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Chapter 1

Elliptic Functions

A Complex Torus is a compact Riemann surface of genus 1. It is the
set of equivalence classes of the quotient C/L, where L = wiZ @ weZ is a
lattice, i.e. a discrete subgroup of C generated by two complex numbers w;
and wy linearly independent over R. The projection

7:C—C/L
z +— z mod(L),

is continuous and open, this makes C/L a Haussdorf, connected and compact
topological space. Its complex structure can be defined by the set of triples
(7=, U, V), where
»!l:UcC/L—-VcCC
and such that 7 : V' — U is a homeomorphism. In this way C/L is a Riemann
surface.
Algebraically a complex torus is an abelian group, the addition of points

is the usual addition on C modulus L.
Topologically, C/L is homeomorphic to the torus S* x S! via the map

Twy + ywy > (2T ™) with z,y € R,

then geometrically one can figure out the complex torus as a doughnut shaped

bubble (Fig[L.1).

We say that a function f is meromorphic in W an open subset of C/L
if and only if f o7 is meromorphic on 7= (). It turns out that the function
f omis L-periodic, that is

fz+w)=f(z) forall z€ Cand w € L;

5
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Figure 1.1: Torus

thus there is a correspondence between functions on C/L and L-periodic
functions on C. A meromorphic L-periodic function on C is called an elliptic
function, then the next one-to-one correspondence holds

Elliptic functions AL Meromorphic functions
on C on C/L

Trough all this chapter we will work with elliptic functions. We will see
that the set of basis for L is invariant under the action of the special linear
group SLs(Z) and that we can find a positive ordered basis (wy,ws) for L
such that the quotient 7 = wy/w; lies in a fundamental domain B C H.

L-periodicity implies that elliptic functions are totally defined in a rep-
resentant of C/L, this fundamental domain turns out to be a domain shaped
parallelogram. This allows us to restrict our study of elliptic functions into a
fundamental parallelogram and prove the next facts about elliptic functions.

Holomorphic elliptic functions must be constants because of Liouville’s
Theorem. The number of poles and zeros inside a fundamental parallelogram
must be the same counting multiplicities and its location on the plane is not
random at all.

The residue of any elliptic function on a fundamental domain is zero,
thus the simplest kinds of non-constant elliptic functions are those which
have two simple poles with residues equal in absolute value but opposite
sign or elliptic functions with a double pole with residue zero, these elliptic
functions are called Weierstrass-p functions. Due to their importance we
will study them in great detail in this chapter and the beginning of the next
chapter.

The map
0:ClwnZ ®wZ — C/TZDZ,
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is an holomorphic isomorphism between complex tori.

The set of all meromorphic functions on C/L, denoted M(C/L) forms
a field denoted £;. We show that this field is generated by two elliptic func-
tions: the Weierstrass p—function and its derivative, moreover we study a
differential equation that relates both functions.

In this chapter, we will expose all these results with some detail, from a
basic complex analysis aproach, we study important examples of elliptic and
quasi-elliptic functions which turn out to be related with Number Theory.

1.1 Periods of meromorphic functions

The meromorphic functions defined on an open connected set in the
complex plane form a field. In what follows, a meromorphic function is sup-
posed to mean a function meromorphic in the whole complex plane denoted
C.

A meromorphic function f is said to be periodic, if there exists a com-
plex constant w # 0, such that

fz+w) = f(z)

for all z € C. The number w is said to be a period of f. The number zero
is called the trivial period. Every constant function f is periodic, and every
complex number is a period of f; conversely if every complex number is a
period of a meromorphic function f, then f must be constant. If w is a period,
so are all integral multiples nw. Let per(f) be the set of all the periods, if
wy and wq belong to per(f), so does any linear combination mw; + nwy with
m,n € Z. Thus the set per(f) is a Z-module C C and we call it the period
module of f.

Lemma. Let f be a non-constant meromorphic function, then all the
points of per(f) are isolated.

Proof. Suppose wy is a finite accumulation point of per(f). Let € be
an arbitrarily small positive number. We can find two different periods wy,
wsy inside the open disk |z — wy| < ¢, evidently w; — wy is a period. Then
there exists a sequence of periods say {w,} such that nh_)ngo w, = 0. If z is
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a point at which f is holomorphic then f(zg) = f(z0 +wy), n = 1,2, ..., so
that f(z) — f(z0) has an infinity of zeros zo + wy,, n = 1,2, ..., which have z,
as a finite accumulation point. Hence f(z) is a constant, contradicting our
assumption.

Then if f is non-constant, per(f) is an abelian discrete closed group
and it contains a period w of minimal absolute value.

Theorem 1. The period module per(f) of a non-constant meromor-
phic function consists either of zero alone, of the integral multiples nw of a
single period or of all linear combinations nw, +mws with integral coefficients
of two periods wy, wy with Im(ws/wy) # 0.

Proof. Suppose per(f) # {0}, let wy be a period of minimal absolute
value and suppose that for every w € per(f) the quotient w/wy is real, then
for every w there exists an integer k£ such that

0<2 k<1
w1
Then the difference, w — kw; = wy is a period with |wy| < |w1], thus wy = 0
and w = kw,. It follows that every period w whose quotient is real is of the
form kwq, k € Z.

Now, let w € per(f) such that the quotient w/w; is not real, let wy
denote one such period whose absolute value is smallest. Let 7 = wy /w1, so
|T] > 1.

Every complex number z can be written uniquely in the form

z=(m+ a)w + (n+ F)ws,

where m,n € Z and —1/2 < a < 1/2, —=1/2 < § < 1/2. Then, we can write
w = (m+ a)w; + (n + [)ws, it follows that

Wy = W — MW — Nwy = awp + Pws

is a period. If a or 3 are zero, then wy = 0 and this immediately proves our
assertion. Suppose both are non-zero, thus

Wo

0] 0]
+6‘§H+I5|§1
Wo T | 7]
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since |7] > 1.

The right inequality holds if and only if « = f = —1/2 and |7| = 1.
Then |1+ 7| < 2 since Im(7) > 0 (see Figure[L.2), that is the first inequality
Is strict.

Figure 1.2: The orange circle is the image of the map 7 — 741 when |7| = 1
and Im(7) > 0.

Then, at least one of the inequalities is strict, that is |wy| < |ws|. It fol-

lows that wg/w; is real and 8 = 0, hence also that o = 0. Therefore wy = 0,

we conclude that every period w of f is a linear combination w = mwi + nwo,
with m,n € Z.

|

If per(f) is generated by a single period w; # 0, f is said to be simply
periodic. In case that per(f) is generated by a pair of periods w; and wy
which are linearly independent over R, f is said to be doubly periodic. Let
T = wy/wy, if wy is a period of minimal absolute value, |ws| is small as pos-
sible, and Im(7) > 0, we say such pair is primitive or reduced, i.e. such pair
of periods form an ordered positive oriented basis for per(f). Geometrically,
per(f) forms a lattice in the complex plane.

Example 1. The integral domain of the Gaussian integers
Zli| ={a+1ib|a,beZ}

forms a square lattice, see Figure [I.3]
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Figure 1.3: The lattice of the Gaussian integers generated by two non-reduced
periods.

Example 2. Let w be a primitive cube root of the unity, say e?™/3.
Then the set of Eisenstein integers
{a+bw|abelZ}
forms a triangular lattice which periods are w and 1, see Figure [I.4]
*

Figure 1.4: The lattice of the Eisenstein integers generated by two reduced
periods.
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Definition. A doubly periodic meromorphic function in the complex
plane is called an elliptic function.

We have seen in the previous examples, that the period module of
an elliptic function may have several associated bases. Now we exhibit the
relation between two such bases.

Theorem 2. The complex numbers wy, wy form a pair of basic periods
of an elliptic function f(z), if and only if they are related to a pair of basic
periods wy, wo of f(2) by a transformation of the type

wy = awy + bws

wy = cwy + dws

where a,b, c,d are integers, with the property ad — bc = +1.

Such transformation of (wy,ws) into (wi,wd) is called a unimodular
transformation. A wnimodular transformation is said to be a proper uni-
modular transformation if ad — bec = 1.

Proof. =) Since (wi,ws) is a basis there exist integers a, b, c,d such

that
wi'y _(a b w1
ws ) e d wo

Similarly, since (wi,w3) is a basis there exists integers o/, b, ', d’ such that

wi \ _ [ad Y wi

wy |\ d ws )7
a v a b\ (10
d o d cd) 0 1)’

then the matrices are inverses of each other, so they must satisfy
a b a b
det(c, d,)det<cd>_1,

since the entries are integers, the determinants have value £1.
<) Let w = mw;y + nw, € per(f), and

then we obtain

wy = awy + bwsy
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wy = cwy + dws,

with ad — bc = +1, then there exists an inverse unimodular transformation
such that

w1 = dw] — bw;

Wo = awy — CWy
therefore every w € per(f) can be written uniquely as w = m/w] +n'w}, with

m',n’ integers.

Two bases of reduced periods for an elliptic function f are related via
a proper unimodular transformation, for let (wy,ws) and (wi,w;) be such
bases, where wj = mw; + nws and wj = pwy + qw, with m,n,p, q € Z and let
T = wy/wy and 7" = wj/wi. Then
Im(7") = ——Im(7),
(™) InT + m|? (7)
this implies mq — np = 1. Moreover, this transformations induce a modular
transformation

M :H — H,
such that n
mr+n
TH—HT =——— m,n,p,q €Z, T€H,
pPT + ¢

with mq — np = 1, and pr + ¢ # 0. These transformations form a group,
called the modular group, which we denote I', it is generated by the two
transformations

1
A:7—74+1, and B:7— ——. (1.1)
T
Where A is a translation and B is an inversion followed by a reflection.
The set
SL(2,Z) = {( ‘Z 2 > | a,b,c,d € Z and ad — be = 1}

is a discrete subgroup of the complex special linear group SL(2,C) with iden-
tity I. There is a natural inclusion of the modular group into the M&bius
transformations. Both facts yield the group isomorphism

thus I' acts properly discontinuously on the upper-half plane H.
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Theorem 3. A pair of basic periods wy, wy is reduced if and only
if the point T = wy/wy = & + in lies in the region of the upper half of the
complex plane defined by the three inequalities

1 1
E+nP>1, —-<Ee< (1.2)
2 2
Proof. =) Suppose the pair (w;,ws) is reduced, then we have
jwa £ wi| 2 [wa| 2 fwnl,
since the quotient Im (%1““) > 0, so dividing by |w;| we have
R +nt=lr+ 1P 2@ 4nt =] 21,

and +2£ 4+ 1 > 0, from which follow (1.2)).

<) Let wq, wy be two periods such that 7 = wy/wy = & + in lies in
the region defined by (L.2). By hypothesis, |7| > 1 and Im(7) > 0, that
is |wa] > |wi| and 7 is non-real. Then it suffices to show that w; and wy
have minimal absolute value, for this consider any non-trivial period w =
mwy + nwy, m,n € Z.

If n =0, then w/w; = m, where m € Z* since w is non-trivial, hence
] > e

If n # 0, then w/w; is not real, since wy/wy is not. Then

w| > |ws| & [m + n7l? = |7]* >0,
thus set
D = |m+n7]* = |7]* = (m+n&)* = & + (n* — 1)’

If n # £1, and m any integer, then we have n? > 4, €2 < 1/4 and
n? = (& +n?) & >3/4, 50

9
DZ(m+n§)2—§2+ZZ2.

If n = +£1, then
D=(m%&)? - =m?>+£2mé >0

since €] < 1/2. Thus if n # 0, |w| > |wa.
We conclude that the pair wq, wy is reduced.
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In order to find a region where the action of the modular group I' is
non-transitive, we sharpen the previous theorem somewhat.

The boundary of the region defined by the inequalities , consists
of the rays ¢ = +1/2, n > v/3/2 and the arc &2 + n? = 1 with |¢] < 1/2, see
Figure [I.5]

If 7 belongs to the right ray, then 7* = 7 — 1 belongs to the left ray.
Similarly if 7 belongs to the right half arc, then 7 = —7~! belongs to the
left half arc.

Then given a non-constant elliptic function, there exists a pair of re-
duced periods (wy,ws) such that 7 = wy/wy = £ + in satisfies

1 1
&4+ n*>1and —§§§<§; with (1.3)
—1/2<¢<0, if 7] =1,

Now we prove that a pair (wy,ws) of reduced periods which quotient 7
satisfies is uniquely determined.

Suppose (w,ws) and (wi,wy) are two pairs of such reduced periods, thus
they are related by a proper unimodular transformation, say wi = aw; + bw,,
wy = cwy + dwsy, with ad — bc = 1. Also we have

lwa| > |wi| = |wi| < |w;| and Im(7) = Im(77).

