RECONSTRUCTION OF FUNCTIONS FROM THEIR INTEGRALS OVER k-PLANES

BORIS RUBIN

Abstract. The k-plane Radon transform assigns to a function f(x) on R^n the collection of integrals f̂(τ) = ∫ τ f over all kdimensional planes τ. We give a systematic treatment of two inversion methods for this transform, namely, the method of Riesz potentials, and the method of spherical means. We develop new analytic tools which allow to invert f̂(τ) under minimal assumptions for f. We assume that f ∈ L^p, 1 ≤ p < n/k, or f is continuous with the minimal rate of decay at infinity. In the framework of the first method, our approach employs intertwining fractional integrals associated to the k-plane transform. Following the second method, we extend the original formula of Radon for continuous functions on R^2 to f ∈ L^p(R^n ) and all 1 ≤ k < n. New integral formulae and estimates, generalizing those of Fuglede and Solmon, are obtained.

Preprint No. ??, 2002

1. Introduction

Let G_{n,k} be the manifold of all non-oriented k-dimensional planes τ in R^n , 1 ≤ k < n. The k-plane Radon transform of a function f(x) on R^n is defined by f̂(τ) = ∫ τ f(x)d_τ x where d_τ x denotes the Lebesgue measure on τ. The present article is motivated by the following.

1^0. On a formal level traditional inversion formulae for f̂ read

(1.1) f = c_1(−Δ_x)^{k/2}(f̂)^∨, f = c_2((−Δ_τ )^{k/2}f̂)^∨, where Δ_x and Δ_τ denote the corresponding Laplace operators, and “^∨” designates the dual k-plane transform. The first formula was presented in [H2, p. 29] under the following assumptions

(a) f ∈ C^∞(R^n ); (b) f(x) = O(|x|^{−a}) for some a > n.

2000 Mathematics Subject Classification. Primary 44A12; Secondary 47G10. Key words and phrases. k-plane transforms, mean value operators, inversion formulae.

The work was supported in part by the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany). 1

2 BORIS RUBIN

The second formula can be found in [H2, p. 18] (for k = n − 1 and f belonging to the Schwartz space S(R^n )), in [SSW, p. 1260] (for k = n − 1, f ∈ L^2(R^n )), and in [K, p. 287] (for 1 ≤ k ≤ n − 1 without rigorous justification). On the other hand, f̂(τ) is well defined under much weaker assumptions. Namely, it exists for all τ if f(x) is continuous and O(|x|^{−a}), a > k. Moreover, f̂(τ) exists for almost all τ if f ∈ L^p(R^n ), 1 ≤ p < n/k. The restrictions a > k and p < n/k are minimal in the framework of the corresponding function spaces [So]; see also [Str]. Our aim is to study applicability of (1.1) under these mild assumptions. Some results in this direction were obtained by S.R. Jensen [J]. She studied applicability of the first formula in (1.1) to sufficiently smooth functions f by interpreting (−Δ_x)^{k/2} as analytic continuation of the corresponding Riesz potential (1.5).

2^0. In 1917 J. Radon [R] employed invariance of the hyperplane transform (the case k = n − 1) under isometries of R^n and reduced the inversion problem for f̂ to the one-dimensional Abel integral equation. The key idea is to average f̂(τ) over all τ at distance r > 0 from x, and then apply the Riemann-Liouville fractional derivative in the r-variable. This gives the spherical mean of f which tends to f as r → 0. The same idea was applied by S. Helgason to k-dimensional totally geodesic Radon transforms of compactly supported C^∞ functions on the unit sphere S^n and the hyperbolic space H^n [H1, H2]. B. Rubin [Ru3, Ru4] extended these results to continuous and L^p functions without any support restrictions. The celebrated Radon’s formula for continuous functions on R^2 reads

(1.2) f(x) = − 1 π ∞∫ 0 dF_x(r) r = 1 π lim_{ε→0} (F_x(ε) ε − ∞∫ ε F_x(r) r^2 dr ) ,

(see [R, Proposition III]) where F_x(r) is the average of f̂ over all lines at distance r from x. We could not find in the literature any generalization of (1.2) to all 1 ≤ k < n and non-smooth f. The desired generalization is obtained in the present paper.

The plan of the paper and main results are as follows. Section 2 is of preliminary character. We derive new integral formulae, generalize some estimates of Solmon [So], and introduce important mean value operators. In Section 3 we introduce analytic families of intertwining fractional integrals (P^αf)(τ), (^∗P^αφ)(x), including (for α = 0) the k-plane transform and its dual, respectively (see (3.4), (3.2)). For k = n − 1, these families were introduced by Semyanisty [Se]. Similar families associated to totally geodesic Radon transforms on S^n and H^n

RECONSTRUCTION OF FUNCTIONS 3

were introduced in [Ru4, Ru5]. The main result of Section 3 is the following equality

(1.3)^∗P^αP^βf = c_{k,n}I^{α+β+k}f, (the Riesz potential of f),

which generalizes the well known formula of Fuglede (f̂)^∨ = c_{k,n}I^kf; see [F], [H2, p. 29]. Section 4 contains a series of inversion formulae related to (1.1) under minimal assumptions for f. The structure of these formulae is determined by (1.3).

Section 5 is devoted to the method of spherical means. Main results are stated in Theorem 5.4 and Corollaries 5.3, 5.6. In particular, for k = 1 (the X-ray case), we obtain the inversion formula

(1.4) f(x) = 1 π ∞∫ 0 φ̌(x) − φ̌_r(x) r^2 dr, φ = f̂, where φ̌(x) (the dual k-plane transform of φ) is the integral of φ(τ) over all k-planes τ meeting x, and φ̌_r(x) denotes the mean value of φ(τ) over all k-planes at distance r from x. The expression (1.4) can be written as a limit 1 π lim_{ε→0} ∞∫ ε φ̌(x) − φ̌_r(x) r^2 dr = 1 π lim_{ε→0} (φ̌(x) ε − ∞∫ ε φ̌_r(x) r^2 dr )

in appropriate sense, and coincides with (1.2) because

lim_{ε→0} φ̌_ε(x) − φ̌(x) ε = ∂ ∂r φ̌_r(x) | | |_{r=0} = 0.

We see that Radon’s formula (1.2) remains unchanged for all n provided k = 1. Theorem 5.4 generalizes (1.2) and (1.4) to all 1 ≤ k < n.

In the present paper we do not touch such important questions as the range characterization, support theorems, the Fourier transform approach, the convolution-backprojection method, and other related topics. More information and further references can be found in [H2]; see also papers by E.E. Petrov and a recent preprint [Ru6].

Notation. In the following σ_{n−1} = 2π^{n/2}/Γ(n/2) is the area of the unit sphere S^{n−1} in R^n ; e_1, . . . , e_n are coordinate unit vectors;

R^k = Re_1 + . . . + Re_k , R^{n−k} = Re_{k+1} + . . . + Re_n .

