A POSITIVE SOLUTION TO THE GENERALIZED BUSEMANN-PETTY PROBLEM FOR TWO AND THREE-DIMENSIONAL SECTIONS

BORIS RUBIN

Abstract. The generalized Busemann-Petty problem asks: If K and L are origin-symmetric convex bodies in R^n , and the volume of K ∩ ξ is smaller than the volume of L ∩ ξ for every i-dimensional subspace ξ, 1 ≤ i ≤ n − 1, does it follow that the volume of K is also smaller than the volume of L ? For i = 1, the affirmative answer is obvious. Bourgain and Zhang gave a negative answer for all 3 < i ≤ n − 1. We show that in the cases (a) i = 2, n ≥ 3, and (b) i = 3, n ≥ 4, the answer is positive. This completes the problem.

1. Introduction

Let G_{n,i} be the Grassmann manifold of i-dimensional subspaces ξ of R^n , and vol_i(·) denote the i-dimensional volume function, 1 ≤ i ≤ n. Is it true that for origin-symmetric convex bodies K and L in R^n , the inequality (1.1) vol_i(K ∩ ξ) ≤ vol_i(L ∩ ξ) ∀ξ ∈ G_{n,i} implies (1.2) vol_n(K) ≤ vol_n(L) ? This question is known as the generalized Busemann-Petty problem (GBP). For i = n − 1, the problem was posed by Busemann and Petty [BP] in 1956 and has a long history (see [G2]). In the past decade a good deal of studying various aspects of this problem was made by Bourgain, Gardner, Koldobsky, Zhang and others. It was proven [GKS], [BFM], [P], [Z2] that for i = n − 1, the answer is YES if and only if n ≤ 4, and in the general case the answer is NO for 3 < i ≤ n − 1 [BZ]. In [Z1]

2000 Mathematics Subject Classification. Primary 52A38; Secondary 44A12. Key words and phrases. The Busemann-Petty problem, Radon transforms, convex bodies .

The author was supported in part by the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany). 1

2 BORIS RUBIN

a negative answer was also claimed for i = 3. The case i = 2, n ≥ 5 remained open. In the present article we show that GBP has an affirmative answer if i = 2 and i = 3. This disproves the aforementioned statement from [Z1]. One should note that there is a series of accompanying results which are of independent interest but do not solve GBP. We shall not discuss these results here.

The present article is almost self-contained, and the argument is simpler than that in [GKS], [Z2] and [BFM]. The Busemann-Petty case i = n − 1 is also included. The key idea is a remarkable interrelation between euclidean i-plane transforms on R^n , the dual geodesic Radon transforms on the unit sphere S^{n−1} in R^n , and the classical fractional calculus [R1], [SKM]. This interrelation was used implicitly in [BFM] for i = n − 1. We extend it to all i ≤ n − 1 and simplify technicalities.

Remark 1.1. In contrast to [GKS] (and some other papers by A. Koldobsky), our approach does not employ the Fourier analysis on R^n . In this connection one should mention earlier papers by V.I. Semyanistyi [Se1], [Se2] containing a systematic study of interrelation between homogeneous distributions on R^n and analytic families of convolution operators on the sphere (including the Minkowski-Funk and cosine transforms). According to the Gel’fand-Šapiro theory [GŠ], the Fourier transform serves as a bridge between these two classes of objects. Similar results were obtained by Semyanistyi and his collaborators for hyperbolic spaces and more general settings.

Section 2 contains auxiliary statements about Radon transforms of different kinds. In Section 3 we prove the following

Theorem A. If origin-symmetric convex bodies K and L in R^n satisfy vol_i(K ∩ ξ) ≤ vol_i(L ∩ ξ) ∀ξ ∈ G_{n,i}, where i = 2, n ≥ 3 (or i = 3, n ≥ 4), then vol_n(K) ≤ vol_n(L).

Since for 3 < i ≤ n − 1, GBP has a negative answer [BZ], Theorem A completes the problem.