If b =0, then a =d = £+1. So that 7* = 7 £ ¢ implies ¢ = 0, therefore
T=T"

If b # 0, wi/wy is not real, then as in the previous theorem b = +1,
lwi| = |wi] = |wel, |T] =1, =1/2 < <0,and a =0 or a = 1.

Incase a =0, 7" = +d F 77!, =1 < Re(7) + Re(7*) = +d < 1 since
7| =1, thusd=0o0ord=—1. If d =0, then 7* = —7 ! soT* =7 =14 If
d = —1, then Re(7) = Re(7*) = —1/2, so 7 = 1 = 2™/,

In case a = £1, we have |7+ 1| = 1 = |7|, and therefore 7 = ¢
since Im(7) = Im(7*), we must have 7 = 7% = €2™/3,

Therefore the conditions determine 7 uniquely.

27i/3 and

We denote B the set defined by (1.3)), it is a fundamental domain for
the modular group I', see Figure [1.5. That is, the fundamental domain B
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contains all the representatives of the different equivalence classes given by
the action of I' in H, for 71, 7 € H we define the equivalence relation

T ~ To < M € T such that = M.

-1 =12 0 1/2 1

Figure 1.5: Fundamental domain

Definition. A complex-valued function f(z) of one complex variable z
is said to be a modular function, if it is meromorphic in H, and f(Mz) = f(z)
for all transformations M belonging to the modular group I'; or for all M
belonging to a subgroup of the modular group of finite index.

1.2 General properties of elliptic functions

Given an elliptic function f, let (wy, ws) be a pair of reduced periods for
its period-lattice L = {mw; + nwe|m,n € Z}. Let II,,,, be the set defined
by

Op,={2€Clz=aw; +ywe,m<z<m+1ln<y<n+1 mnecZ}

Then every lattice element defines a parallelogram II,, ,,, which we call a
period-parallelogram. Since f is elliptic, it suffices to consider IIp, = II a
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fundamental period-parallelogram, see Figure [I.6] We consider the passage
from 0 to wy, w; + wy, wy, and back to 0, in that order, defines a positive

orientation of the curve OIl, we denote each of those segments ¢y, ¢, c3 and

cy, respectively.

Figure 1.6: Fundamental parallelogram

Let &, denote the set of the elliptic functions for a lattice L. Every
constant is, trivially an elliptic function. If f, g € £, then their sum f + g,
their difference f — g, their product f % ¢ and, if g is not identically zero,
their quotient f/g are all elliptic functions. Thus the set £, forms a field. In

addition, &}, is closed under differentiation.

We now prove a sequence of propositions giving some very special prop-
erties which any elliptic function must have.

Theorem 4. A function f € £, without poles in the fundamental
parallelogram 11 must be constant.

Proof. Any such function must be entire and bounded on II, since II is
compact. Hence by Liouville’s theorem, is a constant.
[ |

Notice that, since a meromorphic function f can only have finitely many
poles in a bounded region, it is always possible to choose an « such that the
boundary of o+ IT misses the poles of f, so let a+11 = {a+ z|z € II} denote

the translate of IT by the complex number a.

Theorem 5. Suppose that f € £ has no poles on the boundary C' of
a+ 11, for some a. Then the sum of the residues of f in a + I1 is zero.
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Proof. By the residue theorem, this sum is equal to

Let C' = ¢; 4 ¢3 + ¢3 + ¢4, where the ¢;’s are the sides of a + II (choosing a
positive orientation), then we have

/le<z)dz+/c3f(2)d220and /CQf(z)dz+/c4f(z)dZ:0

because of the periodicity of f. Thus the integral is zero, and so the sum of
residues is zero.

The preceding theorems immediately imply that a non-constant elliptic
function cannot have just one simple pole in a period-parallelogram. It must
have therefore at least two simple poles, or at least one pole which is not
simple, in any period-parallelogram.

Theorem 6. Suppose that f € & is not constant and has no poles
on the boundary C' of o+ 11, for some a.. Then, the number of zeros of [ in
a + 11 is equal to the number of poles in a + 11, being counted according to
their multiplicity.

Proof. Let {m;} be the order of the various zeros and {n;} be the
orders of the various poles of f in a+ II. Consider the elliptic function f’/f,
which residue is zero by Theorem [5] On the other hand, by the argument
principle we have

Lo f'(z), _
27m'/c 7(2) de =2 mi = n; =0,
[ |

It is convenient to say that z; is congruent to zo, 21 = 2z mod(L), if
21 — 29 € L. Then the function f takes the same values at congruent points,
and may thus be regarded as a function on the congruence classes. If ¢ is
any constant and f € &, f(z) — ¢ has the same poles as f(z). Therefore, all
values are assumed equally many times. The number of incongruent roots of
the equations f(z) = c is called the order of the elliptic function, each root
being counted according to its multiplicity.
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Theorem 7. Suppose that f € £, is not constant and has no poles on
the boundary C of a+ 11, for some a. Let ay, ..., a, be the zeros and by, ..., by,
be the poles, each of them repeated according to its multiplicity, of an elliptic
function f € E,. Then

ai+---+a, =by +--- + b, mod(L).

Proof. Let «a be such that the function z% is holomorphic and non-
zero on C' = J(a + II). Consider the integral
h

L f@, "
M/sz(z)dz—;ai—;bi,

since the argument principle and the residue theorem, call this sum €2. Let
c1, C9, c3 and ¢4 be the sides of C', under some changes of variable, we have

FER, ),
T R T

since f is periodic. Now, w € L implies log f(a + w) = log f(«) + 2kmi for
k € 7Z. Therefore

2mi€) = —wo

2mi€) = —Ws log f(Z) ater w1 IOg f(’z)|g+w2

= 2mi(waok + wql) with k,1 € Z,
thus Q € L.

1.3 Non-constant elliptic and quasi-elliptic func-
tions

We proceed now to construct non-constant elliptic functions. In seeking
to do so, after the results of the preceeding section, there are two simplest
types of elliptic functions; the Weierstrassian elliptic functions which have
a double pole, with residue zero, in a period-parallelogram, and the Jaco-
bian elliptic functions which have two simple poles, each of them being the
negative of the other.
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1.3.1 Weierstrass’s p-function

Let (w1,wsz) be a pair of reduced periods and L = {mw; + nws} its
period-lattice, let L* = L — {0}. We define, for z € C,

) o

this function is called the Weierstrass p-function. It is denoted p(z;ws,ws),
©(z; L) or simply p(z). Indeed, this is the partial fraction decomposition of
the p-function, for more information on obtaining this, see the Appendix ?7.
We shall prove that the series on converges absolutely and uniformly on
any compact subset of the complex plane, for this, we prove the next lemma.

o) =p(zL) = 5+ X

weL*

Lemma. The series Y. |w|™? converges for p > 2.
welL*

Proof. Let Py be the set of periods lying in the sides of the parallelogram
with corners in +kw; & kwsy, with k£ > 1, there are 8k such periods. Denote

Ty = > |w| 7 the partial sums. The series Y. |w|™? converges if and only
wePy weL*

if § Ty does. Furthermore, there exists a,b > 0 for all £ > 1 such that
k=1
ak < |w| < bk for all w € Py. Now, for all w € Py, (ak)? < |w|? < (bk)*, then

S8K < S T < 3 8akl
k=1 k=1 k=1

the series on the left side does not converge for p < 2, and note that for the
series on the right side we have

(o] 00 1
8a” Z kP < 8a” (1 +/ 2dx> = 16a”,
k=1 e

for p > 2.

Theorem 8. The sum

(et o)

converges absolutely and uniformly for z in any compact subset of C — L.
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Proof. We prove this theorem for every circle of finite radius discarding
a sufficient number of terms. Given R > 0, let |z] < R be the circle of
radius R. In order to produce convergence we consider the periods such that
|w| > 2R, then we have

1 1

(z —w)? w?

2(2w — 2)
w?(z —w)?

wz(2 — z/w)

10|z] < 10R
wi(z/w —1)2

— WP T wp?

since |2 — z/w| < 2+ | — z/w| < 5/2 and |z/w — 1|*> > 1/4. The theorem
follows after comparison of the series of the preceding lemma.

In order to prove some properties of the p-function and its derivatives
we shall prove the next lemma.

Lemma. The series

Z lw — 2|77

weL*

converges uniformly in every circle of finite radius for p > 2, if we discard a
sufficient number of terms at the beginning.

Proof. Let |z| < R and |w| > 2R, for R > 0, so that |w| < 2(|w|—]z]) <
2|w — z|, then

1 2
S T
|z —w| 7wl
hence 1 o0
< for p > 0,
|z —wle  wl?

this proves the lemma, since the sum of the second part of inequality con-
verges for p > 2.
[ |

Let £ be the subfield of the even elliptic functions for a given lattice
L, and let £, be the subset of the odd elliptic functions.

Theorem 9. For a given lattice L, the following properties hold

(i) ' € & ;
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(i) o™ € & for n > 2, where ™ is the n-derivative;
(iii) ¢ € & .

Proof. By Theorem |8 and the uniform convergence theorem for holo-
morphic functions, p is a meromorphic function with double poles at all
w € L. Also, Theorem [§| permits differentiation term by term, then

o) = 2% —

w€eL

by the former lemma the series converges absolutely for z ¢ L, and defines a
meromorphic function with triple poles at all w € L. Now, a rearrangement
of the series of ©'(z + w) yields ¢/'(z + w) = ©'(z), therefore ¢ is an elliptic
function. The same argument as above gives

1
(2 — w)nt?’

p"(z) = (=1)"(n+ 1)1 Y

w€eL

this proves (ii).
Note that p(—z) = % + > ( - ﬁ) , and that {—w} = {w}, so

welL* (zw)?
that p(—z) = p(z), differentiating we have —p'(z) = ©'(—2), thus p is an
even function and g’ is an odd function, then (i) holds.
Finally, integrating ¢'(z + w) = ¢'(z) we obtain p(z +w) = p(z) + c.
Setting z = —w/2, we get p(w/2) = p(—w/2) + ¢, since p is even, it follows
¢ =0, then (iii) holds.

Inside a fundamental parallelogram II, there is exactly one pole for p,
which is one of the w € L. By Theorem [7| there exists two zeros, say u and
v, such that u +v = 0 mod(L). g is an elliptic function of order two, that
is, for ¢ € C there exists two points v and v in a fundamental parallelogram
such that p(u) = p(v) = ¢, and since the poles of p(z) — ¢ coincide with
those of p(z), then u +v = 0 mod(L). If v = —u mod(L), then u = v,
that is the points coincide. There are exactly four points in a fundamental
parallelogram II such that v = —u mod(L),

w1 Wo w1 + Wa
0, —, — and .

2 2 2
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The first of these points is the pole of @ in II. Now let w3 = w; + ws. The
elliptic function ¢’ is of order 3, by Theorem [J] ¢/(—z) = —¢'(z), more-
over the periodicity of g yields p'(w;/2) = ¢'(—w;/2) for i = 1,2,3, then
¢ (wi/2) = —/(wi/2). Thus 4, 22 and “3“2 are the three zeros of ¢/(2) in
IT. Additionally, the values of p at these points, call them

wl CUQ w1+w2
q=0(3) wm0(3) mia-p(252).

are all of multiplicity 2 and distinct.

The field of elliptic functions

The Weierstrass function not only gives an example of an elliptic func-
tion but enable one to describe the structure of all elliptic functions. We first
prove the next lemma which enable us to demonstrate the next important
theorem.

Lemma. The subfield & C &1 of even elliptic functions for a lattice
L is generated by g, i.c., & = C(p).

Proof. Let f € & . The idea of the proof is to build a function which
has the same zeros and poles as f(z) using only functions of the form p(z)—u
for u € C, recalling that for every u there exists two points in a fundamental
parallelogram II, counting multiplicity. Then the ratio of f(z) to such con-
structed function must be constant.

We list the zeros and poles inside a fundamental parallelogram II, om-
miting 0 from our list, and counting only half of them since g is of order 2.
We describe the method of listing the poles; the method of listing the zeros
is analogous, but first let’s show some properties on the zeros and poles of
an even elliptic function.

Suppose that b € II — {0} is a pole of order m which is not a half
of a lattice point. Let b* be point inside II such that b+ b* = 0 mod(L).
If b is a pole of order m, because of the periodicity and the evenness of
f(z) we have f(b* — z) = f(b+ z). Thus if f(b+ 2z) = bz~ + --- then
f(0* +2) = bp(—2)"™ 4 -, then b* is also a pole of order m.

