PARABOLIC WAVELET TRANSFORMS AND LEBESGUE SPACES OF PARABOLIC POTENTIALS

Ilham A. Aliev and Boris Rubin Preprint No. 3 1999/2000

1. Introduction and main results

Continuous wavelet transforms f(x) → W f(x, a) = 1 a^n ∫ R^n f(y)w ( |x − y| a ) dy, (1.1)

x ∈ R^n , a > 0, ∫ R^n w(|y|)dy = 0,

play an important role in harmonic analysis, function theory and have many applications (see, e.g., [6–8, 12, 14, 15, 21, 22] and references therein). Owing to the formula_∞ ∫ 0 W f(x, a) da a^{1+α} = c(−Δ)^{α/2}f(x), c = c(α, w), (1.2)

Δ = ∂^2/∂x^2_1 + . . . + ∂^2/∂x^2_n, which can be given a precise sense in the framework of the L^p-theory [21], the wavelet transforms (1.1) can be used for characterization of spaces of functions of fractional smoothness and in a variety of problems dealing with powers of the laplacian (e.g., in integral geometry and in fractional calculus [12, 21, 23]. Our general aim is to find natural anisotropic analogs of (1.1), to develop the relevant L^p-theory and to give applications.

In this paper we introduce continuous wavelet transforms associated with the heat operators −Δ_x + ∂/∂t, I − Δ_x + ∂/∂t, x ∈ R^n , t ∈ R^1 . By making use of

∗Partially supported by the Edmund Landau Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation (Germany).

Typeset by AMS-TEX 1

these transforms we obtain new explicit inversion formulas for parabolic potentials H^αf and H^αf defined in the Fourier terms by

F [H^αf](ξ, τ) = (|ξ|^2 + iτ)^{−α/2}F [f](ξ, τ), (1.3)

F [H^αf](ξ, τ) = (1 + |ξ|^2 + iτ)^{−α/2}F [f](ξ, τ). (1.4)

These potentials were introduced by B.F. Jones, Jr. [13] and C.H. Sampson [26] and studied in [3–5, 9, 10, 16–19]. We also obtain a parabolic analog of the Calderón reproducing formula and give a new characterization of the relevant anisotropic Sobolev spaces.

One should mention the papers [1, 2] by I.A. Aliev devoted to inversion and characterization of parabolic potentials generated by a generalized translation operator in terms of hypersingular integrals with finite differences. The techniques developed below can be applied to this class of potentials. The corresponding results will be presented in forthcoming publications. Main results.

Let R^{n+1} be the (n + 1)-dimensional euclidean space of points (x, t), x = (x_1, . . . , x_n) ∈ R^n , t ∈ R^1 . Given a finite Borel measure m ≡ m(x, t) on R^{n+1} , we define an anisotropic dilation m^√_{a,a} of m by ∫ R^{n+1} ω(x, t)dm^√_{a,a}(x, t) = ∫ R^{n+1} ω( √ ax, at)dm(x, t), (1.5)

a > 0, ω ∈ C_0 = C_0(R^{n+1} ) (the space of continuous functions on R^{n+1} vanishing at infinity). If m(R^{n+1} ) = 0, the convolution A_mf(x, t; a) = (f ∗ m^√_{a,a})(x, t) = = ∫ R^{n+1} f(x − √ ay, t − aτ)dm(y, τ) (1.6)

will be called an anisotropic wavelet transform of f generated by the wavelet measure m. The choice of m is at our disposal. We choose it as follows. Let

W (x, t) = (4πt)^{−n/2} exp(−|x|^2/4t), x ∈ R^n , t > 0, (1.7) be the Gauss-Weierstrass kernel possessing the following properties [27]: 1) ∫ R^n W (x, t)dx = 1; 2) ∫ R^n W (y, t)W (x − y, τ)dy = W (x, t + τ);

3) F [W (·, t)](ξ) = ∫ R^n e^{−ix·ξ}W (x, t)dx = e^{−t|ξ|2} . (1.8)