For the sake of convenience, we denote by |x−τ| the euclidean distance between the point x ∈ R^n and the k-plane τ. This notation is not confusing, and agrees with the usual definition |x − y| for x, y ∈ R^n .

4 BORIS RUBIN

The notation C, C^m, C^∞, L^p for spaces of functions on R^n is standard; C_0 = {f ∈ C(R^n ) : lim_{|x|→∞} f(x) = 0}. Φ = Φ(R^n ) is the

Semyanisty-Lizorkin space of rapidly decreasing C^∞-functions which are orthogonal to all polynomials (see [Se], [SKM]). The Riesz potential I^αf on R^n is defined by

(1.5) (I^αf)(x) = 1 γ_n(α) ∫ R^n f(y)dy |x − y|^{n−α} , γ_{n,α} = 2^απ^{n/2}Γ(α/2) Γ((n − α)/2) ,

Re α > 0, α − n ≠ 0, 2, 4, . . . . The operator I^α is an automorphism of Φ, and F [I^αf](x) = |x|^{−α}F [f](x) for f ∈ Φ in the Fourier terms. The last relation extends I^αf to all α ∈ C as an entire function of α. For α real and f ∈ L^p, the integral I^αf exists a.e. if and only if 1 ≤ p < n/α, and ||I^αf||_q ≤ c ||f||_p for 1 < p < q = np(n − αp)^{−1} [St]. The Riemann-Liouville fractional integrals are defined by

(1.6) (I^α_+u)(t)= 1 Γ(α) t∫ 0 u(r) (t−r)^{1−α} dr, (I^α_−u)(t)= 1 Γ(α) ∞∫ t u(r) (r−t)^{1−α} dr,

Reα > 0. More information about Riesz potentials and fractional integrals can be found in [Ru1], [SKM]. The letter c stands for a constant that can be different at each occurrence. Given a real-valued expression A, we set (A)^λ_+ = A^λ if A > 0 and 0 if A ≤ 0.

2. Some properties of k-plane transforms

We recall basic definitions. Let G_{n,k} and G_{n,k} be the affine Grassmann manifold of all non-oriented k-planes τ in R^n , and the ordinary Grassmann manifold of k-dimensional subspaces ζ of R^n , respectively. Each subspace ζ ∈ G_{n,k} represents a k-plane passing through the origin. The group M(n) of isometries of R^n acts on G_{n,k} transitively. Each k-plane τ is parameterized by the pair (ζ, u) where ζ ∈ G_{n,k} and u ∈ ζ^⊥ (the orthogonal complement to ζ in R^n ). The manifold G_{n,k} will be endowed with the product measure dτ = dζdu, where dζ is the SO(n)-invariant measure on G_{n,k} of total mass 1, and du denotes the usual volume element on ζ^⊥.

RECONSTRUCTION OF FUNCTIONS 5

The k-plane transform f̂(τ) of a function f(x) and the dual k-plane transform φ̌(x) of a function φ(τ) ≡ φ(ζ, u) are defined by f̂(τ) = ∫ ζ f(u + v)dv, τ = (ζ, u) ∈ G_{n,k}; (2.1)

φ̌(x) = ∫ SO(n) φ(γζ_0 + x)dγ = ∫ G_{n,k} φ(ζ, Pr_ζ⊥ x)dζ, x ∈ R^n . (2.2)

Here Pr_ζ⊥ x denotes the orthogonal projection of x onto ζ^⊥, ζ_0 is an arbitrary fixed k-plane through the origin. We denote (2.3) (f_1, f_2) = ∫ R^n f_1(x)f_2(x)dx, (φ_1, φ_2)^∼ = ∫ G_{n,k} φ_1(τ)φ_2(τ)dτ.

An important duality relation for (2.1) and (2.2) reads (2.4) (f̂, φ)^∼ = (f, φ̌) provided that either side is finite for f and φ replaced by |f| and |φ|, respectively [H2, So].

Lemma 2.1. For x ∈ R^n and τ ≡ (ζ, u) ∈ G_{n,k}, let (2.5) r = |x| = dist(o, x), s = |u| = dist(o, τ) = |τ| denote the corresponding distances from the origin. If f(x) and φ(τ) are radial, i.e. f(x) ≡ f_0(r) and φ(τ) ≡ φ_0(s), then f̂(τ) and φ̌(x) are represented by Abel type integrals

(2.6) f̂(τ) = σ_{k−1} ∞∫ s f_0(r)(r^2 − s^2)^{k/2−1}rdr,

(2.7) φ̌(x) = σ_{k−1} σ_{n−k−1} σ_{n−1} r^{n−2} r∫ 0 φ_0(s)(r^2 − s^2)^{k/2−1}s^{n−k−1}ds, provided that these integrals exist in the Lebesgue sense. Proof. We set x = tω + sθ; t, s ≥ 0; ω ∈ ζ ∩ S^{n−1}, θ ∈ ζ^⊥ ∩ S^{n−1}. Then (2.1) reads

f̂(τ) = ∞∫ 0 t^{k−1}dt ∫ ζ∩S^{n−1} f_0(|tω + sθ|)dω = σ_{k−1} ∞∫ 0 t^{k−1}f_0( √ t^2 + s^2)dt.

6 BORIS RUBIN

This gives (2.6). Furthermore,

φ̌(x) = ∫ G_{n,k} φ_0(|Pr_ζ⊥ x|)dζ = ∫ SO(n) φ_0(|Pr_{γR}n−k x|)dγ

= 1 σ_{n−1} ∫ S^{n−1} φ_0(|Pr_Rn−k rσ|)dσ, r = |x|.

By passing to bi-spherical coordinates σ = a cosψ + b sin ψ, a ∈ S^{k−1} ⊂ R^k , b ∈ S^{n−k−1} ⊂ R^{n−k} , 0 < ψ < π/2, dσ = sin^{n−k−1} ψ cos^{k−1}ψ dψ da db [VK, pp. 12, 22], we obtain

φ̌(x) = σ_{k−1} σ_{n−k−1} σ_{n−1} π/2∫ 0 φ_0(r sin ψ) sin^{n−k−1} ψ cos^{k−1}ψ dψ.

This coincides with (2.7). □ Example 2.2. The following useful formulae can be obtained from (2.6), (2.7) by elementary calculations. For Reα > 0 and a > 0, |x|^{−α−k ∧}−→ λ_1|τ|^{−α}, (2.8) λ_1 = π^{k/2} Γ(α/2) Γ((α + k)/2) . (1 + |x|^2)^{−(α+k)/2 ∧}−→ λ_2(1 + |τ|^2)^{−α/2},

(2.9) λ_2 = λ_1.