Acknowledgements. I am very grateful to Professors Giancarlo Travaglini and Luca Brandolini for useful discussions.

2. Passage to Radon transforms and preliminaries

We shall use the following notation: σ_{n−1} = |S^{n−1}| = 2π^{n/2}/Γ(n/2) is the area of the unit sphere in R^n ; e_1, e_2, . . . , e_n denote the coordinate unit vectors, p_0 = Re_{n−i+1} + . . . + Re_n is the coordinate i-plane; du and dξ are invariant measures so that ∫ S^{n−1} du = σn−1 and ∫ G_{n,i} dξ = 1. The totally geodesic Radon transform of an integrable function f on

THE GENERALIZED BUSEMANN-PETTY PROBLEM 3

S^{n−1} is defined by

(2.1) (R_if)(ξ) = ∫ S^{n−1}∩ξ f(u)d_ξu, ξ ∈ G_{n,i}, where d_ξu is the induced Lebesgue measure on the section S^{n−1} ∩ξ. We identify the i-plane ξ with the (i − 1)-dimensional circle S^{n−1} ∩ ξ. The case i = n − 1 in (2.1) corresponds to the Minkowski-Funk transform (Rf)(u) = (R_{n−1}f)(u^⊥) . The dual Radon transform of a function φ ∈ L^1(G_{n,i}) is defined by

(2.2) (R^∗_i φ)(u) = ∫ SO(n−1) φ(r_uγp_0)dγ, u ∈ S^{n−1}, where r_u ∈ SO(n) is a rotation so that r_ue_n = u, and SO(n − 1) is the isotropy subgroup of e_n [He], [R2]. The relevant duality reads

(2.3) 1 σ_{i−1} ∫ G_{n,i} (R_if)(ξ)φ(ξ)dξ = 1 σ_{n−1} ∫ S^{n−1} f(u)(R^∗_i φ)(u)du. Each origin-symmetric star body K can be identified with its radial function ρ_K (u) = sup{λ ≥ 0 : λu ∈ K, u ∈ S^{n−1}} (∈ C_{even}(S^{n−1})). By passing to polar coordinates, we have

(2.4) vol_n(K) = 1 n ∫ S^{n−1} ρ^n_K (u)du = V (K),

(2.5) vol_i(K ∩ ξ) = 1 i ∫ S^{n−1}∩ξ ρ^i_K (u) d_ξu = 1 i (R_iρ^i_K )(ξ).

It is worth mentioning the paper by Hadwiger [H] who studied more general “radialpotenzintegrale” like (2.4) and (2.5) for zonal functions on S^2 with ρ^n_K and ρ^i_K replaced by ρ^α_K and ρ^β_K ∀α, β ≥ 0.

We shall deal with the following classes of star bodies:

K_e = the set of all origin-symmetric star bodies; K_c = {K : K ∈ K_e, K is convex}; I_{n,i} = {K : K ∈ K_e, ρ^{n−i}_K ∈ R^∗_i (L^1_+(G_{n,i}))} (2.6) where R^∗_i (L^1_+(G_{n,i})) is the range of the dual transform (2.2) on nonnegative functions φ ∈ L^1(G_{n,i}).

The definition (2.6) is motivated by the following Lemma 2.1. If K ∈ I_{n,i} then (1.1) implies (1.2) ∀L ∈ K_e.

4 BORIS RUBIN

Proof. Let ρ^{n−i}_K = R^∗_i φ, φ ∈ L^1_+(G_{n,i}). By (2.3)-(2.5),

V (K) = 1 n ∫ S^{n−1} ρ^i_K (u)ρ^{n−i}_K (u)du = 1 n ∫ S^{n−1} ρ^i_K (u)(R^∗_i φ)(u)du

= σ_{n−1} nσ_{i−1} ∫ G_{n,i} (R_iρ^i_K )(ξ)φ(ξ)dξ^{(1.1)}≤ σ_{n−1} nσ_{i−1} ∫ G_{n,i} (R_iρ^i_L)(ξ)φ(ξ)dξ

= 1 n ∫ S^{n−1} ρ^i_L(u)ρ^{n−i}_K (u)du.