Suppose that μ is a finite Borel measure on R^1 such that μ(R^1 ) = 0 and suppμ ⊂ [0, ∞). Denote μ^′ = μ − μ({0})δ, where δ = δ(t) is the unit mass at t = 0. We set m = μ({0})δ(x, t) + m^′, dm^′(x, t) = W (x, t)dxdμ^′(t), (1.9) W (x, t) being extended to t ≤ 0 by zero. Clearly, m is finite and m(R^{n+1} ) = 0. Definition 1.1. The anisotropic wavelet transform (1.6) with m defined by (1.9) will be called a parabolic wavelet transform and denoted by P_μf(x, t; a). Thus, P_μf(x, t; a) = μ({0})f(x, t) + ∫ R^n×(0,∞) f(x − √ ay, t − aτ)W (y, τ)dydμ(τ) (1.10)

or P_μf(x, t; a) = ∫ R^n×[0,∞) f(x − √ aτz, t − aτ)W (z, 1)dzdμ(τ). (1.11)

Given two measures μ and ν on R^1 supported by [0, ∞) we have P_{μ∗ν} f(x, t; a) = P_μ[P_ν f(·, · ; a)](x, t; a). (1.12) Definition 1.2. A finite Borel measure μ on R^1 supported by [0, ∞) is called admissible if k(t) def= μ([0, t)) t ∈ L^1(0, ∞). (1.13) The following statement gives a “parabolic” analog of the Calderón reproducing formula for functions f ∈ L^p = L^p(R^{n+1} ) (cf. [8, 22]). Theorem A. Let μ be an admissible measure, and let

k_0 = ∞∫ 0 k(t)dt (see (1.13)). (1.14)

(i) If f ∈ L^p, 1 < p < ∞, then ∞∫ 0 P_μf(x, t; a) da a ≡ lim_{ε→0} ρ→∞ ρ∫ ε (· · · ) = k_0f(x, t) (1.15) where lim =^{(L} p) lim.

(ii) If f ∈ C_0, then (1.15) holds with the limit interpreted in the sup_{(x,t)∈Rn+1}-norm. (iii) If f ∈ L^p, 1 < p < ∞, and k(t) has a decreasing integrable majorant, then (1.15) holds a.e. on R^{n+1} .

As in [22, p. 180] and [21, Section 12], a measure μ is admissible if suppμ ⊂ [0, ∞), μ(R^1 ) = 0 and one of the following conditions holds: (a) ∞∫ 0 | log t|d|μ|(t) < ∞ (1.16) or (b) dμ(t) = g(t)dt, g ∈ H^1 (the real Hardy space on R^1 ). (1.17) Furthermore,

k_0 = ∫_∞ 0 log(1/t)dμ(t) in the case (a), π 2 ∫_∞ −∞ Hg(t)sgn t dt in the case (b),

(1.18)

Hg(t) = p.v. π^{−1} ∫_∞ 0 g(τ)(t − τ)^{−1}dτ(∈ L^1(0, ∞)) being the Hilbert transform of g.

Here and on the notation like ∫_b a f(t)dμ(t) designates ∫ [a,b) f(t)dμ(t). Remark. We do not know whether the statement (iii) of Theorem A holds for p = 1 because we cannot assert the validity of the weak estimate for the relevant mixed partial maximal functions (see the proof of Theorem A in Section 2).

The potentials H^αf and H^αf initially defined by (1.3) and (1.4) are representable by the integrals H^αf(x, t) = 1 Γ(α/2) ∫ R^n×(0,∞) τ^{α/2−1}W (y, τ)f(x − y, t − τ)dydτ = (1.19) = (h_α ∗ f)(x, t), h_α(x, t) = 1 Γ(α/2) t^{α/2−1} + W (x, t); H^αf(x, t) = 1 Γ(α/2) ∫ R^n×(0,∞) τ^{α/2−1}e^{−τ} W (y, τ)f(x − y, t − τ)dydτ, (1.20) = (h̃_α ∗ f)(x, t), h̃_α(x, t) = e^{−t}h_α(x, t). The integrals (1.19), (1.20) have the structure of one-sided potentials (cf. [20], where similar potentials involving the Poisson kernel (instead of Gauss-Weierstrass’ one) were investigated).