Now suppose that b # 0 is a pole of f with b = —b mod(L). We have
fo+2)=bpz"™+--- and f(b+ z) = f(—=b+ z) = f(b— 2) because of the
periodicity and the evenness of f(z), then f(b— z) = b, (—z)"™ + -+, that
is the order m of the pole b must be even.



1.3. Non-constant elliptic and quasi-elliptic functions 23

Now we list the zeros and poles of f. Let {b;} be a list of the poles of f
in II which are not half-lattice points, each taken as many times as the mul-
tiplicity of the pole there, but only one taken from each pair of symmetrical
poles b, b*; if one of the three nonzero half-lattice points in II is a pole of f,
include it in the list half as many times as its multiplicity. Let {a;} the list
of nonzero zeros, counted in the same way as the poles.

Since a; # 0 and b; # 0 for all 4, j, the values p(a;) and p(b;) are finite,
and it makes sense to define the elliptic function

1L (p(2) — p(a;))
I (p(2) — p(by))’

where the nonzero zeros of g come from the zeros of p(z) — p(a;) and the
nonzero poles of g come from the zeros of p(z) — p(b;), since p has order 2,
then it has one double zero u € II such that u = —u mod(L) or two sym-
metric points u and v in II such that u +v = 0 mod(L). Then g and f have
the same nonzero zeros and poles in II, with the possible exception of the
point 0. Theorem [f tell us that when we know that two elliptic functions
have the same order of zero or pole everywhere but possibly at one point in
IT + «, then that one point is carried along automatically, this implies that
g has the same zeros and poles as f, from wich it follow that f(z) = cg(2)
for some constant ¢ and g € C(p).

9(2) =

Theorem 10. Let f and p € E,. Then there exist rational functions
R and T such that

f=R(p) +T(p),

that is &, = C(gp, ¢') the field of elliptic functions for a lattice L equals the
rational functions field generated by o and ¢'.

Proof. Let f € &, then we can write f as follows

fE) +f(=2)  f(=2)—[(z) ,

o) = LI IED B o)
—_—
€ep eef

the Theorem follows from the former Lemma.
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A certain differential equation

The Theorem [10| has many implications, one of the most important is
that the Weierstrass function satisfies certain differential equation, we ex-
plain this result below. Later we give another independent derivation of the
differential equation for g.

Since ¢/ (2)? is an even elliptic function, it can be expressed as a rational
function of p(z), furthermore it can be expressed as a polynomial of p(z) since
its poles lie at the nodes of the period lattice. The zeros of ¢/(2) turn out to
be double zeros of ¢'(z)?. Hence we have

0'(2)" = c(p(2) —e1)(p(z) — e2)(p(2) —e3),

where ¢ is some constant. In order to find this constant let’s compare the
coefficients of the leading term on each side of the equation; the leading term
on the left side is (—2273)% = 427%, while on the right it is ¢(272)3 = 275,
we conclude that ¢ = 4. That is, p(z) satisfies the differential equation

0'(2)" = 4p(2) — e1)(p(2) — e2)(p(2) — e3). (1.5)

Notice that the cubic polynomial on the right side has distinct roots. Sup-
pose, for example, e; = ey, then the function p(z)—e; has zeros of multiplicity
2 at the points w; /2 and w, /2, then there are inside IT at least 4 zeros of this
function, which is impossible.

Example 3. The even function p”(z) which has a pole of order 4 at
the nodes of L can be expressed as f(p(z)), where f(x) is a second degree
polynomial. We exhibit this polynomial using the technique explained below.

*

So as to give another independent derivation of the differential equation
for p(z), we seek find a cubic polynomial

f(x) = ax® + ba® + cx + d,

such that the Laurent expansion of the elliptic function f(p(z)) agrees with
the Laurent expansion of ¢/(2)? through the negative powers of z. Then by
Theorem [4] the function ¢'(2)? — f(p(z)) would be constant, and we can
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choose d in such a way that this constant is zero. Since p(z) is an even
function, its Laurent expansion at z = 0 is given by

1
p(2) = 5 + 012"+ oz o b2 (1.6)

by Theorem [ if |w| > 2R > |z| we can expand each term of the series as
follows

1 1l 2 3 4 5 '
(z—w)? w? Ez+7z+ Z+ s

hence we have
b1 = 3G4, b2 = 5G6, bn = (2n + 1>G2n+2,

where for k > 2 we denote
1
Gop = Gor(L) = Y o2k (L.7)

wel*

each of this series is called the holomorphic Fisenstein series Ggy of weight
2k, we will go deeper on this later; and so (|1.6)) turns in

1
p(2) = = +3Gaz" +5Gez" + TGs2° + -+ (2n + 1)Gopp2z™ 4+ -+, (1.8)
V4

and computing we have

1
p(2)? = — T6Gi+ 10Gs2% + (9G3 + 14Gg)2* + (30G4Gg + 18G10)2° + - (1;9)

1 1
p(2) = =+ 9G4; + 15G6 + (27G5 + 21Gg)2* + (90G4G + 27G 1) 2" +1.:10)
2
¢ (2) = —= +6Gaz+20Ge2" + 42Gs2” + 72G102" + 110G122° + -+ (1.11)
4
0 (2)? = - 24G4— — 80Gs + (36G2 — 168Gg)2* + - - - . (1.12)

Now, for find the coefficients a,b, c,d of a cubic f(z) = ax® + bx® + cx + d
such that

p'(2)" = ap(2)” + bp(2)* + cp(2) + d,
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we multiply equation (1.10]) by a, and comparing the principal parts of ¢/(2)?
and ap(z)? we have that a = 4, that is

O (2)? — 4p(2)* = —(24G4 + 4(9G4))i — (80G¢ + 4(15Gg)) + h(2),

22

where h(z) is holomorphic and vanishes at z = 0. The preceding function
does not have any pole of order 4, then b = 0. If we multiply the equation
by ¢ and compare the principal part of cp with the principal part of
the previous function, we have that ¢ = —60G,, that is

©'(2)? — 4p(2)* — 60G4p(2) = —(80Gs + 4(15Gs)) + hi(2),

where hy(z) is holomorphic and vanishes at z = 0. Finally, d = —140Gs. It
is traditional to denote

g = 60G4 and gs = 140G6 (113)
We have thereby derived a second form for (|1.5)):
¢'(2)? = f(p(2)) where f(z) = 4a® — gz — g3 € C[z]. (1.14)

Example 4. From Example [3| the even function ¢”(z) can be ex-
pressed as f(p(z)), where f(z) is a quadratic polynomial. Now differentiating
(1.14]) we have

§'(2) = 6p(=)* — 2,
then
0" (2) — 6p(2)* + 92—2 = (—54G? +126Gg)z* 4 (—180G,G6 + 396G 10)2° + - - - ;
(1.15)
by Theorem W] this equation is identically zero for every z, thus Gg = %Gi.
*

The former example exhibits relations among the Eisenstein series, ac-
tually developing the laurent expansion on each side of the equation p”(z) =

6p(2)? — 2 we have

2

e oo 2
264+Z<2n+1)<2n)(2n_1)G2n+232n_2 = 264 (1 + (2n+ 1)G2n+22’2n+2> —%.
n=1

n=1
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2n—2

By comparing the coefficients of z on each side of the equation, for n > 3,

we obtain

(2n—|—1)(2n) (2%—1)G2n+2 =6 (2(2” + 1>G2n+2 + 7122(2(71 - k?) — 1)(2]{3 + 1)G2(n—k)G2k+2> )
k=1

that is

6
22n+3)(2n+1)(n —

n—2
Gonya = 2) Z(Q(n — k) —1)(2k + 1)G2(n—k)G2k+2~
k=1

This is a very remarkable fact that shows how Eisenstein series are
related to each other, actually, Gor, € Q[G4, Gg], that is they are rational
polynomials depending on G4 and Gé.

Example 5. Let L = Z[i] be the lattice of Gaussian integers and
consider the Einsenstein series Gg(L) and G4(L), if we choose any pair of
reduced periods then 7 = i, that is wy = iw;, substituting in G¢(L) we have

1

ez (m + ni)buw$’

Gs(L) =
note that (m + ni)® + (—n + mi)® = 0, thus Gg(L) = 0. While

(m +in)* = (n —im)* = (—m —in)* = (—n +im)*,

that is

which is a non-zero number.

*

Example 6. Now let L be the lattice of the Eisenstein integers, let
¢ = ¢?™/3 and consider the Einsenstein series G¢(L) and G4(L), if we choose
any pair of reduced periods then 7 = &, that is wy = &wq, substituting in
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G4(L) we have

1
(m + né&)iwt

G4(L) = Z

m,ne’

1 1 1
- Z { (m+ En)iw! | (E(m + En)Ywl | (€2(m + En))iw] }

14 &+ €2
7; (m + &n)twt
n>0

= 0.

Similarly, for G¢(L) we have

1 1 1
Goll) = 2, {(m + &n)5wf i (&(m + &n))but i (&2(m + f”»%?}

m>0
n>0
= (mA4-€n)buf
n>0

Thus for the lattice L of the Einsenstein integers we have G4(L) = 0 and

Gs(L) #0.
*

1.3.2 Weierstrass’s (-function and o-function

We have looked at the derivatives of the Weiestrass p—function so far, a
similar process can be carried out integrating. The Weierstrass zeta function
((z) is the function defined by

d
g;j) = —p(z) and lim ((z)—z'=0. (1.16)
Then using the definition
((z) -2zt = — ) o(2) — 27%dz
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that is 1 1 1

z
=—+ Y —+—+5 1.1
)=+ 2 —+o+ (1.17)

-
weL* w W

The (-function is then a single-valued odd function which converges
absolutely and uniformly in every compact subset of C — L and it has simple
poles at the nodes of the lattice L. Now integrating the next equality o(z +
w;) = p(z) for i = 1,2, we have that ( satisfies the relation

Clz+w;) = (=) +m, (1.18)

with n; # 0 since ( is not elliptic. We can find the value of the n; substituting
z = —w;/2 in (1.18) and using the fact that ¢ is an odd function. We have

m=2( (““) and 7, = 2( <w2> . (1.19)
2 2
Now we prove a theorem that relates the periods w; and ws with the

the constants n; and 1y known as the Legendre’s relation.

Theorem 11. Let p(z;wy,ws) be the Weierstrass elliptic function for
the periods wy and ws then

MWy — Nowi = 271.

Proof. From one hand we have

1
— dz =1
271 /<9(H+a) ((z)dz ’

with o # 0, since ( has a simple pole with residue 1. Now, in the other hand,
if we choose v = —“1F42 (see Figure we have

1 1
— z)dz = — / z)dz
271 /<9(H+a) C( ) 271 c14cotc3+ca §< )

where the ¢; are the sides of the parallelogram. Then

/((Z)dz = —Lg((z—wg)dz
- —/CSC(z)dz—i—/CSngdz

wo —w

= _/ C(Z)dz+ 7722’%42-%
c3 2

= [ () =

c3
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thus

/.«

Similarly we have

/ ((z)dz

thus

.«

Therefore,

dZ = —Tpwi.

dz—l—/

—/ C(z+wp)dz

—/C dz—/mdz
—/C 5

2
dz — 7]12| wy—wj
3

= —/ 2)dz + mws
z)dz + / 2)dz = mws.
2T = Miwa — Nowy .
@, *

w,+ w

C3 1 2
# 2

4 fC W

Figure 1.7: The fundamental parallelogram centered at 0.
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The integration can be carried one step further. The Weierstrass sigma
function o(z) is the function defined by

d /
—log(o(2)) = Z(t‘)) = ((2) and lim "(Zz) ~ 1 (1.20)
Then using the definition
1 1
C(2) - Z = log/(o(2)) — 2
= log'(o(2)) —log'(2),
integrating we have
/z ¢(z) — 1dz - [ log'(0(z)) — log'(2)dz
0 2 0

bz

1 1 ’
+—+ %dz = log (a(z))
AW W w z

Zlog(l—z>+z+22 _ 10g<0'(z)>’

weL* W 2w2
finally we use the exponential to eliminate the multiple-valuedness, and we

have ;
o(z)==z]] <1 — ) /w2 (1.21)
w

weL*

The infinite product on the left side of converges absolutely and
uniformly in a suitable circle. Thus the Weierstrass’s o-function is an entire
odd function with simple zeros at the lattice points. For a fixed lattice and
any non-zero complex number A\ we have

o(Az; Awr, Awa) = Ao (z; wr, we)

It is clear that the o function is not elliptic, we are about to know its
behaviour in values which differ by a period. By integrating the relations
C(z +w;) = ((2) + 2n; for i = 1,2, where the 7; come from (1.19)), we have

log(o(z 4 w;)) —log(o(w;)) = log(o(z)) — log(a(0)) + 2n;z,
exponentiating we have

o(z +w;) = Cio(z)e™*
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o(wi)
o(0)

where C; = is a constant. Now, setting z = —% we have

2

Wi\ _ o (Y —niws
0(2) C“’(2>€ !

since o(z) is an odd function. It results that

Ci = —e'lvi,
Then we have proved that
o(z 4+ wy) = —eM1t22) (), (1.22)
O'(Z ‘l‘WQ) — _6n2(w2+22)0‘(2).