By Hölder’s inequality, V (K) ≤ V (L)^{i/n}V (K)^{1−i/n}, and (1.2) follows. □ The above lemma is well known. Such a simple argument was used, e.g., by Hadwiger [H] and Lutwak [L].

Lemma 2.2. If φ ∈ L^1(G_{n,i}) then R^∗_i φ = σ^{−1}_{n−2}Rψ where Rψ is the Minkowski-Funk transform of a function

(2.7) ψ(λe_{n−1}) = ∫ SO(n−2) φ(λγp_0)dγ, λ ∈ SO(n),

satisfying ∫ S^{n−1} ψ(u)du = σn−1 ∫ G_{n,i} φ(ξ)dξ. Proof. By (2.1) and (2.2), 1 σ_{n−2} (Rψ)(u) = ∫ SO(n−1) ψ(r_uρe_{n−1})dρ

= ∫ SO(n−1) dρ ∫ SO(n−2) φ(r_uργp_0)dγ = ∫ SO(n−2) dγ ∫ SO(n−1) φ(r_uργp_0)dρ. Replacing ργ by ρ, we get (R^∗_i φ)(u). Furthermore, ∫ S^{n−1} ψ(u)du = σ_{n−1} ∫ SO(n) ψ(λe_{n−1})dλ = σ_{n−1} ∫ SO(n) dλ ∫ SO(n−2) φ(λγp_0)dγ

= σ_{n−1} ∫ SO(n) φ(λp_0)dλ = σ_{n−1} ∫ G_{n,i} φ(ξ)dξ. □

THE GENERALIZED BUSEMANN-PETTY PROBLEM 5

We shall need some facts from [Mu], [Herz] about functions of matrix argument. Let M_{n,k}, n ≥ k, be the space of real matrices x = (x_{i,j}) having n rows and k columns with the volume element dx = ∏_n i=1 ∏_k j=1 dx_{i,j}. In the following x^′ denotes the transpose of x, |x| = det (x) (for square matrices), and I_k is the identity k × k matrix. Let V_{n,k} = {v ∈ M_{n,k} : v^′v = I_k} be the Stiefel manifold of orthonormal k-frames in R^n . For n = k, V_{n,n} = O(n) represents the orthogonal group in R^n . We fix a measure dv on V_{n,k} which is O(n) left-invariant, O(k) right-invariant, and normalized by ∫ V_{n,k} dv = σn,k, where σ_{n,k} = 2^kπ^{nk/2}/Γ_k(n/2), and

Γ_k(α) = π^{k(k−1)/4}Γ(α)Γ(α − 1 2 ) . . . Γ(α − k − 1 2 ) is the Siegel Gamma function. We denote by P_k the cone of positive definite symmetric k × k matrices r = (r_{i,j}) with the volume element dr = ∏ i≤j dr_{i,j}. The following polar decomposition can be found in ([Herz], p. 482]; [Mu], p. 66]; [GR]).

Lemma 2.3. Almost all x ∈ M_{n,k}, n ≥ k, can be decomposed as x = vr^{1/2}, v ∈ V_{n,k}, r = x^′x ∈ P_k with dx = 2^{−k}|r|^{(n−k−1)/2}drdv. The next statement mimics Lemma 6.1 from [GZ]. We present it in a more complete form, and give an alternative proof.

Lemma 2.4. Let f = Rg, g ∈ C_+(S^{n−1}), and let K be a star body so that ρ^{n−1}_K (u) = (n − 1)g(u). Then for 1 < i < n,

(2.8) f^{n−i}(u) = (R^∗_i φ)(u), φ(η) = ∫ η^⊥∩K dx_1 . . . ∫ η^⊥∩K |x^′x|^{(i−1)/2}dx_{n−i},

x = [x_1, . . . , x_{n−i}] ∈ M_{n,n−i}, and (2.9) ∫ G_{n,i} φ(η)dη = c(vol_n(K))^{n−i}, c = σ_{n−i,n−i} σ_{n,n−i} . Proof. By (2.5), f(u) = vol_{n−1}(K ∩ u^⊥), and therefore f^{n−i}(u) = n−i∏ j=1 ∫ K∩u^⊥ dx_j = ∫ M_{n−1,n−i} F (y)dy