Theorem 1.3 [3, 9].

I. Let f ∈ L^p, 1 ≤ p < ∞, 0 < α < (n + 2)/p, q = (n + 2 − αp)^{−1}(n + 2)p.

(a) The integral (H^αf)(x, t) converges absolutely for almost all (x, t) ∈ R^{n+1} . (b) For p > 1, the operator H^α is bounded from L^p into L^q. (c) For p = 1, H^α is an operator of the weak (1, q) type: |{(x, t) : |H^αf)(x, t)| > γ}| ≤ ( c‖f‖_1 γ )_q .

II. The operator H^α is bounded in L^p for all α ≥ 0, 1 ≤ p ≤ ∞. Remark 1.4. If α ≥ (n + 2)/p, the integral (1.19) may be divergent for f ∈ L^p. In this case we interpret H^αf as a Φ^′_0-distribution defined by duality ⟨H^αf, ω⟩ = ⟨f, H^α_−ω⟩, H^α_−ω = UH^αUω, Uω(x, t) = ω(−x, −t) (since F [H^α_−ω](ξ, τ) = (|ξ|^2− iτ)^{−α/2}F [ω](ξ, τ), H^α_− is an automorphism of Φ_0 for any α). Here the test function ω belongs to the space Φ_0 = Φ_0(R^{n+1} ) of Schwartz functions orthogonal to all polynomials [21, p. 19], and the abbreviation like ⟨f, g⟩ is used for ∫ fḡ. A straightforward calculation enables us to represent (1.19), (1.20) via the relevant wavelet transforms. Namely, for Re α > 0,

H^αf(x, t) = c^{−1}_{α,μ} ∞∫ 0 P_μf(x, t; a) da a^{1−α/2} , (1.21)

c_{α,μ} = Γ(α/2) ∞∫ 0 τ^{−α/2}dμ(τ) ,

provided that ∫_∞ 0 τ^{−Re α/2}d|μ|(τ) < ∞ and c_{α,μ} ≠ 0. Similarly,

H^αf(x, t) = c^{−1}_{α,μ} ∞∫ 0 P_μf(x, t; a) da a^{1−α/2} (1.22)

where P_μf(x, t; a) = μ({0})f(x, t) + ∫ R^n×(0,∞) f(x − √ ay, t − aτ)W (y, τ)e^{−aτ} dydμ(τ) =

= ∫ R^n×[0,∞) f(x − √ aτz, t − aτ)W (z, 1)e^{−aτ} dzdμ(τ) (1.23)

will be called a weighted parabolic wavelet transform.

In fact, the equalities (1.21), (1.22) were the first and gave rise to definitions of the wavelet transforms (1.10), (1.23). Numerous examples of continuous wavelet transforms generated by different analytic families of fractional integrals can be found in [23]. An idea to introduce weighted wavelet transforms associated with inhomogeneous differential operators (or fractional integrals) seems to be new (but it was clear to the second author a few years ago; as an exercise, we suggest that the reader defines weighted wavelet transforms corresponding to the Bessel potentials J^αf = (I − Δ)^{α/2}f and proves the relevant reproducing formula).

The formula (1.12) remains true if P is substituted for P, and an analog of Theorem A also holds for the weighted transform (1.23). In view of (1.3) and (1.4), explicit inverses of H^α and H^α can be obtained from (1.21), (1.22) if one replaces formally α by −α. More precisely we have Theorem B. Let μ be a finite Borel measure on [0, ∞) satisfying the following conditions:_∞ ∫ 0 t^j dμ(t) = 0 ∀j = 0, 1, . . . [α/2] (the integer part of α/2); (1.24) ∞∫ 0 t^β d|μ|(t) < ∞ for some β > α/2. (1.25)

Suppose that φ = H^αf, f ∈ L^p, 1 ≤ p < ∞, 0 < α < (n + 2)/p. Then ∞∫ 0 P_μφ(x, t; a) da a^{1+α/2} ≡ lim_{ε→0} ∞∫ ε (. . . ) = d_{α,μ}f(x, t), (1.26)

d_{α,μ} = Γ(−α/2) ∫_∞ 0 t^{α/2}dμ(t) if α/2 /∈ N, (−1)^{1+α/2} (α/2)! ∫_∞ 0 t^{α/2} log t dμ(t) if α/2 ∈ N. (1.27)

The limit in (1.26) is interpreted in the L^p-norm for 1 ≤ p < ∞ and a.e. on R^{n+1} for 1 < p < ∞.