Example 7. Let f be a non-constant elliptic function with reduced
periods wy and wsy. Let {a;} and {b;} the list of its zeros and poles, repetitions
allowed according to their multiplicity. By Theorem [6] f has as many zeros

i=1
the ratio of sigma functions

as poles, say n. Let 2 = i b; — a;. Theorem [7|implies 2 € L, then consider
o(z—a;)
9(z) = : — :
o(z—=b,+Q) I o(z—b)
i=1

=t

note that g is a meromorphic function with zeros at the a;’s and poles at the
b;’s. Moreover, equations ([1.22)) show that g is doubly-periodic since

2771‘(712-*-”&—2”: ar) n
(—1)"e = IT o(z — a;)
9(z +w;) = 0 L (1.23)
2ni(nz4ngE = bp)+Q n—1
(—1)re i=1 o(z—=b,+Q) I o(z—b;)
i=1

= 9(2), (1.24)

for i = 1,2. Then f/g is an elliptic function without poles, then it must be
constant, that is f(z) = cg(z) for some ¢ € C. Therefore, we can express any
non-constant elliptic function f as a ratio of sigma functions.

*
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Example 8. Consider the function g(z) = p(2) — p(u) for u € C — L.
g is an elliptic function with zeros at z = {u, —u} and a double pole at z = 0,
then by the Example [7], we have that

o(z—u)o(z +u)
0%(2)

is an elliptic function with the same zeros and poles as g(z), then they are
equal up to multiplication by a constant ¢ which not depends on z. If we

compare the principal parts of the functions, we have that ¢ = —a%(u), that
is
oz~ u)o(z+u)
p(Z) p(u) - 0'2(2:)0'2<’LL)

*

In the last examples we have seen how useful can be the sigma and
the zeta functions in order to build elliptic functions. Next, we study other
function which enable us to build elliptic functions too.

1.3.3 The theta-functions

In [1.3.7] we studied a method to construct elliptic functions, now we
give a somewhat different method to do so with the help of theta-functions.
Let (wq,ws) be a pair of reduced periods and 7 = ws /wy, we define

o0

9(2): Z eﬂ'i[n2~r+2nz].

n=—oo

This series converges absolutely and uniformly on compact subsets of C,
namely, let ¢ be a real positive constant and let |z| < ¢, the map €™ maps
7 € H into the unit disk. Let ¢ = ¢ then |¢| < 1, the absolute value of the
ratio of the consecutive terms of the series is equal to

|q2n+162m’z| < |q|2n+162ﬂ|z‘.

|21 = 0, thus the series of entire functions converge uniformly

Since lim lg
in the domain |z| < ¢. Hence the theta function is analytic on all of C.
Note that

0(z+1)=0(2), (1.25)
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for every z € C, that is 6 is periodic and we expect it to be well behaved
respecting to 7, actually we have the next relation

[e.9]

9(2 + 7_) — Z eﬂi[(n71)27+2(n71)(z+7)}
n—1l=—oo
= g (2), (1.26)
for all z € C. Then we have
0(z — 1) = ™70 (2), (1.27)

for all z € C.
Then theta functions are entire functions with one genuine period and
one quasiperiod.

After equations ([1.25) and (|1.26)) it follows that zg is a zero of € if and
only if 2o + L, are zeros, where L, = {m + nt|m,n € Z}.

Further consequences of ([1.25)), (1.26]) and (|1.27)) are that
0'(z£1) 0'(2) 0'(z+m) 0'(2)
0(z+7)  0(2) 0(z+m)  6(2)

F 2mi, and for every m € Z.

Lemma. The 0-function has a unique simple zero zo = 1/2 4+ 7/2 in
the fundamental parallelogram 11 for the lattice L.
Proof. Consider the integral
1 4
L / )y,
2mi Jomt 6(z)
which counts the number of zeros inside the fundamental parallelogram of
the entire functions. We have

0'(z) LO'(2) T Y'(2) T 0'(2) 06'(z)
dz = az+ [ d d d
L 00" h o L T e ™
now, making some substitutions we have
1 §/(2) (24 1)
/1 0(z) dz = 0o O(z+1 dz
06'(z)

= ) 5™
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that is /T+1 A R A PR
1 0(2) r 0(2) |
and
TG, Pt
/T+1 50 dz = /1 Wdz,
B L(8(2)
— _/0 <«9(z) —2m> dz,
that is

dz = 2mi,

1y T g
G ey [0
0o 6(z) r+1 0(2)
therefore there is a unique simple zero inside the fundamental parallelogram.
Now, to know where is the zero located, we consider the integral

1 4
— / z (2) dz,
2mi Jom  0(2)

and we apply a similar reasoning. We have

T 0(z) 0 0 (z+T)
/T+129(z) B /1 (Z+T>9(z+7)’

1 9'(z2) L 0(2) L :
_/0 Z@(z) dz _/0 TQ(Z) dz+/() (2miz 4 2miT)dz,
. . L 0'(z)
= 7TZ—|—27TZ7‘—/O Z@(z) dz,
similarly
T (2) T 0(z+1)
- Ozel(z)dz— Ogl(z)dz
r o 0(2) - 0(z)
0 0/ z — T
-/ 2052)) dz + log [e 6(0)} — log[0(0)],
(2)




36 Chapter 1. Elliptic Functions

since 6(7) = e~™76(0).
Therefore

1 0'(z)
27m'/8n20(z) dz=1/2+4171/2,

this proves our lemma.

[ |
Consider the translation

0@ (2) =0(z — (1/2) — (1/2) — x), (1.28)

which has simple zeros at the points x + L,. The next relations are direct

consequences of ((1.25)), (1.26)) and ((1.28)). It is obvious that
0 (2 4+ 1) = 09 (2), (1.29)
now we find out how translates are behaved under the addition of 7,

0 (2 +7) = O(z4+7—(1/2) — (1/2) — 2),

_ Z ewi[(n—1)27+2(n—1)(z+7—(1/2)—(7/2)—w)]7
n—1=o0
_ io: eﬂi[n27+2n(z7(1/2)7(7/2)fx)72z+21+1],

n—1l=oco

_ _e—Qﬂi[z—x]e(x) (Z) (130)

The next theorem is an important result which relates every elliptic
function with theta functions, it can be seen as equivalent to Theorem [10]
which relates p-function and its derivative with every elliptic function.

Theorem 12. Let N € N fized, choose two disjoint multisets of N
N N

complex numbers {a;} and {b;} such that > a; — > b; € Z. Then the ratio
i=1 j=1

of the translated theta functions

<

=N

O

I
I==|l ==

is an elliptic function. Furthermore, every elliptic function can be written in
this way.
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Proof. Let N € N fixed, let {a;} and {b;} be two disjoint multisets of

N complex numbers such that Z a; — Z b; € Z and consider the function
=1 Jj=

iy
O
I
=|l=

<

then R is a meromorphic function on C and R(z + 1) = R(z), thus it is
periodic. Now, we want to show that R is L,-periodic, observe that

H () (2 4 7)

Riz+71) = = ,

0®:) (2 + 1)
1

=\

J

_6—27ri[z—ai]9(ai) (Z)

I —e—2mi[z—b;]9(b;) (z)

j=1

=

@
Il
—

N
—2mi Y [z—a;] N
(~D¥e = 6w()

N
—2mi Y [z=bj] N

(=1)Ne =1 [T 0®s)(2)

N
N N a;
2 LZ [z—bj]—Z[z—ai]] H 0( Z)(Z)
= ¢ =1 i=1 i=1
N Y
11 Q(ba)(z)
j=1
N
2mi |:§: a;— 3 bj] H e(al)(z)
= e i=1 =1 ]i=1
N )
11 Q(bj)(z)
j=1
= R(Z)7
N N
since Y a; — Y. b; € Z. Then the function R has zeros at the points x; + L,
i=1 j=1

poles at the points y; + L, and it is L,-periodic, therefore R is an elliptic



38 Chapter 1. Elliptic Functions

function.

To prove the second part of the Theorem, let f € &, . By Theorem [f]
f has as many zeros as poles; let {a;} and {b;} with i = 1, ...,n be the sets of
the zeros and poles respec‘mvely7 with repetitions allowed. And by Theorem

We have Z a; = Z b; mod(L,), then form the ratio of translated theta
u

nctions
n

R(z) = S—
H 9(%)(2/)
j=1

and consideer the elliptic function ¢ = R/f, since R and f have the same
zeros and poles g must be a nonzero constant. Then f can be written as a

ratio of theta functions multiplied by a constant.
[ |

1.3.4 Remarks

Trough all this section, we have discussed some non trivial examples
of elliptic and quasi-elliptic functions, namely the Weierstrass p-function, its
derivative ', its integral function ¢ and its exponential double integral o,
all of them clearly related to the g function; and the 8 functions. We devote
the last part of this section to explain which are the relations between theta
functions and Weierstrass functions.

Given an elliptic function f € &£, we can express it in terms of rational
functions of p and its derivative just making inspection over the zeros and
poles of the two auxiliary even elliptic functions seen in Theorem [I0} In a
similar way, knowing the zeros and poles of f we can reconstruct it as a
quotient of o functions, see Example [} The latter process can be applied in
a similar fashion for translated 6 functions as shown in Teorem [12

Thus, both the quotient of ¢ and translated 6 functions are similar,
however notice that the ¢ function is defined as a product of functions and
the 6 function as a function series.

Let L be a lattice generated by a pair of reduced periods (wy,ws). Set
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g = €™ with 7 = wy Jwy and consider the function
I & n, (n+3)?2_(2n+1)miz
1

one can prove that

_ 1 T 1/4 7riz]'>
I(z) = 9(z+2+2)(q )

1
_ 9(_1_T)(Z> <q1/4€7rzz.> ,
7

thus ¢ is the product of a translated theta function by a periodic function.
Therefore it converges absolutely and it is an entire function with simple
zeros at L, = 7Z @ 7Z. Moreover ¥ satisfies the relations

Hz+1)=—=9(2), dHz+71)= —;e%izé(z) and ¥(z) = —-9(—z). (1.32)

These considerations allow us to state in a simple way the desired re-
lation in the next theorem.

Theorem 13. Let (wy,ws) be a pair of reduced periods, T = wsy/wy,
with Im(1) > 0, 1 = ((w1/2) and ¥'(0) the derivative of ¥ with respect to z

at z=0. Then s w
— 92 L gmaP e
o(2) <w1> 9(0)°

Finally, in Chapter 2, we will see applications of both kind of elliptic
and quasi-elliptic functions. First, the study of the Weierstrass g function
will provide us a functional and deep isomorphism between elliptic curves
and complex tori. Secondly, theta-like functions are of especial interest when
computing the Hasse-Weil L function of an elliptic curve, since for an especial
theta function, the Mellin transform of such theta function turns out to be
the Riemann zeta-function.
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Chapter 1.

Elliptic Functions




Chapter 2

Arithmetic Theory of Elliptic
Curves

The Weierstrass elliptic function is very special in its own right. The
p-function gives an isomorphism between two mathematical objects: the
Complex Elliptic Curves and the Complex Tori. This means, we can take
profit from the geometrical structure of the complex torus, just as we defined
in Chapter 1 and take this properties to the algebraic language.

In this chapter, we define what an elliptic curve is and we give the an-
alytical isomorphism connecting them with the complex tori.

Complex tori are abelian groups with the addition of points modulo a
lattice L, it turns out that complex elliptic curves are abelian groups as well,
so given a pair of points in the elliptic curve the addition is well defined.

These results are generalized algebraically for every elliptic curve de-
fined over a field K. Further we make some investigation in the torsion group
of an elliptic curve, consisting in the points of finite order. We show that any
elliptic curve has at most N? points of order N.

We shall make an inspection in the field extensions of the field K over
which an elliptic curve is defined, looking for extra points, some of them
being probably of finite order. So naturally, we study a couple of examples
involving the Galois group of a field extension K’ and its relation with the
points on an elliptic curve defined over K.

Through all this chapter we discuss and show some examples concern-
ing a special elliptic curve, which is a substantial part of the approach to the

41
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problem exposed in Chapter 5.

2.1 Elliptic curves

Definition. An elliptic curve E is a smooth projective curve over a
field K of genus 1 together with a point O € E.