6 BORIS RUBIN

where F (y) is the product of characteristic functions χ_r−1_{u K} (y_j), j = 1, . . . , n − i, of the rotated body r^{−1}_u K. Now Lemma 2.3 yields f^{n−i}(u) = 2^{i−n} ∫ V_{n−1,n−i} dv ∫ P_{n−i} F (vr^{1/2})|r|^{(i−2)/2}dr

= 2^{i−n} σ_{n−i,n−i} ∫ V_{n−1,n−i} dv ∫ O(n−i) dγ ∫ P_{n−i} F (vγr^{1/2})|r|^{(i−2)/2}dr

= 1 σ_{n−i,n−i} ∫ V_{n−1,n−i} dv ∫ M_{n−i,n−i} F (vz)|z^′z|^{(i−1)/2}dz

= ∫ SO(n−1) dα ∫ M_{n−i,n−i} F ( α [ I_{n−i} 0 ] z ) |z^′z|^{(i−1)/2}dz

= ∫ G_{n−1,n−i} dξ ( ∫ ξ . . . ∫ ξ ) F (y)|y^′y|^{(i−1)/2}dy_1 . . . dy_{n−i}. After changing variables this reads ∫ η⊃u ( ∫ η^⊥∩K dx_1 . . . ∫ η^⊥∩K |x^′x|^{(i−1)/2}dx_{n−i} ) dη, η ∈ G_{n,i}, and (2.8) follows. In order to prove (2.9) we proceed in the opposite direction with slight changes: ∫ G_{n,i} φ(η)dη = ∫ SO(n) dβ ∫ M_{n−i,n−i} F ( β [ I_{n−i} 0 ] z ) |z^′z|^{(i−1)/2}dz

= 1 σ_{n,n−i} ∫ V_{n,n−i} dw ∫ M_{n−i,n−i} F (wz)|z^′z|^{(i−1)/2}dz

= 2^{i−n} σ_{n,n−i} ∫ V_{n,n−i} dw ∫ O(n−i) dγ ∫ P_{n−i} F (wγr^{1/2})|r|^{(i−2)/2}dr

= 2^{i−n}σ_{n−i,n−i} σ_{n,n−i} ∫ V_{n,n−i} dw ∫ P_{n−i} F (wr^{1/2})|r|^{(i−2)/2}dr

= c ∫ M_{n,n−i} F (y)dy = c ∫ r^{−1}_u K dy_1 . . . ∫ r^{−1}_u K dy_{n−i} = c(vol_n(K))^{n−i}.

□

THE GENERALIZED BUSEMANN-PETTY PROBLEM 7

The next statement is especially important. It concerns interrelation between spherical and euclidean Radon transforms. We consider the euclidean i-plane transform [He]

(2.10) (P_if)(ξ, x^{′′}) = ∫ ξ f(x^′ + x^{′′})dx^′, ξ ∈ G_{n,i}, x^{′′} ∈ ξ^⊥.

Since ∫ ξ^⊥ (Pif)(ξ, x ′′)dx^{′′} = ∫ R^n f(x)dx ∀ξ, Pif is well defined for all f ∈

L^1(R^n ). The case i = 1 in (2.10) corresponds to the X-ray transform of f.

Lemma 2.5. Let f ∈ L^1(R^n ), ξ ∈ G_{n,i}. Then for all ω ∈ S^{n−1} ∩ ξ^⊥ and t ∈ R,

(2.11) R^∗_i : (P_if)(ξ, ωt) → σ_{i−2} ∞∫ |t| ψ_u(r)(r^2 − t^2)^{(i−3)/2}rdr

where

(2.12) ψ_u(r) = 1 σ_{n−2} ∫ S^{n−1}∩u^⊥ (P_1f)(θ, rθ)dθ

is the average of the X-ray transform of f over all lines parallel to u at distance r from the origin.