The same statement holds for all α > 0 and 1 ≤ p ≤ ∞ (L^∞ is identified with C_0) provided that H^α and P_μ are replaced by H^α and P_μ respectively.

Our next result concerns application of parabolic wavelet transforms to characterization of anisotropic spaces L^α_{p,r}(R^{n+1} ) of parabolic potentials which were introduced and studied in [19]. We recall that given α > 0, 1 < p < ∞, 1 < r < ∞, the space L^α_{p,r} = L^α_{p,r}(R^{n+1} ) is defined by L^α_{p,r} = {f: ‖f‖_Lα_{p,r} ≡ ‖f‖_r + ‖F^{−1}(|ξ|^2 + iτ)^{α/2}F f‖_p < ∞} (1.28) where the Fourier transform F is understood in the sense of Φ^′_0-distributions (see Remark 1.4).

Theorem C. Let α > 0, 1 < p < ∞, 1 < r < ∞. Then

L^α_{p,r} = {f ∈ L^r: sup_{ε>0} ‖ ∞∫ ε P_μf(x, t; a) a^{1+α/2} da‖_p < ∞} (1.29)

where P_μf is the parabolic wavelet transform (see Definition 1.1) generated by an arbitrary measure μ satisfying the conditions of Theorem B.

Example 1.5. Let

μ = ℓ∑ k=0 ( ℓ k ) (−1)^kδ_k, ℓ > α/2, (1.30)

δ_k = δ_k(t) being the unit mass at the point t = k. By (1.11),

P_μf(x, t; a) = ℓ∑ k=0 ( ℓ k ) (−1)^k ∫ R^n f(s − √ akz, t − ka)W (z, 1)dz =

= ∫ R^n Δ^ℓ_{y,a}f(x, t)W (y, a)dy

where Δ^ℓ_{y,a}f(x, t) =^ℓ ∑ k=0 (_ℓ k ) (−1)^kf(x− √ ky, t−ka) is an anisotropic finite difference of f. Furthermore, ∞∫ 0 P_μf(x, t; a) a^{1+α/2} da = ∫ R^n×(0,∞) Δ^ℓ_{y,a}f(x, t) a^{1+α/2} W (y, a)dyda.

Hypersingular integrals of this form were introduced in [16–19]. As in [21, Section 17.4] it is not difficult to show that the measure (1.30) satisfies (1.24), (1.25) and

d_{α,μ} = ∞∫ 0 (1 − e^{−t})^ℓ t^{1+α/2} dt ≠ 0.

In Sections 2, 3 and 4 we prove Theorems A, B, C respectively. Section 5 contains concluding remarks and an additional Theorem D characterizing the range H^α(L^p).

2. Proof of Theorem A Denote I_{ε,ρ}(μ, f) = ρ∫ ε P_μf(x, t; a) da a , 0 < ε < ρ < ∞. (2.1) We have I_{ε,ρ}(μ, f) = f ∗ K_ε − f ∗ K_ρ (2.2) where K_ε(x, t) = ε^{−1}W (x, t)k(t/ε), (2.3) k(t) being the function (1.13) (extended by 0 to t < 0). Indeed, by changing the order of integration and passing to new variables we get

I_{ε,ρ}(μ, f) = ∞∫ 0 dμ(τ) ρτ∫ ετ ( τ b )_{n/2} db b ∫ R^n f(x − z, t − b)W ( z √ τ √ b , τ ) dz =

