k} dζ ∫ ζ^⊥ v_t(z_1 − x_ζ⊥ )dz_1 ∫ ζ^⊥ f̂(ζ, y)u_t(y − z_1)dy

= ∫ G_{n,k} v (|x − τ| t ) dτ t^{n−k} ∫ R^n f(x_0)u (|x_0 − τ| t ) dx_0 t^{n−k} ,

which means (3.18). It remains to apply Corollary 3.3. □

k-PLANE TRANSFORM 11

References

[BW] Berenstein, C. A., and Walnut, D. F., Local inversion of the Radon transform in even dimensions using wavelets, Proc. Conf. ”75 Years of Radon Transform”, Vienna, Austria 1992 (S.G. Gindikin, P. Michor, eds.), International Press, Hong Kong, 1994, 45–69.

[C1] Candès, E.J., Ridgelets: Theory and Applications. Ph.D. Thesis, Technical Report, Department of Statistics, Stanford University, 1998.

[C2] , Harmonic analysis of neural networks. Appl. Comput. Harmon.

Anal. 6 (1999), no. 2, 197–218.

[C3] , New Ties between Computational Harmonic Analysis and Approximation Theory, Approximation Theory X: Wavelets, Splin, C. K. Chui, L. L. Schumaker, and J. Stoeckler eds., 87-153, Vanderbilt University Press, Nashville, TN, 2002.

[Da] Daubechies, I., Ten lectures on wavelets, CBMS-NSF Series in Appl.

Math., SIAM Publ., Philadelphia, 1992.

[Do1] Donoho, D., Tight frames of k-plane ridgelets and the problem of representing objects that are smooth away from d-dimensional singularities in R^n. Proc. Natl. Acad. Sci. USA 96 (1999), no. 5, 1828–183.

[Do2] , Geometric Multiscale Analysis, International Congress of Mathematicians (2002).

[FJW] Frazier, M., Jawerth, B., and Weiss, G., Littlewood-Paley theory and the study of function spaces, CBMS-Conf. Lect. Notes 79, Amer. Math. Soc., Providence, R.I. 1991.

[H] Helgason, S., The Radon transform, Birkhäuser, Boston, Second edition, 1999.

[Ho] Holschneider, M., Inverse Radon transforms through inverse wavelet transforms, Inverse Problems,7 (1991), 853–861.

[J] John, F., Plane waves and spherical means applied to partial differential equations, Interscience Publ., Inc., New York, 1955.

[K] Keinert, F., Inversion of k-plane transforms and applications in computer tomography, SIAM Review, 31 (1989), 273–289.

[M1] Murata, N., Function approximation by three-layered networks and its error bounds - an integral representation theorem, Technical Reports METR 94-19, University of Tokyo, Tokyo, Japan, October 1994.

[M2] , An integral representation with ridge functions and approximation bounds of three-layered network, Neural Networks, 9 (1996), No. 6, 947-956.

[R1] Rubin, B., Inversion and characterization of Radon transforms via continuous wavelet transforms, The Hebrew University of Jerusalem, Preprint No. 13, 1995/96.

[R2] , Fractional integrals and potentials, Pitman Monographs and Surveys in Pure and Applied Mathematics, 82, Longman, Harlow, 1996.

[R3] , Spherical Radon transform and related wavelet transforms, Appl.

and Comp. Harmonic Anal., 5 (1998), 202-215.

[R4] , Fractional calculus and wavelet transforms in integral geometry, Fractional Calculus and Applied Analysis, 1 (1998), No. 2, 193-219.

12 BORIS RUBIN

[R5] , The Calderón reproducing formula, windowed X-ray transforms and Radon transforms in L^p-spaces, The Journal of Fourier Analysis and Applications, 4, (1998) 175–197.

[R6] , Inversion of k-plane transforms via continuous wavelet transforms, J. Math. Anal. Appl., 220 (1998), 187–203.

[R7] , Inversion of Radon transforms using wavelet transforms generated by wavelet measures, Math. Scand., 85 (1999), 285–300.

[R8] , Calderón-type reproducing formula, Encyclopaedia of Mathematics, Kluwer Academic Publishers, Dordrecht, The Netherlands (10 volumes, 1988-1994), Supplement II, 2000, 104-105; Reprinted in: Fractional Calculus and Applied Analysis, 3 (2000), No. 1, 103-106.

[R9] , Inversion formulas for the spherical Radon transform and the generalized cosine transform, Advances in Appl. Math. (to appear).

[RR] Rubin, B., and Ryabogin, D., The k-dimensional Radon transform on the n-sphere and related wavelet transforms, Contemporary Mathematics, 278 (2001), 227-239.

[So] Solmon, D. C., A note on k-plane integral transforms, Journal of Math.

Anal. and Appl., 71 (1979), 351–358.

[St] Stein, E. M., Singular integrals and differentiability properties of functions. Princeton Univ. Press, Princeton, NJ. 1970.

[VK] Vilenkin, N.Ja., and Klimyk, A.V., Representations of Lie groups and special functions, Vol. 2, Kluwer Academic publishers, Dordrecht, (1993).

[W] Walnut, D., Applications of Gabor and wavelet expansions to the Radon transform, in “Probabilistic and Stochastic Methods in Analysis, with Applications”, NATO ASI Series, J. Byrnes et al., eds., Kluwer Acad. Publ., The Netherlands, 1992, 187–205.

Institute of Mathematics, Hebrew University, Jerusalem 91904, Israel

E-mail address: boris@math.huji.ac.il