Problem 0.1. a) Let R C E be a set of vectors satisfying the conditions
(R1),(R2) and (R3) and a,ca € R,c € R. Show that the only possible
values of ¢ are +1/2,+1, £2.

b) Let R C E be a root system and {c,},i € I be the set of simple
roots corresponding to a polarization R = RT U R~. We define

R :={veFE’|<v,>€Z}VBER
Show that
BV e RY forall 3 € R
RY is a root system
{a)},i € I is a set of simple roots for RY.

¢) Show that map W — +£1,w — —1'") s a group homomorphism.

d) Letv =" kia;, ki € Z>( be a non-negative combination of simple
roots which is not a multiple of a root. Show the existence of w € W
such that w(v) = ). kjoy where some of {k.} are positive and some are
negative.

A hint. Let L = {x € E|(v,z) = 0}. Since v is not a multiple of a
root we can find a reqular point v' € L. Then the element w € W be
such that w(v) € Cy is the solution of d).

We say that g € Aut(E) is a reflection if g* = e and dim(E9) =
dim(E) — 1 where EY9 := {x € E|g(z) = z}.
e) Show that any reflection w € W has a form w = sg, 5 € R.
f) Let E =TS8 e, ..., es the standard basis of E
N:=Ze+ - +e)+=ZANCE

and A C A consists of elements
8

ZC@@Z' +C(€1 + - +68)
i=1
such that 3% | ¢; is even. Let R := {v € A|(v,v) = 2}.
Show that A C A" is a subgroup.

8

R={%e; £ e;},i#jU{1/2) ee}

i=1
where ¢; = +1 and [[o_, & = 1.



R is a root system and the set
{1/2[61 — (62 + - +€7) +€8],€1 +62,6j+1 — ej},l S] < 6
1s the set of simple roots of the type Eg.

f) Construct root systems of the types Eg, Er.

Let R C E be a root system, A = {a;},i € I is a set of simple
roots and o € Autl such that (a;,05) = (0@, Qo(j)), Vi, € I and
' C of Aut(A) be the group generated by o. We also denote by o €
Aut(E) the linear map such that o((ci;) = ), i € I. Let I =1/{o}*
be the set of orbits of the action of o on I. We assume that for any
i € I,k € Z such that o*(i) # i the roots ay, k(3

g) Show that set

{6} =) a;eEiel

Z'GQ;

18 a set of simple roots fOf a root system R in E°. Moreover the vertices
of the Dynkin diagram I of R are I'-orbits in I and (&;,6&;) = | € Q.

h) Construct the root system Fy from the root system Eg and the root
system G from the root system Dy

Remark. Let (£, R) be the root system of the type Fg and A C E
be the lattice [ the span of a basis| generated by simple roots. Then

QA A) € 2Z,VX € A where A C E and det(A) = 1 where Q(v, ') :=
(v, ')

One can show that such pairs (Q,A),Q : E x E — R,/ A C E exists
only if dim(E) = 0(mod8). In the case when dim(E) = 8 any such
pair is isomorphic to the one coming from Fjg, in in the case when
dim(FE) = 16 any such pair is isomorphic either to the one coming from
Es @ Eg or to the one coming from Dsg, in the case when dim(E) = 24
there are 24 classes of such pairs and in the case when dim(E) = 32
there are more then 107 such pairs.

Definition 0.2. Let V' be a [not necessarily finite-dimensional] vector
space over a field k of characteristic zero. We say that a linear operator
T :V — V is locally nilpotent if for any v € V' there exists N > 0 such
that ANv =0

Remark. If T : V — V is locally nilpotent then we can define
exp(T) =) o5 T"/nl.
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Problem 0.3. Let g be a Lie algebra with generators x;,i € I and
D : g — g a differentiation.

a) If there exists N > 0 such that D™ x; = 0,Vi € I then D is locally
nilpotent.

b) If D s locally nilpotent then exp(D) is an automorphism of g.

c) Let p : sly(k) — End(V) be a representation, v € V' be such that
v = 0,hw = nu,n > 0. Then ef"™ v = 0. If dim(V) < oo then
[y =0.

d) Assume that the representation p : sly(k) — End(V') is such that

é,f are locally nilpotent. Then for any vector v € V there exists a
finite-dimensional sly(k)-invariant subspace V' C V' containing v.

e) Let p : slo(k) — End(V') be as in d), s ;= exp(e) exp(—f) exp(e) €
Aut(V),v € V by such that hv = nv,n € Z. Then hsv = —nsuv.

a)
Problem 0.4. a) Let V,W be k- vector spaces with filtrations
‘/QC"'CVHC"'C‘/,WOC"‘CHCWTL"'CW

such that V = U, V,, W = U,W,. LetT : V — W be a linear map
such that T(V,)) C W,, and such that the induced maps T,, : V,,/V,,_1 —
W, /W, _1 are bijections. Then T : V — W is a bijection.

b) Let g be a Lie algebra, g, ¢" C g Lie subalgebras such that g = ¢’ ®
g" as a vector space. Then the natural [product] map U(g") @ U(g") —
U(g) a bijection.