Proof. Let p_0 = Re_{n−i+1} + . . . + Re_n , y = y^′ + y^{′′}, y^′ ∈ p_0, y^{′′} ∈ p^⊥_0 . Given u ∈ S^{n−1}, we fix a rotation r_u ∈ SO(n) so that r_u : e_n → u, and denote f_u(x) = f(r_ux). By (2.2),

(R^∗_i [(P_if)(ξ, x^{′′})])(u) = ∫ SO(n−1) (P_if_u)(ρp_0, ρy)dρ

= ∫ SO(n−1) dρ ∫ p_0 f_u(ρ(y^′ + y^{′′}))dy^′.

For y = ∑_n k=1 y_ke_k, we write

y = z + y_ne_n, z = z^′ + z^{′′}, z^′ = n−1∑ k=n−i+1 y_ke_k, z^{′′} = n−i∑ k=1 y_ke_k = y^{′′}.

8 BORIS RUBIN

Then the last integral reads ∫ R^{i−1} dz^′ ∞∫ −∞ dy_n ∫ SO(n−1) f_u(ρz + y_ne_n)dρ

= ∫ R^{i−1} dz^′ ∞∫ −∞ dy_n ∫ SO(n−1) f_u(ρ √ |z^′|^2 + |z^{′′}|^2e_1 + y_ne_n)dρ

= σ_{i−2} ∞∫ 0 s^{i−2}ψ_u( √ s^2 + t^2)ds = σ_{i−2} ∞∫ t ψ_u(r)(r^2 − t^2)^{(i−3)/2}rdr, where t = |z^{′′}| = |y^{′′}| = |x^{′′}|, and ψ_u(r) = ∫ SO(n−1) dρ ∞∫ −∞ f_u(rρe_1+y_ne_n)dy_n = 1 σ_{n−2} ∫ S^{n−1}∩u^⊥ (P_1f)(u, rθ)dθ. □ 3. Proof of the main result Denote (3.1) M_ξ(ω, t) = (P_if)(ξ, ωt), ω ∈ S^{n−1} ∩ ξ^⊥, t ∈ R. If f = χ_K is the characteristic function of K, then (3.1) is a volume of the i-dimensional plane section of K in the direction ω at distance |t| from the origin. Our nearest goal is to apply Lemma 2.5 to f = χ_K , K ∈ K_e, and to express ψ_u(0) = (P_1f)(u, 0) = 2ρ_K (u) through M_ξ(ω, t). Let (3.2) F_u(t) = (R^∗_i [M_ξ(ω, t)])(u), t ≥ 0, and suppose that K has a C^∞-boundary. If i is odd we follow [BFM] and write (2.11) as F_u(t) σ_{i−2} = ∞∫ 0 ψ_u(r)(r^2 − t^2)^{(i−3)/2}rdr − t^{i−1} 1∫ 0 ψ_u(ts)(s^2 − 1)^{(i−3)/2}sds. The first term in the right hand side is a polynomial of degree i − 3, and simple calculation yields

F^{(i−1)}_u (0) = −σ_{i−2}(i − 1)!ψ_u(0) 1∫ 0 (s^2 − 1)^{(i−3)/2}sds

= π^{i/2−1}2^i(−1)^{(i−1)/2}Γ(i/2)ρ_K (u).