An elliptic curve F over a field K can be given by the projective com-
pletition of an equation of the form

E:y? =ax® + bz + cx + d, with a,b,¢,d € K; (2.1)
from now on, we will use indistinctly both notations.

The smoothness assumption is equivalent to ask that the cubic polyno-
mial in the right of (2.1))

f(z) = ax® + b2’ + cx + d, (2.2)

has different roots in some extension K’ of K. In order to establish the point
O, we look at the plane algebraic curve, that is, at the homogeneus equation

E 9?2 = ax® + ba’z + cx2? + d2?, with a,b,¢,d € K, (2.3)
which solutions are of the form
(z,y,1) and (z,y,0) € P,

for the latter case there is only one solution, namely the point (0, 1,0) := O
which is the point at infinity. We shall investigate the former case in more
detail and we use the affine notation when referring to these points, namely

(z,y) = (z,9,1).

Example 9. Let n € Z" and K a field of characteristic p. Consider

the equation

E, :y? =2* —n’x;

let F'(x,y,z) be its projective completition

F(z,y,2) = v’z — 2° + n?z2”.
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The points P € E,(K) are of the form (z,y, 1) and (0,1,0). F' is not singular
at (0,1,0) since
OF oF

F(0,1,0) = %(O, 1,0) = a—y((), 1,0) =0,

but 2£(0,1,0) # 0.
Now, for the rest of the points we have

oF
- 1) =2
ay(x,y, ) = 2y,

thus %—Z(x, y,1) =0if y = 0 or K has characteristic 2.
Suppose that char(K) = 2, then reduction modulus 2 yields

Ey y2 = z(z + 1)27
thus (1,0,1) is always a singular point.
Now, suppose that y = 0, we have

F(z,0,1) = gf(x,o, 1) = gi(:v,(), 1) =0,

if and only if n = Omodp and x = 0.
Therefore E,, defines an elliptic curve for every field K of characteristic
p, as long as p does not divide 2n.

*

Elliptic curves are abelian groups under addition of points, this is quite
easy to see for Complex Elliptic Curves. Define (0,1,0) € P% to be the
identity of the Complex Elliptic Curve

E(C):y*=az’ + bz’ +cx+d
and let [ be a line in PZ with no common factors with E(C), say
l:y=mzx+ Bz,

by Bezout’s theorem [ and E intersect in three points (multiplicities counted).
Then we say that collinear points sum zero, that is

P1+P2+P3:OHP1,P2,P3€ZQE,
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and that two points of the curve which are on the same vertical line are
inverses, namely for P = (z,y) then —P = (z, —y) (even in the special case
when y = 0).

This geometric construction can be put in algebraic terms as well. let
Py = (z1,y1) and P> = (x9,%9) be different points lying in [ N E, then their
x coordinates are roots of the cubic polynomial

(ma + 8)* — f(z) =0, (2.4)

the x coordinate of the remaining point of intersection P; = (x3,y3) must

satisfy SO
(ma + B)* — f(z) = (x — 21) (2 — 22) (z — x3),
from which we deduce that

b —m?
X3 = —T1 — T2 — )
a

and substitution in [ yields

ys = mxs + f,
where 8 = y; — mx;. Now, we must take the negative value of P in order

to determine the point P; + P,, thus

b —m?

Pl—l-PQI—Pg:(—SCl—ZCQ— ,—y1+m($1—$3)>, (25)
where m = %, furthermore if we allow P, = P, we obtain m by implicity

differentiating y? = f(x) and we have m = %

If K is any field and if f(z) € K[x] is like (2.2]), we define
f'(z) = 3ax® + 2bx + c,

and generalize the later construction. We summarize this in the next theo-
rem, which can be verified algebraically.

Theorem 14. Let E be an elliptic curve over a field K. For all P,
and P, in E, we have

b—m?

P1+P2=—P3=<—901—$2— >—yl+m($1—$3)>,

in other words, every elliptic curve is an abelian group under addition of
points.
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We will use the former theorem in the end of the next section, when
we have all the tools to enounce the addition theorem for the p-function as
corollary.

2.2 Complex elliptic curves as complex tori

Every Complex Elliptic Curve can be reduced by linear changes of
homogeneous coordinates to the following normal form

Y’z = 42° — Axz? — B2® Weierstrass’ Form; (2.6)

the polynomial on the right side having distinct roots, equivalently, its cubic
discriminant

A =A% 27B? (2.7)

is not zero.
We shall show that there exists a lattice L for which the invariants

g2(L) and g3(L) as in ((1.13)) satisfy
92(L) = 4;

gs(L) = B.

First note that if A = 0 then B # 0, we deduce from Example [6] that
L = wL(1,e*/3), that is, the lattice of the Eisenstein Integers multiplied
by a non zero complex number w;. Similarly if B = 0 then A # 0, we
deduce from Example |5 that L = w;Z][i], the lattice of the Gaussian Integers
multiplied by a non zero complex number w;. Finally it remains to study the
case where A and B are both nonzero.

In the later case set A = A3 — 2782, we have that A # 0 by hypothesis.
Then A = ¢go(L) and B = g3(L) for some L if and only if

g(L) A QS(L) _ A73

= —, and :
gs(L) B g3(L) —27g3(L) A

(2.8)

If we replace T = wy/wo, i.e. normalize L to L., the equation on the right of
(2.8) can be written as

_ 93(Ly) A
IO =Sy - gy ~ A
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but the equation J(7) — a = 0 has exactly one solution in the fundamental
domain B showed in Figure [I.5], wether a is real or non-real. Then, in order
to find w; we rewrite the left side of (2.8) as follows

2 Ags(L;)

e ng(LT) 7

and we have wy = Tw;.
Therefore, given an elliptic curve in Weierstrass form we can find a
lattice L such that ¢go(L) = A and g3(L) = B.

Now, let p(z; L) the Weierstrass elliptic function for a lattice L. Recall
that @ satisfies the differential equation (1.14)), this enable us to state the
following theorem.

Theorem 15. The map
F:C/L— E(C):y*=42* — gox — g3

z = (p(2),¢'(2),1) (2.9)
0 (0,1,0)

is an analytic isomorphism between the Complex Torus C/L and the Complex
Elliptic Curve E.

Proof. The image of any nonzero point z is well defined because @
satisfies the differential equation . Moreover, the map is analytic since
it is given by a triple of analytic functions near of non-lattice points and near
of the lattice points is given by

2 (p(2)/9'(2),1,1/¢(2)),

which is a triple of analytic functions as well.
Let (x,y,1) € E(C), for every point x there are one or two preimages. In the
first case x is a root of the cubic polynomial and therefore the corresponding
y coordinate is y = ©/(z) = 0. In the second case there are two two points
in C/L say z and 2’ such that z 4+ 2’ = Omod L and the corresponding two
y’s coordinates are opposites in sign, leading different points in £(C). Thus
the correspondence is one-to-one.

Finally, the inverse map from the elliptic curve to the torus is done by
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means of path integrals, this is explained in Appendix 1.
|

The former theorem together with the fact that every complex elliptic
curve can be reduced to an elliptic curve in the Weierstrass form enable us to
use the terms complex elliptic curve and complex torus indistinctly, in this
way one may think elliptic curves over finite fields as discrete tori.

The next corollary is a consequence of Theorem [14] and Theorem

Corollary 1. Let L be a lattice and (z, L) its Weierstrass elliptic
function. Then for u and v complex numbers we have

plut o) =—ol o) - 1 (L9 =5E) e

2.3 Points of finite order

Let P = (z,y) be a point in an elliptic curve E(K), let N > 2 be a
positive integer and consider the map

[N]: E(K) — E(K),

P~ NP=P+---+P;
N times

we say that P is a point of order N if P € Ker[N]. The group U Ker[N]
N>2

is called the torsion subgroup of the elliptic curve. For N > 2 we mean by
a nontrivial point of order N a point such that P # 0, NP = 0 and in the
case of N even 2P # 0.

It follows from Theorem [15|that P, = (z,y) € E(C) is a point of order
N if and only if Nz € L.

Obviously, there may be points of infinite order. Complex elliptic curves
are isomorphic to R/Z x R/Z, from the analog case of the circle we know
that the group of points of finite order of R/Z is isomporphic to Q/Z, then
the torsion subgroup of complex elliptic curves is isomorphic to Q/Z x Q/Z.
Moreover, the group of points of order N on a complex elliptic curve is
isomorphic to Z/NZ x Z/NZ.

For any elliptic curve defined over the rationals, we have the following
useful and special theorem due to Mordell.
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Theorem 16. The group E(Q) of Q—points on an elliptic curve E
defined over Q is a finitely generated abelian group. That is

E(Q) = E(Q)t0r5®zr7

where the torsion subgroup E(Q)s is finite and the nonnegative integer r is
called the rank of E(Q).

The group of points of order N of an elliptic curve F(K') is invariant
under the action of the Galois group of a field extension K’ of K, we denote
Gal(K'/K) the Galois group of the field extension K'/K.

Let K be a subfield of C and denote K the field obtained by adjoining
both the z- and the y-coordinates and K3, the field obtained by adjoining
just the x-coordinates, of all points of order N. Then Ky and K7, are finite
Galois extensions of K, for in both cases we are adjoining a finite set of com-
plex numbers which are permuted under the action of Gal(C/K).

Compute the points of order 2 for every elliptic curve E(K) is quite
simple, these points are: the point at infinity 0 and the points (e;, 0) with
1 = 1,2,3, where the e;’s are the roots of the cubic polynomial which defines
E(K). The e;’s may be in some extension K’ of K, this yields that Ky = K3
is the splitting field of the cubic polynomial which defines F(K).

Since any o € Gal(Ky/K) permutes the points of order N and respects
point addition, i.e. (P, + P,) = o(P;)+0(FP,), then o is an automorphism of
Z/NZxZ/NZ, thus Gal( Ky /K) is isomorphic to a subgroup of GLy(Z/N7Z),
the group of the 2 x 2 matrices with entries in Z/NZ and determinant in the
subgroup of units of Z/NZ.

Example 10. The group GLy(Z/27Z) is isomporphic to S3 the group of
permutations of {1,2, 3}, since GLy(Z/2Z) permutes the elements of Z/27Z x
727 fixing (0,0).

Consider the following elliptic curves over the rational numbers Q:

(a) y? =2® —nx

If n is a perfect square, then 2* — nx = z(x — a)(x + a) where a € Z™,
then the points of order 2 are the point at infinity 0, (0,0), (a,0) and
(—a,0), all of them having coordinates at Q, thus for this case we have
Q = Q7 and Gal(Qq) = {Ig}.

If n is not a perfect square, then 2° — nx = x(x — /n)(z + /n) and
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the points of order 2 being the point at infinity 0, (0,0), (—/n,0) and
(v/n,0). The field extension generated by the coordinates of the points
of order 2, i.e. Qy issimply Q(y/n), since Gal(Q(y/n)) permutes (1/n,0)
and (—y/n,0), we conclude that Gal(Q(y/n)) is isomorphic to a sub-
group of GLy(Z/2Z) of order 2.

() v =~
If n is a perfect cube, the splitting field of f(z) = 2* —n = 23 — d?,
where a € Z*, is Q(iv/3), since

f@) = (z —a) (x—a(—;—l—i\gg)) (x—a(—;—i\ég)),

and therefore i1/3 generates all the roots of f. We have two roots which
coordinates do not belong to Q, thus Gal(Q(iy/3)) is isomorphic to a
subgroup of GLy(Z/2Z) of order 2.

If n is not a perfect cube, let a be the positive cubic root of n. The roots
of f(z) = 2% —n are a, (—% + z@) and « (—% — z@) Now since a
and iv/3 generate all the roots of f, the splitting field of f is Q(c,iv/3).
In this case, the three points of order 2 different from infinity do not
have coordinates in Q, thus the resulting Galois group Gal(Q(«,iv/3))

is isomorphic to the entire group GLy(Z/2Z).
*

The process to find the z-coordinates of the points of order NV is simple
for elliptic curves in the Weierstrass form over some extension K of the
rational numbers which includes go and g3, i.e. elliptic curves

E(K) =y* = f(z) = 42" — goz — g5.

This process is carried out by means of a polynomial for which K3 will be
the splitting field. The way we construct such a polynomial has been already
studied in The field of elliptic functions and it is a direct consequence
of Theorem [13

Consider a nontrivial point u of exact order N, then p(u) corresponds
to the x-coordinate of a point of exact order N in the elliptic curve metioned
above. Since g is an even function, p(—u) is also a point of exact order N
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and u # —u. So, we can form pairs of points {u, —u} of exact order N.
Define the function

fn(2) = N [1(p(2) = p(u); (2.11)

where the product is taken over a point u for each pair {u, —u} of points of
exact order N. Now consider the two following cases:

(a) Let N be odd. There are N? — 1 points of exact order N. Then
In(z) = Fn(p(2)), Fy(z) € Clx] is a polynomial of degree N22_1. The
even elliptic function fx(z) has N? — 1 simple zeros and a single pole

of order N* — 1 at z = 0 with leading term —7—.