(a^2 − |x|^2)^{α−1}_+^∧−→ λ_3(a^2 − |τ|^2)^{α+k/2−1}_+ ,

(2.10) λ_3 = π^{k/2} Γ(α) Γ(α + k/2) . |τ|^{α+k−n ∨}−→ λ_4|x|^{α+k−n}, (2.11) λ_4 =

Γ(α/2) Γ(n/2) Γ((α + k)/2) Γ((n − k)/2) . (|τ|^2 − a^2)^{α−1}_+ |τ|^{n−k−2} ∨−→ λ_5 (|x|^2 − a^2)^{α+k/2−1} + |x|^{n−2} , (2.12) λ_5 = π^{k/2} σ_{n−k−1} Γ(α) σ_{n−1} Γ(α + k/2) .

RECONSTRUCTION OF FUNCTIONS 7 |τ|^{α+k−n} (1 + |τ|^2)^{(α+k)/2} ∨−→ λ_6 |x|^{α+k−n} (1 + |x|^2)^{α/2} , (2.13)

λ_6 = π^{k/2} σ_{n−k−1} Γ(α/2) σ_{n−1} Γ((α + k)/2) . The last equality is especially important, and we present its proof (all the rest are left to the reader). Let φ(τ) = |τ|^{α+k−n} (1 + |τ|^2)^{(α+k)/2} , c = σ_{k−1} σ_{n−k−1} σ_{n−1} . Then (2.7) yields

φ̌(x) = c r^{n−2} r∫ 0 (r^2 − s^2)^{k/2−1} s^{α−1} (1 + s^2)^{(α+k)/2} ds

= c 2r^{n−2} 1+r^2∫

1 (1 + r^2 − t)^{k/2−1} (t − 1)^{α/2−1} t^{(α+k)/2} dt

= π^{k/2} σ_{n−k−1} Γ(α/2) σ_{n−1} Γ((α + k)/2) r^{α+k−n} (1 + r^2)^{α/2} . Combining (2.8)-(2.13) with the duality (2.4), we obtain the following equalities that give precise information about behavior of f̂(τ) and φ̌(x). Theorem 2.3. For Reα > 0 and a > 0, ∫ R^n φ̌(x) dx |x|^{α+k} = λ_1 ∫ G_{n,k} φ(τ) dτ |τ|^α , (2.14) ∫ R^n φ̌(x) dx (1 + |x|^2)^{(α+k)/2}

= λ_2 ∫ G_{n,k} φ(τ) dτ (1 + |τ|^2)^{α/2} , (2.15) ∫ |x|<a φ̌(x)(a^2 −|x|^2)^{α−1} dx = λ_3 ∫ |τ |<a φ(τ)(a^2 −|τ|^2)^{α+k/2−1}dτ, (2.16) ∫ G_{n,k} f̂(τ)|τ|^{α+k−n}dτ = λ_4 ∫ R^n f(x)|x|^{α+k−n}dx, (2.17) ∫ |τ |>a f̂(τ)(|τ|^2 −a^2)^{α−1} |τ|^{n−k−2} dτ = λ_5 ∫ |x|>a f(x) (|x|^2 −a^2)^{α+k/2−1} |x|^{n−2} dx, (2.18)

8 BORIS RUBIN ∫ G_{n,k} f̂(τ) |τ|^{α+k−n} (1 + |τ|^2)^{(α+k)/2} dτ = λ_6 ∫ R^n f(x) |x|^{α+k−n} (1 + |x|^2)^{α/2} dx, (2.19)

provided that either side of the corresponding equality exists in the Lebesgue sense.

Corollary 2.4. If f ∈ L^p, 1 ≤ p < n/k, then f̂(τ) is finite for almost all τ ∈ G_{n,k}. If p ≥ n/k and f(x) = (2+|x|)^{−n/p}(log(2+|x|))^{−1} (∈ L^p), then f̂(τ) ≡ ∞.

Proof. By Hölder’s inequality, the right hand side of (2.19) does not exceed Aλ_6||f||_p where A^{p′} = ∫ R^n |x|^{(α+k−n)p′} (1 + |x|^2)^{αp′/2} dx = σ_{n−1} ∞∫ 0 r^{(α+k−n)p′+n−1} (1 + r^2)^{αp′/2} dr, (1/p + 1/p^′ = 1). For 1 ≤ p < n/k and α > n/p − k, this integral is finite, and therefore the left hand side of (2.19) is finite too. It follows that the Radon transform f̂(τ) is finite for almost all τ ∈ G_{n,k}. The second statement follows from (2.6). □

Remark 2.5. The statement of Corollary 2.4 is due to Solmon [So]. His proof is different and based on the estimate

(2.20) ∫ G_{n,k} |f̂(τ)| dτ (1 + |τ|)^{n−k+δ} ≤ c ∫ R^n |f(x)| dx (1 + |x|)^{n−k} , ∀δ > 0.

Below we obtain more informative inequalities. Let α > 0, β ∈ R, u(τ) = |τ|^{α+k−n}(1 + |τ|)^{−β}, v(x) = |x|^{β−k−α}(1 + |x|)^{−β},

ũ(x) = (1 + |x|)^{−α} if α < β, (1 + |x|)^{−β} if α > β, (1 + |x|)^{−β} log(2 + |x|) if α = β,

ṽ(τ) = (1 + |τ|)^{−α} if α < β, |τ|^{β−α}(1 + |τ|)^{−β} if α > β, (1 + |τ|)^{−β} log(2 + 1/|τ|) if α = β.

Lemma 2.6. For nonnegative functions f and φ,

(2.21) ∫ G_{n,k} f̂(τ)u(τ) dτ ≤ c ∫ R^n f(x)ũ(x) dx,

RECONSTRUCTION OF FUNCTIONS 9

(2.22) ∫ R^n φ̌(x)v(x) dx ≤ c ∫ G_{n,k} φ(τ)ṽ(τ) dτ. Note that (2.21) implies Solmon’s estimate (2.20) if β > α = n − k.

Proof. Let us prove (2.21). We replace φ(τ) in (2.4) by the weight function u(τ), and make use of (2.7). This gives (2.23) φ̌(x) = c |x|^{α+k−n}ψ(|x|), ψ(r) = 1∫ 0 t^{α−1}(1 − t^2)^{k/2−1} (1 + rt)^β dt. If r → 0 then ψ(r) → const ≠ 0. For sufficiently large r, the desired estimate follows from known properties of hypergeometric functions, or can be easily obtained by setting ψ(r) = (^{1/r}∫ 0 + 1/2∫ 1/r + 1∫ 1/2 ) (...), r > 2, and estimating each integral. To prove (2.22) we set f(x) = v(x) in (2.4) and make use of (2.6). We get f̂(τ) = c ∞∫ s r^{β−k−α}(1 + r)^{−β}(r^2 − s^2)^{k/2−1}rdr = cs^{−α}ψ(1/s), ψ being the same as in (2.23). This gives what was required. □ Let us introduce important mean value operators. Definition 2.7. For r ≥ 0, x ∈ R^n , τ =(ζ, u)∈G_{n,k}, ζ ∈ G_{n,k}, u∈ζ^⊥, we define

f̂_r(τ) = 1 σ_{n−k−1} ∫ ζ^⊥∩S^{n−1} dω ∫ ζ f(rω + u + v) dv

= 1 σ_{n−k−1} ∫ ζ^⊥∩S^{n−1} f̂(ζ, u + rω) dω, (2.24)

φ̌_r(x) = ∫ SO(n) φ(γR^k +x+rγe_n) dγ = ∫ SO(n) φ(γτ_r +x) dγ, (2.25)

τ_r being an arbitrary fixed k-plane at distance r from the origin.