= ∞∫ 0 db b ∫ R^n f(x − z, t − b)W (z, b)dz b/ε∫ b/ρ dμ(τ),

and (2.2) follows. If μ is admissible, i.e. k(t) ∈ L^1(0, ∞), then

(f ∗ K_ε)(x, t) − k_0f(x, t) = ∞∫ 0 k(τ)dτ ∫ R^n [f(x − z √ ετ, t − ετ) − f(x, t)]W (z, 1)dz,

and therefore f ∗ K_ε → k_0f in the L^p-norm (or in the sup-norm for f ∈ C_0). Furthermore, if k(t) ∈ L^1(0, ∞), then

lim_{ρ→∞} ‖f ∗ K_ρ‖_p = 0 ∀f ∈ L^p(R^{n+1} ), 1 < p ≤ ∞ (2.4)

(L^∞ is identified with C_0). Indeed,

‖f ∗ K_ρ‖_p = ‖ ‖ ∞∫ 0 k(τ)dτ ∫ R^n f(x − y, t − ρτ)W (y, ρτ)dy‖_L^p_x ‖_L^p_t ≤

≤ ‖ ∞∫ 0 |k(τ)| ‖ ∫ R^n f(x − y, t − ρτ)W (y, ρτ)dy‖_L^p_x dτ‖_L^p_t ≤

≤ ‖ ∞∫ 0 |k(τ)|f̃(t − ρτ)dτ‖_L^p_t , (2.5) where f̃(t) = ‖f(·, t)‖_p ∈ L^p(R^1 ). The expression (2.5) tends to 0 as ρ → ∞ (use, e.g., Theorem 1.15 from [21 p. 3]. This completes the proof of (i) and (ii).

The validity of (iii) follows in a standard way [27] from the maximal estimate ‖ sup_{ε>0} |f ∗ K_ε| ‖_p ≤ c‖f‖_p. The latter is a consequence of the L^p-boundedness of the “partial” Hardy-Littlewood maximal functions

f̃(x, t) = sup r>0 1 |B(x, r)| ∫ B(x,r) |f(y, t)|dy, f^∗(x, t) = sup_{s>0} 1 2s ∫ |t−τ|<s f̃(x, τ)dτ,

B(x, r) = {y ∈ R^n : |x − y| < r}, due to the following estimates:

|(f ∗ K_ρ)(x, t)| ≤ ∞∫ 0 |k(τ)| | ∫ R^n f(x − y, t − ρτ)W (y, ρτ)dy|dτ ≤

≤ ∞∫ 0 |k(τ)| sup s>0 ∫ R^n |f(x − y, t − ρτ)|W (y, s)dy dτ ≤

≤ c ∞∫ 0 |k(τ)|f̃(x, t − ρτ)dτ ≤ c_1f^∗(x, t),

c and c_1 being some constants independent of f. □

The proof of the analog of Theorem A for the weighted wavelet transforms (1.23) follows the same lines and is based on the equality ρ∫ ε P_μf(x, t; a) da a = f ∗ K̃_ε − f ∗ K̃_ρ, (2.6)

K̃_ε(x, t) = ε−1e−tW (x, t)k(t/ε) (similarly for K̃_ρ; cf. (2.3)). Slight additional technicalities related to the extra factor e^{−t} are left to the reader.

3. Proof of Theorem B Let h^{α/2}_a (x, t)=a^{α/2−1}W (x, t)(I^{α/2}_{0+} μ)(t/a), where

(I^{α/2}_{0+} μ)(t) = 1 Γ(α/2) t∫ 0 (t − τ)^{α/2−1}dμ(τ) is the Riemann-Liouville fractional integral of μ. We first show that P_μH^αf(x, t; a)=(f ∗ h^{α/2}_a )(x, t). (3.1) Indeed, by (1.11), (1.19), (P_μH^αf)(x, t) = ∞∫ 0 dμ(τ) ∫ R^n (H^αf)(x − √ aτz, t − aτ)W (z, 1)dz =