(3.3)

THE GENERALIZED BUSEMANN-PETTY PROBLEM 9

For i even, the required result can be easily obtained by making use of Marchaud’s fractional derivative which was introduced in 1927 [M], and is well known in fractional calculus. Numerous generalizations and applications of this notion can be found in [R1], [SKM]. We recall some basic facts from the book [R1] containing a detailed account and further development of Marchaud’s method. For a large class of functions φ on a half-line, the Weyl fractional integral

(3.4) Φ(t) = (I^α_−φ)(t) = 1 Γ(α) ∞∫ t φ(r)(r − t)^{α−1}dr, Re α > 0, can be inverted as φ = D^α_− Φ where

(3.5) (D^α_− Φ)(r) = 1 κ_ℓ(α) ∞∫ 0 [^ℓ∑ j=0 ( ℓ j ) (−1)^j Φ(r + jt) ] dt t^{1+α} ,

κ_ℓ(α) = ∞∫ 0 (1 − e^{−t})^ℓ t^{1+α} dt, ℓ > Re α, ℓ ∈ N. The expression (3.5) containing a finite difference of Φ of order ℓ, is called the Marchaud fractional derivative of Φ. The integer ℓ > Re α can be arbitrary due to normalization. If Φ has ℓ+1 continuous derivatives in a neighborhood of r then D^α_− Φ exists as an improper integral. Otherwise it represents a hypersingular integral which is understood in a certain special sense (see Theorem 10.21 in [R1]). For r = 0, (3.5) yields

(3.6) (D^α_− Φ)(0) = 1 κ_ℓ(α) ∞∫ 0 [^ℓ∑ j=0 ( ℓ j ) (−1)^jΦ(jt) ] dt t^{1+α} . This expression represents analytic continuation (a.c.) of the integral I(β) =^1_{Γ(β)} ∫_∞ 0 Φ(r)r^{β−1}dr in the strip L = {β : −ℓ < Re β < 0} at the point −α ∈ L. If Φ^{(2m+1)}(0) = 0, m = 0, 1, . . . , then ℓ can be reduced so that (3.6) holds for all ℓ > 2[Re α/2], [a] being the integral part of a (see Corollary 10.15 in [R1]).

We note that in applications of fractional calculus, a difference regularization is sometimes more effective then the classical one [GS] (3.7) a.c. ∞∫ 0 Φ(r)r^{β−1}dr = ∞∫ 0 [ Φ(r) − ℓ−1∑ j=0 r^j j! Φ^{(j)}(0) ] r^{β−1}dr, −ℓ < Re β < −ℓ + 1.

10 BORIS RUBIN

We shall use both regularizations of I(β). By (2.11) and (3.2), F_u( √ t) = π^{(i−1)/2}(I^{(i−1)/2}_− ψ_u( √ ·))(t). Hence

ψ_u(0) = π^{(1−i)/2} κ_ℓ((i − 1)/2) ∞∫ 0 [^ℓ∑ j=0 ( ℓ j ) (−1)^j F_u( √ jt) ] dt t^{(i+1)/2}

= a.c. π^{(1−i)/2} Γ(α) ∞∫ 0 t^{α−1}F_u( √ t)dt | | |_{α=(1−i)/2}

= a.c. 2π^{(1−i)/2} Γ(β/2) ∞∫ 0 τ^{β−1}F_u(τ)dτ | | |_{β=1−i}. Since odd derivatives of F_u(t) are zeros at t = 0, and ψ_u(0) = 2ρ_K (u), according to (3.7) we get

(3.8) ρ_K (u) = c_i ∞∫ 0 [ F_u(τ) − (i−2)/2∑

m=0 τ^{2m} (2m)!

F^{(2m)}_u (0) ]dτ τ^i ,

c_i = π^{(1−i)/2} Γ((1 − i)/2) = (−1)^{i/2}(i − 1)!! (2π)^{i/2} . This implies the following Theorem 3.1. Let ρ_K ∈ C^∞(S^{n−1}), 2 ≤ i ≤ n − 1. For ξ ∈ G_{n,i}, ω ∈ S^{n−1} ∩ ξ^⊥, and t ≥ 0, we set (3.9) M_ξ(ω, t) = vol_i(K ∩ {ξ + ωt}), and denote by M^{(j)}_ξ (ω, 0), j = 1, 2, . . . , directional derivatives of M_ξ(ω, ·) in the direction ω at t = 0. Then ρ_K = R^∗_i h, where h ≡ h(ξ, ω) ∈ C^∞(G_{n,i}). The function h has the form

(3.10) h(ξ, ω) =

(−1)^{(i−1)/2} π^{i/2−1}2^iΓ(i/2)

M^{(i−1)}_ξ (ω, 0)

if i is odd, and (3.11) h(ξ, ω) = (−1)^{i/2}(i − 1)!! (2π)^{i/2} ∞∫ 0 [ M_ξ(ω, τ) − (i−2)/2∑

m=0 τ^{2m} (2m)!