The integral (2.24) can be regarded as a mean value of f(x) over all x at distance r from the k-plane τ. If r = 0 then f̂_r(τ) coincides with the k-plane transform f̂(τ). The integral (2.25) averages φ(τ) over all τ at

10 BORIS RUBIN

distance r from x, and coincides with the dual k-plane transform φ̌(x) if r = 0. Clearly, operators f(x) → f̂_r(τ), φ(τ) → φ̌_r(x) commute with the group M(n) of isometries of R^n .

Let us consider intertwining operators of the form

(W f)(τ) = ∫ R^n f(x)w(|x − τ|) dx, (2.26)

(W^∗φ)(x) = ∫ G_{n,k} φ(τ)w(|x − τ|) dτ, (2.27)

where w(·) is assumed to be sufficiently good. If τ = (ζ, u), u ∈ ζ^⊥, then

(W f)(τ) = ∫ ζ^⊥ f̂(ζ, v) w(|u−v|)dv,

and therefore, for f ∈ L^p, p ≥ 1, the integral (2.26) is well defined only if p < n/k; cf. Corollary 2.4. In (2.27) it suffices to assume φ ∈ L^1_{loc}(G_{n,k}). Lemma 2.8. The following representations hold:

(2.28) (W f)(τ) = σ_{n−k−1} ∞∫ 0 r^{n−k−1}w(r)f̂_r(τ) dr,

(2.29) (W^∗φ)(x) = σ_{n−k−1} ∞∫ 0 r^{n−k−1}w(r)φ̌_r(x) dr.

It is assumed that either side of the corresponding equality exists in the Lebesgue sense.

Proof. For τ = (ζ, u) ∈ G_{n,k}, we have

(W f)(τ) = ∫ ζ^⊥ w(|u−v|)f̂(ζ, v)dv = ∞∫ 0 w(r)r^{n−k−1}dr ∫ S^{n−k−1} f̂(ζ, u−rσ)dσ.

RECONSTRUCTION OF FUNCTIONS 11

By (2.24), this gives (2.28). In order to prove (2.29), let τ_0 = R^k , φ_x(τ) = φ(τ + x), b(τ) = φ_x(τ)w(|τ|), b(τ) ≡ b(ζ, u). Then (W^∗φ)(x)= ∫ G_{n,k} dζ ∫ ζ^⊥ b(ζ, u)du= ∫ SO(n) dγ ∫ γR^{n−k} b(γτ_0, u)du

= ∫ R^{n−k} du ∫ SO(n) b(γτ_0, γu)dγ = ∞∫ 0 r^{n−k−1}dr ∫ S^{n−k−1} dω ∫ SO(n) b(γτ_0, rγω)dγ

= σ_{n−k−1} ∞∫ 0 r^{n−k−1}dr ∫ SO(n) b(γτ_0 +rγe_n)dγ =σ_{n−k−1} ∞∫ 0 r^{n−k−1}b̌_r(o) dr, o being the origin of R^n . Since

b̌_r(o) = ∫ SO(n) φ_x(γτ_0 + rγe_n)w(|γτ_0 + rγe_n|) dγ = w(r)φ̌_r(x) we are done. □

3. Analytic families associated to the k-plane transform Example 2.2 and duality (2.4) give rise to six equalities (2.14)-(2.19).

Let us focus on (2.17). We replace f by the shifted function f_x(y) = f(x + y) and get 1 Γ(α/2) ∫ G_{n,k} f̂(τ)|x − τ|^{α+k−n} dτ (3.1)

= Γ(n/2) Γ((n − k)/2) Γ((α + k)/2) ∫ R^n f(y)|x − y|^{α+k−n} dy, Re α > 0. The right hand side resembles the Riesz potential (1.5). Denoting

(3.2) (^∗P^αφ)(x) = 1 γ_{n−k}(α) ∫ G_{n,k} φ(τ)|x − τ|^{α+k−n} dτ, Reα > 0, α + k − n ≠ 0, 2, 4, . . . , from (3.1) and (1.5) we obtain (3.3)^∗P^αf̂ = c_{k,n}I^{α+k}f, c_{k,n} = (2π)^kσ_{n−k−1}/σ_{n−1}, provided that either side of (3.3) exists in the Lebesgue sense (e.g., for f ∈ L^p(R^n ), 1 ≤ p < n(α + k)^{−1}). By duality we define

(3.4) (P^αf)(τ) = 1 γ_{n−k}(α) ∫ R^n f(x)|x − τ|^{α+k−n} dx.

12 BORIS RUBIN

Operators (3.4) and (3.2) can be represented as (3.5) P^αf = I^α_{n−k}f̂,^∗P^αφ = (I^α_{n−k}φ)^∨, where for τ = (ζ, u), I^α_{n−k} denotes the Riesz potential on ζ^⊥ in the u-variable. For sufficiently good f and φ, (3.6) lim_{α→0} P^αf = f̂, lim_{α→0}^∗P^αφ = φ̌.

This can be easily seen if we represent P^αf and^∗P^αφ according to (2.28) and (2.29), respectively. Thus we can extend definitions (3.4) and (3.2) to α = 0 by setting P^0f = f̂,^∗P^0φ = φ̌, and obtain analytic families {P^α} and {^∗P^α} which include the k-plane transform and its dual. The equality (3.3) generalizes the known formula of Fuglede (3.7) (f̂)^∨ = c_{k,n}I^kf [F], [H2, p. 29] to Re α > 0.

Theorem 3.1. Let f ∈ L^p, 1 ≤ p < n(α + β + k)^{−1}, α ≥ 0, β ≥ 0. Then (3.8)^∗P^αP^βf = c_{k,n}I^{α+β+k}f, c_{k,n} = (2π)^kσ_{n−k−1}/σ_{n−1}. Proof. By (3.3) and (3.5),

c_{k,n}I^{α+β+k}f =^∗P^{α+β}f̂ = (I^{α+β}_{n−k} f̂)^∨ = (I^α_{n−k}I^β_{n−k}f̂)^∨ =^∗P^αP^βf. □ Remark 3.2. If f belongs to the Semyanisty-Lizorkin space Φ (see Notation), then (3.8) extends to all complex α, β. This follows from (3.5) and the equality (I^{α−k}_{n−k} f̂)^∨ = c_{k,n}I^αf, α ∈ C , which was proved in [Ru2, Theorem 2.6] using the Fourier transform technique. 4. Inversion of k-plane transforms. The method of Riesz potentials Throughout this section c_{k,n} = (2π)^kσ_{n−k−1}/σ_{n−1}. Equalities (3.8) and (3.5) give a family of inversion formulae: (4.1) c_{k,n}f = I^{−α−β−k ∗}P^αI^β_{n−k}f̂ ∀ α, β ∈ C (at least formally). For f ∈ Φ, (4.1) is well justified (see Remark 3.2). In the general case we are faced with the following questions. What choice of α and β is preferable? How to represent operators in

RECONSTRUCTION OF FUNCTIONS 13

(4.1) constructively and recover f(x) pointwise for all or almost all x? To answer these questions we employ appropriate tools of fractional calculus and singular integrals.