(b) Let N be even. There are N* — 4 points of exact order N. Then Fy(x)
is a polynomial of degree & 22_4. The even elliptic function fy(z) has
N? — 4 simple zeros and a single pole of order N? — 4 at z = 0 with

leading term ZN%

e

Therefore, a point (x,y) = (p(u), p'(u)) has odd order N if and only if
Fx(z) = 0. It has even order if and only if either y = 0 or Fy(z) = 0, since
the remaining nontrivial points of order N are the roots of 423 — gz — g3,
namely e; = p(w1/2), &2 = p(w2/2) and e3 = p(w1 + w2/2).

Example 11. To find the z—coordinates of the points of order three
of a complex elliptic curve in the Weierstrass form we can proceed in either
of the two following ways

(i) We can simply apply the method just described below and we will have

=300 -5(2)) (0-5(3)
(00 =0 (52)) (v -0 (*252))

rewriting it as a polynomial in p(z) = x we have

Fyn(z) = 32" — ax® + b2* — cx + d,

where

a wi wa wl—l—wg) <2w1+w2>
3_p<3)+@(3)+@< 5 JtelT3 )
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(i)

d_ (M) <wz> (w1+w2> (2w1+w2>
3 ¥\3)¥\3 )P\ T3 )" 3 ’

and we can find explicity the values of each coefficient. Obviously this
can be a hard long calculation without a computer.

It turns out that for a complex elliptic curve, the inflection points are
precisely the points of order three. Then, consider an elliptic curve
E(C) in the Weierstrass form.

Implicity differentiating twice we have

y* = f(z),
2% = f(x),

dy ? d2y "N,
2 (dx) + 29@ = f"(z);

then if x is a point of order three the latter equation holds and % =0,
multiplying it by 2y? we have

2f(2)f"(x) = f'(2)* = 0;

finally substituting f(z) = 423 — gox — g3 and dividing both sides by

16, we have
3 1
F — 3 4 < 2 3 -2
n(x) = 32" — 59207 = 3950 — 203,
which is the polynomial whose roots are the x—coordinates of order

three.

*

If we want to find the z—coordinates of the points of order N of an

elliptic curve not necessarily in Weierstrass form over a field K, we can re-
peatedly apply the formulas viewed in Theorem to compute a rational
function depending on x and y which is the x—coordinate of NP. Thus
P = (z,y) is a point of order N if and only if x is a pole of such a function.

While in the case of a complex elliptic curve it contains all its points of
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order N it could happen that for a general field K some of its points may lie
in the algebraic closure of K, and even worse, if K has characteristic p the
rational function which is the x—coordinate of NP may have less poles than
expected.

Even in that cases, however, algebraically one can prove that the poly-
nomial on the denominator of the rational function mentioned above will be
of degree & 2:2’1 when N is odd, otherwise of the form y-p(x), where p € K|x]
is of degree ¥ 22’4.

This can be summarized in the following theorem.

Theorem 17. Let E be an elliptic curve over a field K. Then the
subgroup of points of order N has at most N? elements over any extension
K of K.

As an example of applications of the latter theorem, we will calculate
the number of points on certain kind of elliptic curves over some finite fields.
Further, since elliptic curves over finite fields are finite abelian groups, then
we will see what are the possible prime group decomposition of the IF,—points
on the elliptic curve.

Example 12. Let ¢ = p", p 1 2n and suppose that ¢ = 3 mod(4).
Consider the elliptic curve

E, :y? =2* —n’x;
we want to calculate |E,(F,)|.
The curve contains all its points of order 2, namely the point at infinity,
(0,0), (n,0) and (—n,0). Now consider the pairs {z, —z} with x # 0, +n;

there are (1;—3 such different pairs. Consider the function

f(z) =2 — n’m,

notice that f(—z) = —2% + nz = — f(z), thus f is an odd function. Thus
for each pair of z’s we have four possibilities

y = +y/Ef(2),

however if f(x) is a square in F, then —f(x) is not a square and vice versa

(Since —1 is not a square in F, with ¢ = 3 mod4, for ‘15—1 = 1 mod2). Thus

for each pair {x, —x} we have exactly two solutions. Therefore there are ¢+ 1
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points in all.
Notice that the number of points does not depend on n.
Let g = 32", r > 1, then ¢ = 3 mod4. We have the following isomor-
phisms
By (Fys_o7) = Zy @ Zy @ L,

E,(Fs5—043) = Zo © Zs ® ZLey,
E,(F3r—0187) = Zo ® Zoy @ ZLsar;

we see that there are not nontrivial points of order three, this agrees with
the fact that the xr—coordinates of the points of order three can obtained
as in the Example that is the x—coordinates are the solutions to the
polynomial

—3z* + 6n%2% + n?,

and since Fz2r+1 is of characteristic 3, the nonconstant terms of the polyno-
mial vanish, thus there are not nontrivial points of order 3 in the elliptic
curves F,,(Fs2rs1) with r > 1.

*
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Chapter 3

Number of points in
hypersurfaces over finite fields

In this chapter we will investigate how to calculate the number of points
in certain hypersurfaces in finite fields.

Historically there has been many mathematicians devoted to compute
the number of solutions in certain equations defined over finite fields. Gauss,
Jacobi, Hasse, Davenport and Weil among them, and their contributions are
so remarkable that have been named after them.

Trough all this section we consider a field F, of ¢ elements, with ¢ a
prime power, and its extensions Fg/F, of degree r. We denote F; the mul-
tiplicative group of IF,.

Consider the equation

™" = u,

for u € F,.

If uw = 0 then it has only one solution, namely z = 0.

If u € I, since [} is a cyclic multiplicative group of order ¢ — 1, then
x is a solution to ™ = w if and only if u is a d = ged(m, ¢ — 1) power. No-
tice that if gcd(m, ¢—1) = 1 then the equation 2™ = u has only one solution.

A character is a group homomorphism from a group G to the multiplica-
tive group of the complex numbers. A character is said to be multiplicative

or additive if the group law is multiplicative or additive respectively. We

95
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denote G the set of the characters defined in G.

For instance, consider the multiplicative group [}, every multiplicative
character x maps to a subset of the ¢ — 1 roots of the unity because F}
has finite order ¢ — 1. We denote xqo the trivial multiplicative character
which takes every element in the field to 1, we can expand our definition
and set xo(0) = 1, while for every nontrivial character x(0) = 0. Nontrivial
multiplicative characters are totally defined once whe chose the image of a
generator w of Fy.

Let < w >=F;, we denote x, the multiplicative character such that

2mic

Xo(w) = e )

where « is a rational number such that a(g — 1) is an integer, that is ™

is a ¢ — 1 root of the unity determined by «. This machinery motivates the
next lemma.

Lemma. The number of solutions Ny, (u) = [{z € F,|2™ = u}| equals
> Xa(u) where ac-m is an integer, equivalently the sum over all the characters

for which x™ = xo.

Proof. 1f u = 0 then both sides equal 1. Now, if u is a m power there
are d = ged(m, g — 1) solutions, then

Y Xalw) =3 X0 (x) = d = Ny(u),

since there are d characters y, such that x7' = xo; while if u is not a m
power both sides equal zero.

3.1 Jacobi sums

We have considered equations of the form ax™ = u so far. Next, we
want to compute the number of solutions of equations involving several vari-
bles, we will see how Jacobi sums arise naturally in the way.
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Let’s first consider an easy example, let’s compute the number of solu-
tions of

" +y" =1

From the above lemma we have that the number N of solutions is

No= S Nal)Nae),
- Z (Z Xa(u)> (Z X,B(U)> with ao-m, f-m € Z,
utv=1 o Jé]
= Z( ) Xa(“)Xﬂ(?J)) with ov-m, 8-m € Z. (3.1)
a,f \utv=1

The sum between brackets motivates the following definition.

Definition. Let IF, be the field with ¢ elements. For any o € QF such
that o;(¢ — 1) € Z. The Jacobi sum attached to « is defined by

J(a) = J(ou,.oar) == D Xao (W) Xap (). (3.2)

ur+...tup=1

We also introduce the following sum

Jo(@) =" 3. Xoi(u1) - Xa(ur)- (3.3)

ul+...+up=0

Continuing with the equation 2™ + y™ = 1, we express its number N
of F,-points as follows

N:ZJ(Q,B) with a-m, f-m € Z.
a,B
Now we shall prove some general properties of the Jacobi sums in the
next proposition.
Proposition 1. 1. Ifa=0¢c QF, then J(a) = Jy(a) = ¢*;

2. If a = (a1, 1,0,...,0) € QF, oy # 0 fori = 1,....1, then J(a) =
Jo(Oé> :O,'
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3. Ifa#0 ¢ QF, then
Jo(@) = Xont.tap (=1)J (@, .y ap1) Z Xo +.. o, (1)

u#0
k
_ (¢ — DxXa, (=) J (a1, ooy 1) if ‘21 a; € 7,
0 otherwise.

Proof.

1. This follows immediatly because for b € F, the linear variety u; + ... +
u, = b has ¢"! points.

2. We have

> Xon (Ul) T Xoy (UZ)XO(UZ—H) T 'XO(uk)
u1+..+uk=b

notice that the first equality holds since the variety 3" u; = b has ¢*~!
points and we chose arbitrarily the points for which o« = 0. Also notice
that the terms on the latter profuct is zero since the sum is taken over
all the values in F,.

3. We have
Joloa, o) = D Xao (1) - Xay (ur)

ul+...+up=0

= Z(Xoék (U)) Z Xa1 (ul) 0 Xag—t (uk1)>
u£0 ur+t...tup_1=—u

= D (Xar(w)) Yo Xaa(—urvi) o Xay, (—u ’Um))
u#0 V1 +...tvp_1=1

= Z(Xf’ék <u>> Z Xai+..+og_1 (_U)Xal (Ul) te 'Xoék1(vk—1))
u#0 v1+...Fvp_1=1

= Z Xal+...+ak (U)Xa1+,,,+ak71 <_1)J(Oél, ey ak*l)
u#£0

= Xoaa+..4agp_1 (—1)J(C¥1, Sy ak—l) Z Xai+...4ay (U)
u#0



3.2. Gauss sums 59

3.2 Gauss sums

Now we investigate Gauss sums which are closely related to Jacobi
sums. Both of these sums allow us to continue our exploration of the num-
ber of solutions of equations in finite fields. For this we show some properties
involving both Gauss sums and Jacobi sums.

Let F,/IF, be a field extension of the finite field with ¢ = p" elements,
with p prime.

Definition. We define the trace and the norm by
Tr: ]qu — Fq,

r—1

r—x+ai+ .+t
Nm:F, — F,,
r—1
r—x-xt-x?
respectively.

The trace is an onto Fy-linear map and the norm is an onto multiplica-
tive map.

Consider the following additive character given by
Y :Fpr — C;

2mi
—Tr
s )

since Tr is onto, we obtain in this way a non trivial additive character.

Definition. Let y € I » and ¢ the additive character defined above.
We define the Gauss sum of x depending on ¢t € F, by the relation

9e(x) = > x(@)v(t).

z€lF,

We denote g;(x) simply as g(x).
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is the complex conjugate of y(z). We have the following proposition

Lets denote x( the trivial character and the x denote a nontrivial char-
acter; and y denotes the complex conjugate character of x, whose value at x

Proposition 2. 1. g(xo) =0;

c9(x) =97 = x(=1g(x);

90 - 9x) = ¢

cLeta€QF. Ifay,...,qp and Y oy ¢ 7, then

9(Xar) 9 (Xay,)
9(Xar *** Xay)

J(Ofl, ...,O_/k) =

and therefore

|J<Oél, ...,Oék>’ = qT

. Let a € QF. If an, ..., are nonzero and Y. o; € Z, then

g(Xm) " 'g(Xak)
q
= —Xa (1) (a1, . 1),

J(Oél, ...,Oék) = —

and therefore

Proof.

- glx0) = X ¥(z) =0.

z€eF,

. The first equality holds since |x(z)| = 1, thus x(z) = x }(z).