M^{(2m)}_ξ (ω, 0) ]dτ τ^i if i is even.

For i = n − 1, Theorem 3.1 was proven in [GKS] and [BFM]. Our proof is essentially simpler and based on different ideas. We recall that the argument in [GKS] relies heavily on the Fourier analysis of

THE GENERALIZED BUSEMANN-PETTY PROBLEM 11

homogeneous distributions in R^n . Derivation of (3.11) in [BFM] (for i = n − 1) is more complicated than ours. It is worth noting that for i < n − 1, one deals with the family of functions h parameterized by the vector ω belonging to the (n − i − 1)-dimensional unit sphere. In the case i = n − 1 there exist only one such function.

Now we can return to the generalized Busemann-Petty problem. We denote by A(GBP ) the set of all pairs (i, n), 2 ≤ i ≤ n−1, so that (1.1) ⇒ (1.2) for all K, L ∈ K_c, and let κ_K (x) be the Gaussian curvature of the boundary bd(K) at the point x ∈ bd(K) [Sch]. Consider the following class of “test bodies”:

K^∞_{c+} = {K : K ∈ K_c; ρ_K ∈ C^∞(S^{n−1}); κ_K (x) > 0 ∀x ∈ bd(K)}.

Lemma 3.2. If K^∞_{c+} ⊂ I_{n,i} (see (2.6)) then (i, n) ∈ A(GBP ).

Proof. Following Gardner’s scheme ([G1], Theorem 3.1), we suppose that for some K, L ∈ K_c satisfying (1.1), vol_n(K) > vol_n(L). There exists an approximating body K^′ ∈ K^∞_{c+} so that K^′ ⊂ K and vol_n(K^′) > vol_n(L) (see, e.g., [G2], p. 297, and [G1], p. 438). By Lemma 2.1, K^′ /∈ I_{n,i}, and we arrive at contradiction. □

Proof of Theorem A. Let K ∈ K^∞_{c+} be a “test body”. By Lemma 3.2 it suffices to show that

(3.12) ρ^{n−i}_K (u) ∈ R^∗_i (L^1_+(G_{n,i})).

By Theorem 3.1,

(3.13) h(ξ, ω) = 1 2π ∞∫ 0 M_ξ (ω, 0) − M_ξ(ω, τ) τ^2 dτ if i = 2, and

(3.14) h(ξ, ω) = − 1 4π M^{′′}_ξ (ω, 0) if i = 3. Fix ω ∈ S^{n−1} ∩ ξ^⊥ and consider the (i + 1)-dimensional plane π_{i+1} spanned by ξ and ω. The (i+1)-dimensional body K∩ξ_i belongs to the class K^∞_{c+} (on π_{i+1}), and by the Brunn-Minkowski theory [Sch] the function h in (3.13) and (3.14) is positive. Moreover, it is continuous in ξ ∈ G_{n,i}. Let h̃(ξ) be the average of h over all ω ∈ S^{n−1} ∩ ξ^⊥. By Theorem 3.1, ρ_K (u) = (R^∗_i h̃)(u), and owing to Lemma 2.2, ρ_K (u) is represented by the Minkowski-Funk transform of a function ψ which is defined by (2.7) with φ replaced by h̃. Since h̃ ∈ C_+(G_{n,i}), then ψ ∈ C_+(S^{n−1}). Next we use Lemma 2.4, which implies (3.12). This completes the proof.

12 BORIS RUBIN

References

[BFM] Barthe, F., Fradelizi, M., and Maurey, B., A short solution to the Busemann-Petty problem, Positivity, 3 (1999), 95–100.