4.1. The case α = β = 0. In this case (4.1) reads (4.2) c_{k,n}f = D^kφ̌, φ = f̂, where D^k = I^{−k} = (−Δ)^{k/2} denotes the Riesz fractional derivative, Δ being the Laplace operator. Thus the problem is how to invert the Riesz potential g = I^kf (in our case g = c^{−1}_{k,n}φ̌)? Numerous investigations are devoted to this question; see [Ru1, SKM] and references therein.

4.1.1. Hypersingular integrals. Below we review some results in the context of their application to the k-plane transform. Let us consider finite differences

(Δ^ℓ_yg)(x) = ℓ∑ j=0 ( ℓ j ) (−1)^j g(x − jy),

(Δ̃^m_y g)(x) = m∑ j=0 ( m j ) (−1)^jg(x − √ jy), and normalizing constants d_{n,ℓ}(k)= ∫ R^n (1−e^{iy1} )^ℓ |y|^{n+k} dy (y_1 is the first coordinate of y),

(4.3)

d̃_{n,m}(k) = π^{n/2} 2^k Γ((n + k)/2) ∞∫ 0 (1 − e^{−t})^m t^{1+k/2} dt. (4.4)

We assume ℓ = k if k is odd , and any ℓ > k if k is even; m > k/2. Integrals (4.3), (4.4) can be evaluated explicitly, and the following statement holds [Ru1, pp. 238, 239], [SKM, Section 26]:

Theorem 4.1. Let g = I^kf, f ∈ L^p, 1 ≤ p < n/k. Then

(4.5) f(x)= 1 d_{n,ℓ}(k) ∫ R^n (Δ^ℓ_yg)(x) |y|^{n+k} dy = 1 d̃_{n,m}(k) ∫ R^n (Δ̃^m_y g)(x) |y|^{n+k} dy

where ∫ R^n = limε→0 ∫ |y|>ε. This limit exists in the L

p-norm and in the a.e.

sense. For f ∈ C_0 ∩ L^p, it exists in the sup-norm.

14 BORIS RUBIN

Corollary 4.2. In assumptions of Theorem 4.1, the k-plane transform φ = f̂ can be inverted by

(4.6) c_{k,n}f(x) = 1 d_{n,ℓ}(k) ∫ R^n (Δ^ℓ_yφ̌)(x) |y|^{n+k} dy = 1 d̃_{n,m}(k) ∫ R^n (Δ̃^m_y φ̌)(x) |y|^{n+k} dy.

Remark 4.3. Let us compare (4.6) with the known formula

(4.7) f = cΛ^k(f̂)^∨,

(see formula (3.12) in [So]) where

(4.8) Λ = n∑ j=1 R_j ∂_j , (R_j ψ)(x) = 2 σ_n P.V. ∫ R^n y_j |y|^{n+1} ψ(x − y) dy,

∂_j =^∂_{∂xj} . Operators R_j are called the Riesz transforms. They are understood in the Cauchy principal value sense and bounded on L^p for 1 < p < ∞ [Ne, p. 101].

The following advantages of (4.6) are worth to be noted. The function f is expressed by (4.6) through the only one singular integral which is understood in the usual sense for sufficiently good f. The formula (4.7), unlike (4.6) contains (apart from derivatives) nk singular integral operators R_j , the L^p-theory of which is much more sophisticated than that of (4.5), and does not include the L^1 case.

Remark 4.4. (i) The set of continuous functions (4.9) C_a = {f : f ∈ C(R^n ), f(x) = O(|x|^{−a})}, a > 0, is contained in L^p for n/a < p < n/k. Hence (4.5) and (4.6) are applicable to f ∈ C_a, a > k.

(ii) Instead of (4.5) one can use many other inversion formulae for Riesz potentials which can be found in [Ru1]. If f(x) ≡ 0 for |x| > R > 0, it suffices to determine φ̌(x) for |x| < R only. Then we get c_{k,n} γ_n(k) ∫ |y|<R f(y)dy |x − y|^{n−k} = φ̌(x), |x| < R.

Equations of this type play an important role in mixed boundary value problems of mathematical physics (in particular, in mechanics). They can be solved explicitly, but inversion formulae are more complicated than those for potentials on R^n . The interested reader is addressed to [Ru1, Chapter 7] for details.

RECONSTRUCTION OF FUNCTIONS 15

4.1.2. Powers of “minus Laplacian”. Another series of inversion formulae can be obtained using integer powers of “minus Laplacian”. Definition 4.5. For λ ∈ (0, 1), let Lip^{loc}_λ be the space of functions f(x) on R^n having the following property: for each finite domain Ω ⊂ R^n , there is a constant A > 0 such that (4.10) |f(x) − f(y)| ≤ A|x − y|^λ ∀x, y ∈ Ω̄ (the closure of Ω). We denote (4.11) C^∗_a = {f : f ∈ C_a ∩ Lip^{loc}_λ for some λ ∈ (0, 1)}. Theorem 4.6. Let φ = f̂, 1 ≤ k ≤ n − 1.

(i) For k even, a > k, and f ∈ C^∗_a , we have (4.12) c_{k,n}f(x) = (−Δ)^{k/2}φ̌(x).

(ii) For k odd, the following statements hold. (a) If f ∈ C_a, a > k, then

(4.13) c_{k,n}f(x) = 2 σ_n ∫ R^n (−Δ)^{(k−1)/2}φ̌(x) − (−Δ)^{(k−1)/2}φ̌(x − y) |y|^{n+1} dy where ∫ R^n = limε→0 ∫ |y|>ε uniformly in x ∈ R n . (b) If f ∈ C^∗_a , a > k, and Λ is the operator (4.8), then (4.14) c_{k,n}f(x) = (Λ(−Δ)^{(k−1)/2}φ̌)(x). Furthermore,

(4.15) c_{k,n}f(x) = −(−Δ)^{(k−1)/2}(I^1Δφ̌)(x) if 3 ≤ k ≤ n − 1, f ∈ C^∗_a , a > k, and (4.16) c_{k,n}f(x) = (−Δ)^{(k+1)/2}(I^1φ̌)(x) if 1 ≤ k ≤ n − 2, f ∈ C^∗_a , a > k + 1. All derivatives in (4.12)-(4.16) exist in the classical sense.