(3.4)

The



3.2. Gauss sums

61

second runs as follows

X(=1) >~ x()v(z)

z€lF,

3. In the Gauss sums we will sum over the nonzero elements in IF, since
the terms containing 0 are 0 as well. Then we have

9(x) - 9(x)

now making x = xy, we have

= 2 x@)dylz-1))

= > x@)(@) X x@v(y)

z€FY yeFy

= Y xlay Yz —y),

z,ycly

x,yE]F;

= > x(@) > vyl -1)

z€FY y€eFy

= x(1) D ¥(0) = > x(=)

yeFy z#0,1

(3.5)
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4. First notice that

IXar) - 9(Xar) = (Z Xal(ul)w(ul)> ( > Xak(Uk)w(Uk))

u1 €FY up €FY

- ZXCH (ul) e Xak(uk)qvb(ul + ...+ Uk)

u

= Z( > Xal(ul)---xak(uk)) ¥(v)

v ur+...+up=v

= Jo(ou, ..., ap) +Z ( Z onl(ul)"'Xak(uk)) Y(v)

v#£0 \u1+...+up=v

- Jo(al,...,ak)+2( > Xal(ullv)“-xak(u;v)) W(v)

v#£0 u’1+...+u;€:1
= Jo(ag, ...,ar) + J(aq, ..., o) Z Xar (V) *+ Xay (V)0(v)
v#0

= Jolon, .y ap) + J(ag, ooy o) 9(Xay - * Xag)

= J(a1, - )9(Xay ** Xay)-
In the fifth equality we make u; = wjv for i = 1,...,k, since v # 0.
We also have Jy(ay, ..., ) = 0 by property (3) of Proposition [I], since
>« ¢ Z. Finally the norm |J(«a)| = ¢z follows from property (3) of
the current proposition.

5. From the past property we have

g(Xal> o 'g(XOék) = Jo(alv R ak)+J<a17 S ak) g Xen (U) o Xak(v>¢(v>7

notice that

D Xon (V) -+ Xy (V)9 (0) = =1,

v#£0
because we are summing over all nonzero v € F, and x4, - - * Xa, is the
trivial character. So we have

J(Oél, ) ak) = Jo(ah ) ak) - g(Xm) o 'g(Xak)ﬂ
from property (3) of Proposition (1| we have

Jo(a) = (¢ — 1)Xa, (—1)J (0, ..., ag—1), (3.6)
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using properties (2) and (3) of the current proposition we deduce

9(Xay, )9 Xay
(1) = T 0l0e)
q
substituting this last equation in (3.6) we get
Jo(a) = (¢ — 1)J(au, _._704,?71)%90(@7

q
notice that since Xa, * - Xa, = Xo then Xa, - Xa,_; = Xa,, that is

(o, o) = ~ 9(Xar) -(-]-g(xak)_

Finally the norm |J(«)| = q"7 follows from property (3) of the current
proposition.
[

3.3 Weil’s Theorem

In this subsection we state and reproduce the proof of a result due to
the french mathematician André Weil. The theorem gives a formula for the
number of points in certains hypersurfaces in finite fields, an estimate will
be given as well.

Theorem 18. Consider the equation
a1zt + .+ agzt = b, (3.7)
with a;,b € F, and n;|q — 1.
1. If b= 0, then the number N of F,-points in s given by
N =¢""4+> xa(ar") -+ Xy (a5 ") Jo(ou, ..., o),

with o € Q¥ N (0,1)* and a; - n; € Z for alli. If
My = |{a € Q"N (0,1)"|o; - n; € Z for alli; and > oy € Z}|

then o
IN —¢" ' < My(g—1)q = .
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. If b # 0, then the number N of F,-points in is given by

N = qkil =+ ZXOq o Xag (b)Xal (afl) o Xag (GEI)J(Om ) ak)?
with o« € Q* N (0,1)*, a; - n; € Z for alli. If
M={aeQ n(0,1)!a; n; €Z for all i; and > «; & Z}|

then o -
IN —¢" | < Moz +Mq=.

Proof.

. If b =0, let N the number of solutions to (3.7]), thus

N o= Y Naw)e N )

ajul+...+apup=0

- Y (St (S )

ajul+...+apur=0 ol

= > Xan(un) Xay (ur)

a1u1+...+akuk:0
e

= qk_l + Z Xai (ul) T Xoy, (uk)

ajuy+...tapup=0
£0

= qkil + Z X (afl) 0 Xag (@1;1>X011 (ul) o Xy, (uk)
ugt...+up=0

az#0
= qkil + Z X (afl) © Xag (GI;I)JO<0517 e ak)'
a0
In the penultimate equation we replace u; by =*; by properties (2) and
(3) of Proposition (1| we may ask «; # 0 and o; € Z. This proves the
first part.
In the next development we use properties (3) and (5) of Proposition

and [2] respectively,

|N_qk_1| = Zxal(al_l)"'XO%(CLI;I)JO(OZD”'?ak)
a#0

M0|J0(Oél,...,04k)|

- Mol(q_1)Xak(_]-)<](a17"'7ak—1)|

= Mo(q—1)[J(a1, ..., ap)]|

k—2

= My(g—1)g = .
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2. Similarly, if b # 0 we get

N = qk_l + Z % (ul) " Xoy, (u’ﬂ)7
a1u1+...+akuk:b
a#0

we replace u; by and we get

N = qkil + Z Xai " Xag (b>Xa1 (a;1> 0 X, (aEI)Xal (Ul) o Xy, (Uk)
v]t...Fvp=1

a#0
= Y X Xae B)Xan (arh) - Xag (a5 ) T (an, ooy ).
a#0

Now the inequality follows from the properties (4) and (5) of Proposi-
tion [2, we get

IN ="' = 1D X Xy (0)Xan (0771) -+ Xy (a1 ) I (s ooy )
a#0
< Z‘Xal' Xak Xm(al_l)"'Xak(alzl)‘“o‘l"”vak)’
a#0
= Z‘J(@l,...,@k)‘
a#0

= M0q¥ —i—Mq%.

This proves the theorem.

Now we compute the number of points in F, of a particular equation.

Example 13. Let ¢ = p" be a prime power and p t 2n, consider the

equation

r] — 13 = 4n?; (3.8)

denote N the number of its Fy-points. Let w be a generator of Fy.

First suppose that ¢ = 3 mod 4. Then we have

N= Y Na(u1)Ny(up),

w1 —ug=4n2
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notice that ged(2,q — 1) = ged(4,q — 1) = 2, then

N = > (Z Xi/?(ul)) (Z Xj/z(u2))

ul—uQ:4n2 1=0,1 ]:0,1

= q+ Z X1/2(u1)X1/2(uz)

w1 —up=4n?
= q+ Z 1X1/2(4”2)X1/2(U1)Xl/z(—1)X1/2(4”2)X1/2(U2):

B (3.9)
where in the last equation we replaced u; = 4n?v; and uy = —4n2v,. We get
N = q+ x12(—1)J(1/2,1/2),
by property (5) of Proposition 2 we have that J(1/2,1/2) = —x1/2(—1), thus
N=q—1.

Now if ¢ = 1 mod 4 by Theorem [I§ we have
N = ¢+ > xi(dn’)x
j=123

= g+ > xi(—4n)J

J=12,3

J
4

(4n?)x 1 (D)xs (—1)J <1 j)

12 13
_ a7t L a7 (L2 a7 (2
= et )J(2’4>+Xi( o )‘]<2’4>+X5’i( o )‘]<2’4>
11
= q+x;(—4n2)J( ) Xz (—4
notice that X%(Zlnz) = x1(4n?) = 1; because of X%(w) =" = —1 we

—1

compute that X%(—l) = yi(w'T) = (=1)"T = 1 since %L is even; and
(

2
B " 1 1) _
Xs = xzxi. By property 5) of Proposition [2[ we have that J(§>§) =
—x1(=1) = —1. Therefore

1
2
N 14 x1( 4n2)J<1 1>+
= —_— 1 —_— J— J—
q X1 57) TX

= a1 (1(55) 7 (37)

()7 (5.7)

274
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If ¢ = 1 mod 8 choosing a generator w of F; such that x,/4(w) =i we
have »
X1/4(—1) = X1/4(qu) =i =1,
for some k € Z.
Similarly, if ¢ = 5 mod 8 we have that x/4(—1) = —1.
By quadratic reciprocity we have

1 if g=1mod 8
X1/a(4) = x1/2(2) = { —1 if¢=5mod 8.

Therefore x1/4(—4n?) = x1/2(n) and we have
N =q—1+x12(n)(J(1/2,1/4) + J(1/2,3/4)),
finally replacing it = ping = —x1/2(n)J(1/2,1/4) we have
N=qg—1—pu—n.

In the next chapter we will pursue the investigations on this equations, espe-
cially on the nature of the variable .

3.4 The Hasse-Davenport Relation

We have investigated the number of solutions of equations in a fixed
finite field so far, but we have not yet dealed with extensions of such a fixed
field, we do not have any information about the behaviour of the number of
points in such equations.

The next result is due to two mathematicians: Hasse and Davenport,
whose result is of considerable interest, enabling us to compare the number
of solutions of an equation in a given finite field and in all the extensions of
finite degree of that field. We will prove the theorem of Hasse and Davenport
and apply it to the equations we are considering.

Let x, be a multiplicative character of F,, such that x,(w) = e*™* for
a generator w of F,. Consider a finite extension of F,, say F,r, then there
exists a generator z of I}, such that Nm(z) = w. Then x4, (2) = xa(Nm(z))
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defines a multiplicative character in F;-, when the « is fixed we just write
Xr- Similarly ¥, (z) = ¥(Tr(2)) defines an additive character in Fyr. Let now
define the next gauss sum in Fgr

g(Xr) - Z Xr<x>¢r(x)'

JJEqu

Theorem 19. Let x, be a multiplicative character of Fyr, then we
have

—g(xr) = (=9(x))" (3.10)

Proof. Let S C F,[x] be the set of all monic polynomials over F}, and let
S C S be the set of all those irreducible polynomials (Subscrips will indicate
the degree of the polynomials). F,- is the splitting field for the polynomial
29 — x thus

furthermore
" —x= ][ f, (3.11)
fes
deg f|r
for if g(z) is any monic irreducible factor of F(z) = 29 — z over F,, all its
roots lie in Fyr and the extension [F,(a)/IF, generated by one of its roots must
have degree m = deg(g) with m|r. Conversely, let g(z) be a monic irreducible
polynomial over F, with degree m that divides r. Then F, has a subfield
with ¢™ elements, and this field is isomorphic to Fy(a), with a € F,». Then
we have g(a) = F(a) = 0, and since g(a) is the minimal polynomial of a over
F,, g(x) divides F(x). The roots of F(z) are all distinct, so no irreducible
factor can appear more than once.
Now consider a multiplicative character xy and an additive character v

of F,. We define the map

A:S = C,
fla)=a? —cz® 4 (=D = x(ca)y(er); (3.12)
this map is multiplicative, since for

/

f@) =2t — iz 4+ .+ (=1)%q and g(z) = 2¥ — 2?7+ .+ (=1)%¢,
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we have

Mfg) = 2 — (i + a4 L+ (=) eyen
= X(eaca)(c1 + )
= x(ca)¥(er)x(ca)P(c))
= AN 9)-

We can express the Gauss sum of a character y in terms of f € S as

follows
YoM =D x(@v(e) = D x(e)w(e) = g(x). (3.13)

fES fes cely
Next we prove some equalities that enable us to prove a similar assertion
about Gauss sums of a character y, in terms of irreducible polynomials.
Suppose that a € F,r is a root of f € S, where d divides r. Then

Fgla) > Fola]/f(x) ~ Fg
that is a generates a field extension of degree d. Now if
flx) =2 — ™ + .+ (=1)%q
then Tr(a) = ¢; and Nm(a) = ¢4. So we have

A(f) = x(Nm(a))¢(Tr(a)),

where Tr and Nm denote the trace and the norm from F .« to I, respectively.
On the other hand we have that

Fgr = Faym =~ Fea/g(x),
with 7 = dm and g(x) € F[z] is of degree m, that is Fy- is an extension of
[F,a of degree m. Then if we consider the map
NS — G
where S’ is the set of the monic polynomials over F,~ we have that

N@—a) = x.(a)ir(a)
X(Nmy. 1 (@) (Trp1(a))

= X(Nmg; o Nm, 4(a))(Trg; o Tr, 4(a))

= x(Nmg, (™)) (Tra(ma))

= Xx(Nmgi(a)™)¥(mTrq:(a))

= X(Nmg1(a))"¢(Trau(a))™,
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here Nm; ; and Tr;; denote the norm and the trace from F to F, for jli;
therefore

A = X (@) (a). (3.14)
A polynomial f € S; with d|r has d differet roots in F, (each of them
satisfying (3.14])) and the roots of all those polynomials coincide with the

elements F,- by (3.11]), thus
glx) =2 > da(f)e (3.15)
dlr feS‘d
For an indeterminate 1" the power series identity
ST = [L (1= AT ) (3.16)
fes fes
holds. For the right side we have

[T —xHT=N = TS (A7)

fes Fe§n>0

= TS AT

fes‘ n>0

SR OWUE

fes’ TLZO

— AT

fes

the last equation holds since every monic polynomial is the product of irre-
ducible monic polynomials.