= 1 Γ(α/2) ∞∫ 0 dμ(τ) ∫ R^n W (z, 1)dz ∞∫ aτ (ζ − aτ)^{α/2−1}dζ ×

× ∫ R^n f(x − ξ, t − ζ)W (ξ − √ aτz, ζ − aτ)dξ =

= 1 Γ(α/2) ∫ R^{n+1} f(x − ξ, t − ζ)dξdζ ∞∫ 0 (ζ − aτ)^{α/2−1}_+ I(ξ, ζ, τ)dμ(τ),

I(ξ, ζ, τ) = ∫ R^n W (z, 1)W (ξ − √ aτz, ζ − aτ)dz = W (ξ, ζ) ∀τ ≥ 0, a > 0. This implies (3.1). Furthermore, by (3.1),

T^α_ε φ(x, t) def= ∞∫ ε (P_μφ)(x, t; a) a^{1+α/2} da = f ∗ ψ_ε, (3.2)

where (use 3.238(3) from [11]) ψ_ε(x, t) = W (x, t) Γ(α/2) ∞∫ ε da a^{1+α/2} ∞∫ 0 (t − aτ)^{α/2−1}_+ dμ(τ) = ε^{−1}W (x, t)λ_α(t/ε), λ_α(t) = t^{−1}(I^{α/2+1}_{0+} μ)(t); cf. (2.3). By Lemma 1.3 from [24], the conditions (1.24), (1.25) imply that λ_α(s) has a decreasing integrable majorant and ∫_∞ 0 λ_α(s)ds = d_{α,μ} (see (1.27)). Hence (1.26) follows by the same argument as in the proof of Theorem A.

In the inhomogeneous case φ = H^αf the proof is similar and relies on the equality ∞∫ ε P_μφ(x, t; a) a^{1+α/2} da = f ∗ ψ̃_ε, ψ̃_ε(x, t) = ε^{−1}e^{−t}W (x, t)λ_α(t/ε). (cf. (2.6)). □ Remark 3.1. By keeping track of the proof of (3.2), one can readily see that the equality T^α_ε H^αf = f ∗ ψ_ε, ψ_ε(x, t) = ε^{−1}W (x, t)λ_α(t/ε), (3.3) holds for all α > 0 provided, e.g., f ∈ Φ_0. This remark will be used in the next section.

4. Proof of Theorem C By Theorem 2.1 from [19], L^α_{p,r} = L^r ∩ H^α(L^p). In other words, L^α_{p,r} consists of functions f ∈ L^r such that f = H^αg for some g ∈ L^p in the Φ^′_0-sense. Thus, it suffices to prove the equivalence

sup_{ε>0} ‖ ∞∫ ε P_μf(x, t; a) a^{1+α/2} da‖_p < ∞ ⇔ f^{(Φ′0)}= H^αg (4.1)

for some g ∈ L^p. Assuming the right equality, we first show that

T^α_ε f(x, t) = ∞∫ ε P_μf(x, t; a) a^{1+α/2} da = (ψ_ε ∗ g)(x, t) (4.2)

(cf. (3.2), (3.3)). Let u and v ∈ Φ_0 be such that u = H^α_−v (see Remark 1.4). Then ⟨T^α_ε f, u⟩ = ⟨f, UT^α_ε Uu⟩ = ⟨f, UT^α_ε H^αUv ⟩^{(3.3)}= ⟨f, U[ψ_ε ∗ Uv] ⟩. Since ψ_ε ∈ L^1 there is a sequence {ψ_{ε,ℓ}} ⊂ C^∞_c which converges to ψ_ε as ℓ → ∞ in the L^1-norm. Moreover, ψ_{ε,ℓ} ∗ Uv ∈ Φ_0 ∀ℓ, and |⟨f, U[ψ_ε ∗ Uv]⟩ − ⟨f, U[ψ_{ε,ℓ} ∗ Uv] ⟩| ≤ ‖f‖_r‖v‖_r′ ‖ψ_ε − ψ_{ε,ℓ}‖_1 → 0 (1/r + 1/r^′ = 1), as ℓ → ∞. Hence ⟨T^α_ε f, u⟩ = lim_{ℓ→∞} ⟨f, U[ψ_{ε,ℓ} ∗ Uv] ⟩ =