Proof. These statements are consequences of known facts for potentials and singular integrals. In the following, according to (3.7), we denote g = c^{−1}_{k,n}φ̌ so that g = I^kf.

(i) To “localize” the problem, let x ∈ B_R = {x : |x| < R} and choose χ(x) ∈ C^∞ so that 0 ≤ χ(x) ≤ 1, χ(x) ≡ 0 if |x| ≤ R + 1, and χ(x) ≡ 1 if |x| ≥ R + 2.

16 BORIS RUBIN

We have f = f_1 + f_2, f_1 = χf, f_2 = (1 − χ)f,

(4.17) f_1(x)= { 0 if |x|≤R+1, f(x) if |x|≥R+2, f^2(x)= { f(x) if |x|≤ R+1, 0 if |x|≥R+2. Let g = g_1 + g_2, g_1 = I^kf_1, g_2 = I^kf_2. Then g_1 ∈ C^∞(B_R), and for all multi-indices γ,

∂^γ g_1(x) = 1 γ_n(k) ∫ |y|>R+1 f_1(y) ∂^γ |x − y|^{k−n}dy. In particular, for k even, we get (−Δ)^{k/2}g_1(x) = 0. The function g_2 belongs at least to C^{k−1}(B_R), and differentiation is possible under the sign of integration; see, e.g. [Vl, Section 1(6)]. Hence, for k even, (−Δ)^{(k−2)/2}g_2 = I^2f_2 (the Newtonian potential over a finite domain), and (i) follows by Theorem 11.6.3 from [Mi2, p. 231].

(ii) Consider the case k odd. By reasoning from above,

(4.18) (−Δ)^{(k−1)/2}g(x) = (I^1f)(x), and (4.13) holds owing to Remark 4.4(i). In order to prove (4.14) we note that φ_j ≡ ∂_j I^1f = R_j f (see (4.8)) where R_j f ∈ Lip^{loc}_λ for some λ ∈ (0, 1) [Mi1, pp. 59, 46]. Since f ∈ L^p for max(1, n/a) < p < n/k, and R_j is bounded on L^p, then φ_j ∈ Lip^{loc}_λ ∩ L^p. Let us consider R_j φ_j. As in (4.17), we define φ_{j,1} and φ_{j,2} so that φ_j = φ_{j,1} + φ_{j,2},

(R_j φ_j)(x) = 2 σ_n ∫ |y|>R+1 φ_{j,1}(y) x_j − y_j |x − y|^{n+1} dy

+ 2 σ_n P.V. ∫ |y|<R+2 φ_{j,2}(y) x_j − y_j |x − y|^{n+1} dy. The first term ∈ C^∞(B_R) while the second one is Lip_λ in B_R (use Theorem 1.6 from [Mi1, p. 46]). Since R can be arbitrary large and R_j is bounded on L^p, then R_j φ_j ≡ R^2_j f ∈ Lip^{loc}_λ ∩ L^p. By taking into account that ∑ j R^2_j f = f [Ne], owing to (4.18), we obtain f(x) = ∑ j (R_j φ_j)(x) = ∑ j (R_j∂_j (−Δ)^{(k−1)/2}g)(x) ∀x ∈ R^n . This gives (4.14).

If k ≥ 3 then, as in (i), we have −Δg = I^{k−2}f. Hence −I^1Δg = I^{k−1}f, and (4.15) follows. To prove (4.16) we note that for f ∈ C_a, a > k+1 and k+1 < n, one can write I^1g = I^1I^kf = I^{k+1}f. Since f satisfies some Lipschitz condition the argument from (i) is applicable, and we are done. □

RECONSTRUCTION OF FUNCTIONS 17

Remark 4.7. If f ∈ L^p, 1 < p < n/k, all formulae (4.12)-(4.16) remain true with the following changes: (a) The corresponding derivatives are understood in the sense of S^′ or Φ^′ distributions. They also exist in a certain L^q-norm for almost all x; see [St, Chapter VIII], about this notion of differentiation. (b) In (4.16) we have to assume 1 < p < n/(k + 1) (otherwise I^1g may be divergent). (c) Convergence of the hypersingular integral (4.13) is interpreted in the L^p-norm or in the a.e. sense.

4.2. The case α = 0, β = −k. In this case (4.1) reads (4.19) c_{k,n}f = (I^{−k}_{n−k}φ)^∨, φ(τ) = f̂(τ) ≡ f̂(ζ, u), and one has to give precise sense to the operator I^{−k}_{n−k} acting in the u variable. The first way to do this is to use hypersingular integrals like (4.5) in the (n − k)-plane ζ^⊥. Let, for example,

(Δ^ℓ_vφ)(ζ, x) = ℓ∑ j=0 ( ℓ j ) (−1)^j φ(ζ, Pr_ζ⊥ x − jv),

x ∈ R^n , v ∈ ζ^⊥, d_{n−k,ℓ}(k) = ∫ R^{n−k} (1 − e^{iy1} )^ℓ |y|^n dy, where ℓ = k for k odd, and ∀ ℓ > k for k even; cf. (4.3).

Theorem 4.8. If φ = f̂, f ∈ L^p, 1 ≤ p < n/k, then c_{k,n}f(x) = 1 d_{n−k,ℓ}(k) ∫ G_{n,k} (Δ^ℓ_vφ)(ζ, x) |v|^n dζdv (4.20)

≡ lim_{ε→0} 1 d_{n−k,ℓ}(k) ∫ G_{n,k} dζ ∫ {v: v∈ζ^⊥, |v|>ε} (Δ^ℓ_vφ)(ζ, x) |v|^n dv. (4.21)

The limit (4.21) exists in the L^p-norm and in the a.e. sense. If f ∈ C_0 ∩ L^p for some 1 ≤ p < n/k, this limit is uniform in x ∈ R^n .

This statement was obtained in [Ru2, Theorem 3.6] as a particular case of a more general result. Theorem 4.8 gives precise sense to the second formula in (1.4) for f ∈ L^p. In order to interpret this formula in terms of pointwise laplacians, one has to impose extra smoothness conditions on f (which are redundant for existence of f̂), and proceed as in Section 4.1.2.

18 BORIS RUBIN

5. Inversion of k-plane transforms. The method of spherical means The method of spherical means is alternative to that of Section 4. It is based on the definition (2.25) and the following Lemma 5.1. Let (5.1) (M_tf)(x) = 1 σ_{n−1} ∫ S^{n−1} f(x + tθ)dθ, t > 0, be the spherical mean of f. If f ∈ L^p, 1 ≤ p < n/k, then

(5.2) (f̂)^∨_r (x) = σ_{k−1} ∞∫ r (M_tf)(x)(t^2 − r^2)^{k/2−1}t dt.