[BZ] Bourgain, J., and Zhang, Gaoyong, On a generalization of the Busemann-Petty problem, Convex geometric analysis (Berkeley, CA, 1996), 65–76, Math. Sci. Res. Inst. Publ., 34, Cambridge Univ. Press, Cambridge, 1999.

[BP] Busemann, H., and Petty, C.M., Problems on convex bodies, Math.

Scand., 4 (1956), 88–94.

[G1] Gardner, R.J., Intersection bodies and the Busemann-Petty problem, Trans. Amer. Math. Soc., 342 (1994), 435–445.

[G2] , Geometric tomography, Cambridge University Press, New York, 1995.

[GKS] Gardner, R. J., Koldobsky, A., Schlumprecht, T., An analytic solution to the Busemann-Petty problem on sections of convex bodies, Ann. of Math. (2), 149 (1999), 691–703.

[GS] Gelfand, I. M., and Shilov, G. E., Generalized functions, vol. 1, Properties and Operations, Academic Press, New York, 1964.

[GŠ] Gel’fand, I.M., and Šapiro, Z.Ja., Homogeneous functions and their applications, Uspekhi Mat. Nauk, 10, (1955), no. 3, 3–70 (in Russian).

[GR] Grinberg, E.L., and Rubin, B.,Radon inversion on Grassmannians via Gårding-Gindikin fractional integrals, Preprint, 2001.

[GZ] Grinberg, E.L., and Zhang, Gaoyong, Convolutions, transforms, and convex bodies, Proc. London Math. Soc. (3), 78 (1999), 77–115.

[H] Hadwiger, H., Radialpotenzintegrale zentralsymmetrischer Rotationskörper und Ungleichheitsaussagen Busemannscher Art, (German) Math. Scand., 23 (1968), 193–200.

[He] Helgason, S., The Radon transform, Birkhäuser, Boston, Second edition, (1999).

[Herz] Herz, C., Bessel functions of matrix argument, Ann. of Math., 61 (1955), 474-523.

[L] Lutwak, E. Intersection bodies and dual mixed volumes, Adv. in Math., 71 (1988), 232–261.

[M] Marchaud, A., Sur les derivées et sur les différences des fonctions de variables reeles, Journ. Mathem. Pures et Appl., 6 (1927), 337–425.

[Mu] Muirhead, R.J., Aspects of multivariate statistical theory, John Wiley & Sons. Inc., New York, (1982).

[P] Papadimitrakis, M., On the Busemann-Petty problem about convex centrally symmetric bodies in R^n , Mathematika, 39 (1992), 258-266.

[R1] Rubin, B., Fractional integrals and potentials, Pitman Monographs and Surveys in Pure and Applied Mathematics, 82, Longman, Harlow, (1996).

[R2] , Inversion formulas for the spherical Radon transform and the generalized cosine transform, Advances in Appl. Math. (to appear).

[SKM] Samko, S.G., Kilbas, A.A., and Marichev, O.I., Fractional integrals and derivatives. Theory and applications, Gordon and Breach Sc. Publ., New York, 1993.

THE GENERALIZED BUSEMANN-PETTY PROBLEM 13

[Sch] Schneider, R., Convex bodies: The Brunn-Minkowski theory Cambridge Univ. Press, 1993.

[Se1] Semyanistyi, V.I., Homogeneous functions and some problems of integral geomery in spaces of constant cuvature, Sov. Math. Dokl., 2 (1961), 59- 61. [Se2] , Some integral transformations and integral geometry in an elliptic space, Trudy Sem. Vektor. Tenzor. Anal., 12 (1963), 397–441 (in Russian).

[Z1] Zhang, Gaoyong, Sections of convex bodies, Amer. J. Math., 118 (1996), 319–340.

[Z2] , A positive solution to the Busemann-Petty problem in R^4 , Ann.

of Math. (2), 149 (1999), 535–543.

Institute of Mathematics, Hebrew University, Jerusalem 91904, IS- RAEL

E-mail address: boris@math.huji.ac.il