= lim_{ℓ→∞}⟨g, H^α_−U[ψ_{ε,ℓ} ∗ Uv] ⟩ = lim_{ℓ→∞} ⟨g, UH^α[ψ_{ε,ℓ} ∗ Uv] ⟩ =

= lim_{ℓ→∞}⟨g, U[ψ_{ε,ℓ} ∗ H^αUv] ⟩ = lim_{ℓ→∞} ⟨g, U[ψ_{ε,ℓ} ∗ Uu] ⟩ =

= ⟨g, U[ψ_ε ∗ Uu] ⟩ = ⟨g ∗ ψ_ε, u⟩. We have proved that the functions T^α_ε f ∈ L^r and g ∗ ψ_ε ∈ L^p coincide as the Φ^′_0-distributions. By Corollary 1.1 from [19] they coincide pointwise a.e. on R^{n+1} , and (4.2) follows. The latter implies the left inequality in (4.1).

Conversely, if sup_{ε>0} ‖T^α_ε f‖_p < ∞, then the set of functionals φ → ⟨T^α_ε f, φ⟩, φ ∈ L^{p′} , 1/p + 1/p^′ = 1, is bounded in (L^{p′} )^∗. Since the bounded set in the space which is dual to the reflexive Banach space is compact in the weak^∗ topology, then there exist a function g ∈ L^p and a sequence ε_k → 0 such that ⟨T^α_{εk} f, φ⟩ → ⟨g, φ⟩ as ε_k → 0 ∀φ ∈ L^{p′} . For this g and any test function ω ∈ Φ_0 we have ⟨H^αg, ω⟩ = ⟨g, H^α_−ω⟩ = lim_{εk→0} ⟨T^α_{εk} f, H^α_−ω⟩ =

= lim_{εk →0}⟨f, UT^α_{εk} UH^α_−ω ⟩ = lim_{εk→0} ⟨f, UT^α_{εk} H^αUω ⟩^{(3.3)}=

= lim_{εk →0}⟨f, U[ψ_{εk} ∗ Uω] ⟩ = lim_{εk→0} ⟨ f ∗ ψ_{εk} , ω⟩ = ⟨f, ω⟩, i.e. f = H^αg in the Φ^′_0-sense. This completes the proof. □

5. Concluding remarks

An implementation of wavelet-type integrals ∫_∞ 0 P_μf(x, t; a)da/a^{1+α/2} (and their inhomogeneous modifications including P_μf) enables one to look with a “bird’s-eye view” at the method of hypersingular integrals [16–19, 21, 25] and extract the essence of the latter.

This essence is represented by the orthogonality relations (1.24). Without going into technicalities, we note that the equality (3.1) can be extended to α ≥ (n+2)/p, thus demonstrating a regularizing effect of the wavelet transform P_μφ, when φ = H^αf is a Φ^′_0-distribution. By Lemma 4.12 from [21] the conditions (1.24), (1.25) imply h^{α/2}_a ∈ L^1, and the right-hand side of (3.1) is a usual function belonging to L^p for all 1 ≤ p ≤ ∞.

By using the argument, which is similar to that in the proof of Theorems B and C, one can obtain the following characterization of potentials H^αf, f ∈ L^p.

Theorem D. Let α > 0, f ∈ L^p, φ ∈ L^r; 1 ≤ p, r < ∞. Suppose that μ satisfies the conditions of Theorem B. If φ = H^αf pointwise a.e. for α < (n + 2)/p or φ = H^αf in the Φ^′_0-sense, then (1.26) holds with the limit interpreted in the L^p-norm. If p > 1 this limit can be understood also in the a.e. sense. Conversely, if d_{α,μ} ≠ 0 (see (1.27)) and

(L^p)

lim_{ε→0} 1 d_{α,μ} ∞∫ ε P_μφ(x, t; a) da a^{1+α/2} = f, then φ = H^αf in the Φ^′_0-sense (or pointwise a.e. for α < (n + 2)/p).

A similar statement (which does not involve distributions) also holds for inhomogeneous potentials H^αf.