Proof. Let f_x(y) = f(x + y). For any fixed τ ∈ G_{n,k} such that |τ| = r, we have

(f̂)^∨_r (x) = ∫ SO(n) f̂(γτ + x)dγ = ∫ SO(n) (f_x ∘ γ)^∧(τ)dγ = F̂ (τ),

F (y) = ∫ SO(n) f_x(γy)dγ = ∫ SO(n) f(x + γy)dγ = (M_{|y|}f)(x). It remains to make use of the Abel type representation (2.6). □ For φ = f̂, we denote (5.3) g_x(s) = (M^√_sf)(x), ψ_x(s) = π^{−k/2}φ̌^√_s(x). Then (5.2) reads (5.4) (I^{k/2}_− g_x)(s) = ψ_x(s) (see notation (1.6)). If f is continuous and decays sufficiently fast at infinity then (5.4) can be easily inverted, and we get (5.5) f(x) = ( − d ds )_m (I^{m−k/2} − ψ_x)(s) | | |_{s=0}, ∀m ∈ N, m > k/2. This formula is inapplicable for generic f ∈ L^p because the integral (I^{m−k/2} − ψ_x)(s) = (I^m_− g_x)(s) = 2 Γ(m) σ_{n−1} ∫ |y|^2>s f(x − y)(|y|^2 − s)^{m−1} dy |y|^{n−2} (5.6)

can be divergent for n/2m ≤ p < n/k. Thus the main difficulties are connected with behavior of functions at infinity, and the inversion

RECONSTRUCTION OF FUNCTIONS 19

procedure should not increase the order of the fractional integral (5.4). For k > 1, the order can be reduced by differentiation in the s-variable according to the following Lemma 5.2. Let g_x(s) = (M^√_sf)(x), f ∈ L^p.

(i) If 1 ≤ p < n − 1 then −^d_{ds} (I^1_−g_x)(s)|_{s=0} = f(x), the derivative being well defined in the L^p-norm and for almost all x.

(ii) If α > 1 then for each s > 0, −^d_{ds} (I^α_−g_x)(s) = (I^{α−1}_− g_x)(s) where differentiation is understood for almost all x or in the L^q-norm, 0 ≤ 1/q < 1/p − 2(α − 1)/n. (iii) If f ∈ C_0 ∩ L^p then derivatives in (i) and (ii) exist for all x in the classical sense.

Proof. (i) A standard machinery of approximation to the identity [St, Chapter III, Sec. 2] yields − (I^1_−g_x)(δ) − (I^1_−g_x)(0) δ = 1 δ δ∫ 0 (M^√_sf)(x)ds

= 2 σ_{n−1} ∫ |y|<1 f(x − √ δy) dy |y|^{n−2} → f(x) as δ → 0 in the required sense. The condition p < n − 1 is necessary for the existence of I^1_−g_x; cf. (5.6).

(ii) We note that (I^{α−1}_− g_x)(s), α > 1, exists in the Lebesgue sense if and only if 1/p > 2(α − 1)/n. Furthermore, for each s > 0, (5.7) ||(I^{α−1}_− g_{(·)})(s)||_q ≤ c_s ||f||_p, 0 ≤ 1 q < 1 p − 2(α − 1) n . To see this one should replace m by α − 1 in (5.6) and make use of Young’s inequality. Our aim is to show that (I^α_−g_x)(s) − (I^α_−g_x)(s + δ) δ − (I^{α−1}_− g_x)(s)

tends to 0 as δ → 0 in the required sense. This expression can be written as a convolution f ∗ h_{δ,s} where h_{δ,s}(x) = λ_s(x) h ( δ |x|^2 − s ) , λ_s(x) = 2 σ_{n−1} Γ(α − 1)

(|x|^2 − s)^{α−2}_+ |x|^{n−2} , h(t) = 1 − (1 − t)^{α−1}_+ t(α − 1) − 1. The function h(t) is bounded and lim_{t→0} h(t) = 0. Since |f ∗ h_{δ,s}| ≤ ||h||_∞||f| ∗ λ_s| and the convolution |f| ∗ λ_s obeys the same estimate

20 BORIS RUBIN

(5.7), by the Lebesgue theorem on dominated convergence we have a.e. lim_{δ→0}(f ∗ h_{δ,s})(x) = 0, lim_{δ→0} ||f ∗ h_{δ,s}||_q = 0 for each s > 0 and q satisfying (5.7).

The proof of (iii) follows the same lines. □

Application of Lemma 5.2 to (5.4) gives the following

Corollary 5.3. Let φ(τ) = f̂(τ), τ ∈ G_{n,k}. If f ∈ L^p, 1 ≤ p < n/k, then for k even,

(5.8) f(x)^{a.e.}= π^{−k/2} ( − 1 2r d dr )_{k/2} φ̌_r(x) | | |_{r=0} where φ̌_r(x) is the average of φ(τ) over all k-planes τ at distance r from x. If f ∈ C_0 ∩ L^p then (5.8) holds for all x ∈ R^n .

Let us consider arbitrary 1 ≤ k ≤ n − 1. As we have already seen, fractional differentiation of (5.4) in the Riemann-Liouville sense blows up. To resolve the problem we use the Marchaud fractional derivative

(5.9) (D^α_− ψ)(s) = 1 κ_ℓ(α) ∞∫ 0 [^ℓ∑ j=0 ( ℓ j ) (−1)^j ψ(s + jt) ] dt t^{1+α} , ℓ > α, see [Ru1, SKM]. Here

κ_ℓ(α) = ∞∫ 0 (1 − e^{−t})^ℓt^{−1−α}dt

= Γ(−α) ℓ∑ j=1 ( ℓ j ) (−1)^j j^α, α ≠ 1, 2, . . . , ℓ − 1, (−1)^{1+α} α! ℓ∑ j=1 ( ℓ j ) (−1)^j j^α log j, α = 1, 2, . . . , ℓ − 1. Owing to normalization, D^α_− ψ is independent of ℓ > α. The right hand side of (5.9) is understood as a limit of the truncated integral

(5.10) (D^α_{−, ε}ψ)(s) = 1 κ_ℓ(α) ∞∫ ε [^ℓ∑ j=0 ( ℓ j ) (−1)^j ψ(s + jt) ] dt t^{1+α} as ε → 0 in the appropriate sense.

RECONSTRUCTION OF FUNCTIONS 21

Theorem 5.4. Let φ = f̂, f ∈ L^p, 1 ≤ p < n/k. For any ℓ > k/2,

(5.11) f(x) = π^{−k/2} κ_ℓ(k/2) ∞∫ 0 [^ℓ∑ j=0 ( ℓ j ) (−1)^jφ̌^√_{jt}(x) ] dt t^{1+k/2} where ∫_∞ 0 = lim_{ε→0} ∫_∞ ε in the L^p-norm and in the a.e. sense. If f ∈ C_0 ∩ L^p this limit exists in the sup-norm.