Acknowledgements. This work was started when the second coauthor visited the Department of Mathematics of the Akdeniz University in Antalya (Turkey) in June, 1999. He is grateful to Ilham A. Aliev and his colleagues for the hospitality.

References

[1] I.A. Aliev, On parabolic potentials generated by a generalized shift operator, Proc. of the 3-rd Turkish-Azerbaijan Math. Symp. Trabzon/Turkey, 1993, 14–16.

[2] , The properties and inversion of B-parabolic potentials, in: Special Problems of Math. and Mech., Baku, “Bilik”, 1992, 56–75 (in Russian).

[3] R. Bagby, Lebesgue spaces of parabolic potentials, Illinois J. Math. 15 (1971), 610-634. [4] , Parabolic potentials with support on a half-space, Illinois J. Math. 18 (1984), 213-222.

[5] S. Chanillo, Hypersingular integrals and parabolic potentials, Trans. Amer. Math. Soc.

267 (1981), 531-547.

[6] Ch.K. Chui, An introduction to wavelets, Academic Press, New York, 1992. [7] I. Daubechies, Ten lectures on wavelets, CBMS-NSF Series in Appl. Math., SIAM Publ., Philadelphia, 1992.

[8] M. Frazier, B. Jawerth, and G. Weiss, G., Littlewood-Paley theory and the study of function spaces, CBMS Reg. Conf. Ser. in Math. no. 79, Amer. Math. Soc., Providence, R.I., 1991.

[9] V.R. Gopala Rao, A characterization of parabolic function spaces, Amer. J. Math. 99 (1977), 985-993.

[10] , Parabolic function spaces with mixed norm, Trans. Amer. Math. Soc. 246 (1978), 451-461.

[11] I.S. Gradshteyn and I.M. Ryzhik, Table of integrals, series, and products, Academic Press, New York, 1980.

[12] M. Holschneider, Wavelets: an analysis tool, Clarendon Press, Oxford, 1995. [13] B.F. Jones, Lipschitz spaces and heat equation, J. Math. Mech. 18 (1968), 379-410. [14] J.-P. Kahane and P.-G. Lemarié-Rieusset, Fourier series and wavelets, Gordon and Breach Publishers, 1995.

[15] Y. Meyer, Wavelets and operators, Cambridge Studies in Adv. Math. 37, Cambridge Univ. Press, 1992.

[16] V.A. Nogin and B. S. Rubin, Application of a method of hypersingular integrals to investigation of parabolic potential spaces, Rostov-on-Don, 1985, VINITI, No 1457-85, pp. 1-53 (in Russian).

[17] , Inversion and description of parabolic potentials with L_p -densities, Dokl. AN SSSR 284 (1985), No 3, 535-538.

[18] , Inversion of parabolic potentials with L_p -densities, Matem. zametki 39 (1986), No 6, 831-840.

[19] , The spaces L^α_{p,r}(R^{n+1}) of parabolic potentials, Anal. Math. 13 (1987), No 4, 321-338 (in Russian).

[20] B. Rubin, One-sided potentials, the spaces L^α_{p,r} and the inversion of Riesz and Bessel potentials in the half-space, Math. Nachr. 136 (1988), 177–208.

[21] , Fractional Integrals and Potentials, Addison Wesley Longman, Essex, U.K., 1996.

[22] , The Calderón reproducing formula, windowed X-ray transforms and Radon transforms in L^p-spaces, The Journal of Fourier Anal. and Appl. 4 (1998), 175–197.

[23] , Fractional calculus and wavelet transforms in integral geometry, Fractional Calculus and Applied Analysis 1 (1998), No. 2, 193–219.

[24] , Fractional integrals and wavelet transforms related to the Blaschke-Levy representation and the spherical Radon transform, Israel Journal of Mathematics (in press).

[25] S.G. Samko, Hypersingular integrals and their applications, Rostov Univ. Publ., Rostovon-Don, 1984 (in Russian).

[26] C.H. Sampson, A characterization of parabolic Lebesgue spaces, Dissertation (Rice Univ.

1968).

[27] E.M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Univ. Press, Princeton, NJ, 1971.