Remark 5.5. The right hand side of (5.11) represents the Marchaud derivative of order k/2 of the function ψ_x(s) (see (5.3)) evaluated at s = 0. The formula (5.11) is applicable to all 1 ≤ k ≤ n − 1. For k = 1 (the X-ray case), (5.11) has an especially simple form

(5.12) f(x) = 1 π ∞∫ 0 φ̌(x) − φ̌_r(x) r^2 dr. Proof. For α = k/2, according to (5.4) we have ℓ∑ j=0 ( ℓ j ) (−1)^j(I^α_−g_x)(jt) = t^α ∫_∞ 0 k(u)g_x(ut)du,

k(u) = 1 Γ(α) ℓ∑ j=0 ( ℓ j ) (−1)^j(u − j)^{α−1}_+ .

This gives

(5.13) (D^α_{−, ε}ψ_x)(0) = (D^α_{−, ε}I^α_−g_x)(0) = ∫_∞ 0 λ_{ℓ,α}(η)g_x(εη)dη,

λ_{ℓ,α}(η) = [κ_ℓ(α)Γ(1 + α)η]^{−1} ℓ∑ j=0 ( ℓ j ) (−1)^j(η − j)^α_+.

It is known [Ru1, Lemma 10.17] that

(5.14) ∫_∞ 0 λ_{ℓ,α}(η)dη = 1, λ_{ℓ,α}(η) = { O(η^{α−1}) if η < 1, O(η^{α−ℓ−1}) if η > 1. Since g_x(s) = (M^√_sf)(x), then

(D^α_{−, ε}ψ_x)(0) = 1 σ_{n−1} ∞∫ 0 λ_{ℓ,α}(η)dη ∫ S^{n−1} f(x + √ εηθ) dθ

= ∫ R^n f(x + √ εy)Λ_{ℓ,α}(y) dy, Λ_{ℓ,α}(y) = 2λ_{ℓ,α}(|y|^2) σ_{n−1} |y|^{n−2} . (5.15)

By (5.14), this is an approximate identity, and the result follows. □

22 BORIS RUBIN

Corollary 5.6. Let φ = f̂, f ∈ L^p, 1 ≤ p < n/k. If k is odd and m = (k − 1)/2 then the derivative

h_x(r) = ( − 1 2r d dr )_m φ̌_r(x)

exists for almost all x, and all r ≥ 0. The function f can be recovered by the formula

(5.16) f(x) = 1 π^{(k+1)/2} ∞∫ 0 h_x(0) − h_x(r) r^2 dr, ∞∫ 0 =^{a.e.}lim_{ε→0} ∞∫ ε . If f ∈ C_0 ∩ L^p the integral (5.16) converges uniformly in x ∈ R^n .

Proof. By Lemma 5.2(ii), the equality (5.4) yields

(I^{1/2}_− g_x)(s)^{a.e.}= π^{−k/2} ( − d ds )_m φ̌^√_s(x)^{def}= h̃_x(s),

and therefore

(D^{1/2}_{−, ε}h̃_x)(0) ≡ 1 2π^{1/2} ∞∫ ε h̃_x(0) − h̃_x(s) s^{3/2} ds = ∫ R^n f(x + √ εy)Λ_{1,1/2}(y) dy, cf. (5.15). This implies (5.16). □

References

[F] Fuglede, B., An integral formula, Math. Scand., 6 (1958), 207-212. [H1] Helgason, S., The totally geodesic Radon transform on constant curvature spaces, Contemp. Math., 113 (1990), 141–149.

[H2] , The Radon transform, Birkhäuser, Boston, Second edition, 1999. [J] Jensen, S.R., Sufficient conditions for the inversion formula for the kplane transform in R^n , Preprint.

[K] Keinert, F., Inversion of k-plane transforms and applications in computer tomography, SIAM Review, 31 (1989), 273–289.

[Mi1] Mikhlin, S.G., Multidimensional singular integrals and integral equations, Pergamon Press, Oxford, 1965.

[Mi2] , Mathematical physics, an advanced course, North-Holland Publ.

Company, Amsterdam, 1970.

[Ne] Neri, U., Singular integrals, Lect. Notes in Math., 200, Springer-Verlag, Berlin-Heidelberg-New York, 1971.

[R] Radon, J., Über die Bestimmung von Funktionen durch ihre Integralwerte längs gewisser Mannigfaltigkeiten, Ber. Verh. Sächs. Akad. Wiss. Leipzig, Math. - Nat. Kl., 69 (1917), 262–277 (Russian translation in the Russian edition of S. Helgason, The Radon transform, Moscow, Mir, 1983, pp. 134–148).

[Ru1] Rubin, B., Fractional integrals and potentials, Pitman Monographs and Surveys in Pure and Applied Mathematics, 82, Longman, Harlow, 1996.

RECONSTRUCTION OF FUNCTIONS 23

[Ru2] , Inversion of k-plane transforms via continuous wavelet transforms, J. Math. Anal. Appl., 220 (1998), 187–203.

[Ru3] , Helgason-Marchaud inversion formulas for Radon transforms, Proc. Amer. Math. Soc., 130 (2002), 3017–3023.

[Ru4] , Inversion formulas for the spherical Radon transform and the generalized cosine transform, Advances in Appl. Math., 29 (2002), 471- 497.

[Ru5] , Radon, cosine, and sine transforms on real hyperbolic space, Advances in Math., 170 (2002), 206-223.

[Ru6] , The convolution-backprojection method for k-plane transforms, and Calderón’s identity for ridgelet transforms, Preprint, October 2002.

[SKM] Samko, S.G., Kilbas, A.A., and Marichev, O.I., Fractional integrals and derivatives. Theory and applications, Gordon and Breach Sc. Publ., New York, 1993.

[Se] Semyanistyi, V.I., Homogeneous functions and some problems of integral geomery in spaces of constant cuvature, Sov. Math. Dokl., 2 (1961), 59- 61. [SSW] Smith, K.T., Solmon, D.C., and Wagner, S.L., Practical and mathematical aspects of the problem of reconstructing objects from radiographs, Bull. of the Amer. Math. Soc., 83 (1997), 1227-1270.

[So] Solmon, D. C., A note on k-plane integral transforms, Journal of Math.

Anal. and Appl., 71 (1979), 351–358.

[St] Stein, E. M., Singular integrals and differentiability properties of functions. Princeton Univ. Press, Princeton, NJ. 1970.

[Str] Strichartz, R. S., L^p-estimates for Radon transforms in euclidean and non-euclidean spaces, Duke Math. J. 48 (1981), 699–727.

[VK] Vilenkin, N.Ja., and Klimyk, A.V., Representations of Lie groups and special functions, Vol. 2, Kluwer Academic publishers, Dordrecht, (1993).

[Vl] Vladimirov, V. S., The equations of mathematical physics, “Nauka”, Moscow, 1988 (in Russian).

Institute of Mathematics, Hebrew University, Jerusalem 91904, IS- RAEL

E-mail address: boris@math.huji.ac.il