We can simplify the expression on the left of the equation (3.16]) as
follows

SAAHTSE = 1+ S MAHT+ D MAHT?+ > ANHT? + ...

feSs feS1 fE€S2 f€ESs
= 14+900)T+ ) (q”2 ( > X(Cn>) ( > X(cl)) T”)
n>2 cn€Fy c1€Fy
= 1+g9)T.
Then the equation (3.16]) becomes
1+ g()T = J[(1 = A(f)Td=l)~1 (3.17)

fes
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Taking the logarithmic derivative in both sides of (3.17) and multiplying by

T we have
deg(f)A(f)Tel)

g)T
T g00T ~ 22 1= AT

expanding the geometric series in both sides of the latter equation we get

S (=1)"g()" T = 303 deg(f)A(f)T I D deel)

n>0 fesn’>0

then we equate the coefficients of T

(=D g =30 > A,

d|T‘ feSd

finally substituting the right side as in equation (3.15) and multiplying by
—1 we have the desired result

(=9()" = —9(x+)-

3.5 Remarks on Gauss sums

Until now we have considered characters over finite fields. Although we
can expand our definition to some rings. We will see now how to do this and
prove some properties about these characters, especially those which concern
their Gauss sums.

Let R be the ring of integers in a number field K, and let I be a nonzero
ideal of R. Then R/I is a finite ring.
Let
v:R/I — C*

be an additive character which is nontrivial on any additive subgroup of R/I
of the form J/I for any strictly larger ideal J D I, including the improper
ideal R, which will be the only such J if [ is a prime ideal.

Define the norm Nm(7) = |R/I| and let

x:(R/I) — C*
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be any multiplicative character, with x(z) = 0 for z € R/I not prime to I.
Finally define the Gauss sum of a multiplicative character x of R/I as

gix) = 9. v) = > x(@)v(x).

z€R/I

We say that a multiplicative character y is primitive modulo I if for
any strictly larger ideal J D I, x is nontrivial on the subgroup of (R/I)*
consisting of elements congruent to 1 modulo J.

Proposition 3. Let R and I be as before, for any a € (R/I)* we
have

> x(@)plax) = x(a)g(x, ¥).

z€R/I

Moreover if x is primitive then the equation holds for any a € R/I.
Proof. First let x = z/a, then

Z/ x(@)Y(ax) = Z/ x(z)x(a)y(x)

= X(a)g(x; )

For the second part let @ € R/I and let y be primitive. Denote J the ideal
of elements z € R such that az € I.

Suppose that a is not prime with I, then the right side of the equality
vanishes since Y(a) = 0.

For instance if a € I then J = R and ¥(a) = 1, we have

> x(@)plaz) = Y x(x) =0,

z€R/I zER/I

therefore both sides equal zero.
Since x(z) = 0 if z is not prime to I then the left side becomes

> X(@)(az) = > x(@)¥(az),

x€ER/I z€(R/I)*

now we can decompose the right side of the later equation as follows

Y. x@lar) = Y@ > x@)+v(=a) > x()

ze(R/I)* ze(R/I)* ze(R/I)*
=1 mod J rz=—1 mod J
= (Y@ +¥@x(-1)) > x@);
ze(R/I)*

z=1 mod J
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where the sum

> x(@)
ze(R/I)*
=1 mod J

is taken over a multiplicative subgroup then it must be zero, this proves our
assertion.

In the same fashion we did for Gauss sums of multiplicative characters
of a finite field, we can calculate the norm of a Gauss sum of a primitive
character of R/I. We resume this in the next proposition.

Proposition 4. For any x primitive

and

Proof. First we have

g, v) = g(x,v)

Then it suffices to prove one of the equalities. We shall prove the second one.
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We have that

90 )1

= g(x,¥)9(x, V)
= > x@)(x) > x()v(y)
z€R/I yeR/I

> x@)xww(r —y)

z,yeR/I

> x@Xy)v( — (zy))

z,yeR/I

> XW)w(z(l—y))

z,yeR/I

> XWd-y)+ > x(1)

zy#1ER/I TzE€R/I
Y. X@)(z(1 —y)) + Nm(]).
z,y#£1€ER/I
(3.18)

Finally notice that the following sum vanishes

z,y#lER/I

> XW-y)= > X® ( > Y —y))) :

y#1€R/I z€R/I

since v is not trivial and therefore Y (z(1 —y)) = 0. This proves our

proposition.

z€R/I



Chapter 4

The Hasse-Weil L-Function

In this chapter we study two number theoretic functions which encode
information about varieties via their reduction to finite fields.

Zeta functions are defined as a sort of generating function for the num-
ber of points in an algebraic variety over the finite extensions of a finite field
F,. The Hasse-Weil L-function is defined as the inverse product of all the
zeta functions over the extensions of the reduction of the variety modulo p,
with p prime.

Such functions have given rise to many conjectures, some of them have
been already proved and some of them are still waiting for a proof.

For instance, zeta functions were studied by André Weil, he stated his
famous Weil Conjectures which would be proved some years later.

Nevertheless, the main conjecture in the frame of this work is the one
made by Birch and Swinnerton-Dyer which relates the number of points in
an elliptic curve defined over the rationals and the behavior of the L-function
of the elliptic curve at one.

We compute the zeta function of the elliptic curve E, : y? = 23 — n’x

for all primes p in a long example and we enunciate a theorem due to Coates
and Wiles which could be seen as a weak proof of one side of the Birch and
Swinnerton-Dyer conjecture.

75
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4.1 Zeta Functions

A zeta function is a function whose logaritmic derivative is a generating
function for the number of points of an algebraic variety V' over the extensions
of a finite field F,. In other words, given an algebraic variety V' and a prime
power ¢, we define a local zeta function with parameter T as

o0 TT’
Z(‘/(Fq), T) = exp (Z Nrr) s (41)
r=1
where N, is the number of points of V (Fr).

Now we prove a couple of lemmas which will be useful to investigate
zeta functions.

Lemma. Suppose that N, = ] + ...+ 3] —af — ... — al for a fized set
aq, ... 055,61, 0] 515; then

(1—ayT)--- (1 —asT)

Z(T) = .
D= G511 AT)
Proof.
= T T T T TT
Z(T) = exp (> B+ .. +8 —af—...— aS)T
r=1
oo T ' T T T s T s
(RO 7 @1y ar)
= r r r r
the Taylor development of log(1 — x) is
2?2 23
log(l—2)=—2—— — — —
og(l—2)=—2—— — 5~
then substituting we have
Z(T) = exp(—log(l—pT)—...—log(l —BT)+log(l —ayT)+ ... +log(l — asT)),

(1—ayT)--- (1 —aT)
A=B/T) - (1=5T)
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Lemma. Suppose that N, < cA" for c and A constants, then the power
series Z(T) converges in the open disc of radius 1/A in the complex plane.

Proof. N
T T
P M LS

r=1 r

where the last sum converges to —clog(1 — A|T|) if |T| < 1/A.

In the next example we compute the zeta function for the m—dimensional
affine and projective space over the extensions of F,,.

Example 14. Let A} denote the m—dimensional affine space over
the field K and P} the projective space over the field K. We have

2EE)T) — e (30" )

. (ii (quT)’T>
_ (1_1qu)

Similarly for the projective space we get

Z(BE (F):T) = oxp (iw‘”)

r=1 q_l r

— exp <§:( ()" o+ () +1) )

r=

_ exp<f;( e +(q>+1)Tr>

r=1 r
1

(1-T)(1—=qT)---(1—=qmT)

—
<

*

Zeta functions gave rise to Weil Conjectures. They say that zeta func-
tions for an algebraic variety over finite field extensions of a finite field should
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be rational functions, should satisfy a form of functional equation, and should
have their zeros in restricted places. These conjectures were proved by Dwork
(1960), Grothendieck (1965) and Deligne (1974). Next we state them in the
case of smooth projective curves.

Theorem 20. Let V' be a smooth projective curve, then
1. The zeta function of V' over the finite extensions of IF, have the form
P(T)
(1=T)(1—qT)

where P(T) € Z[T] have constant term 1, and if V is the reduction
modulo p of V(Q) then deg(P) = 2g, where g is the genus of V(C).

Z(V(Fy);T) =

2. If a is a reciprocal root of P(T) so is L. Thus if deg(P) = 2g then

P(T)=(1-o4T) (1 - qT> (1=, T) (1 — qT> :

aq %

moreover all reciprocal roots of P have norm /q.

In particular, the zeta function of any elliptic curve E defined over F, has
the form

1 —2agT + qT?
Z(EF,);T) = ,

where the integer ag depends on E.

In the next example, we compute the zeta function of the elliptic curve
E, C IP’IQFP, for every p prime.

Example 15. Let E, : y?> = 2 — n?z with n a square free integer,
and let I, the finite field with p elements.
(i) First suppose that p|2n. Then the curve reduction becomes simply

y? = a2°.

If 2 and 3 (the powers of the equation) divide p" — 1 we use Theorem
and get

N =p"+ > xip()xis(—1)Jo(1/2,i/3),

i=1,2
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but % + % ¢ 7 for i = 1,2. Then by property 3 of the Proposition [1| we
have Jy(1/2,i/3) = 0 for i = 1,2. Therefore N = p".

Now if 2 or 3 do not divide p" — 1, there are p” points again, corre-
sponding to the solutions of the linear variety u — v = 0.

Once counted the affine points, it remains to count how many points
there are in the whole projective space, but the projective completi-
tion of F,, when p|2n is 2y* = 3, thus there is only one missing point
(0,1,0).

Then if p divides 2n, we conclude that

Z(BE,):T) = exp ( (1 +pT>TT)

r=1 r

1
0 —T) 1~ pT) 42

Suppose that p 1 2n. We construct a one-to-one correspondence be-
tween the elliptic curves E, and E, : u?> = v*+4n?, the correspondence
is

E, — E,,

2
y oy
= 2z — &=, 2):
(z,y) = 22— 5, 7);

and

E, — E,,

1 1
(1,0) = (5 02), So(u+0?));
the correspondence maps affine nonzero points in £, to affine points in

E,.

Then the points of E,, are the points in E, minus 2, i.e. the point at
infinity (0,1,0) and (0, 0).

The advantage of computing the points of E, instead of E,, is that
the equation E,, is in the form of equation (3.7)) and we can apply the
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Theorem [18]

We have already done this in Example[13|for prime powers ¢ congruent
to 1 or 3 modulo 4, moreover for ¢ = 3 mod 4 we have done it twice
(see Example [12)).

Therefore we have two cases, p =1 mod 4 or p =3 mod 4.

Before computing the number of points for each kind of prime, we prove
the next proposition.

Proposition 5. Let g =1 mod 4. Then
1+J(1/2,1/4) =0 mod 2 + 2i,

in the ring of the Gaussian integers 7Z][i].

Proof. First notice that

J(1/2,1/4) = x1/2(=1)J(1/4,1/4),

by properties 2, 3 and 4 of Proposition [2, We rewrite the Jacobi sum
in the right side as follows

J(1/4>1/4) = Z X1/4 X1/4 )
u+v=1
= Z X1/4 X1/4 1‘“)
u#0,1
p+1 p+1
= X1/4 (> X1/4 (>+ > xaa(w)xaa(l —w)
2 2 "
u#1,0,2=
p+1
= xdu(B)+2 X st -w).
2 {u,1—u}
u;éO,p?'H

We have xi/4(z) =1 mod (1 + ) since x1/4(x) is a power of 4, then
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2x1/4(w)x1/4(1 —u) =2 mod (2 + 2i), which implies that

J(1/4,1/4) = X§/4(p+1>+2 S xaa(w)xaa(l —u)

2 {u,1—u}
u;éO,pT'H
p+1
= Xin (2> +q-3

= 2+ x14(4) mod (24 2i),

since ¢—3 = £2 mod (4) and 2+ 2i|4. Having this on mind, we deduce
that

1—|—J(1/2,1/4) = 1+X1/4(—1)J(1/4 1/4)
L+ X1/a(=1)(2 + x1/4(4))
1+ 2x1/4(—1) + x1/a(—4)
2+2X1/4( 1) mod (2+2Z>

where x1/4(—4) = 1 by quadratic reciprocity. Then the last equation
2(14-x1/4(—1)) is either 0 or 4, both being multiples of 24-2i. Therefore
1+ J(1/2,1/4) =0 mod (2 + 2i).

1. Suppose p =1 mod 4. Then p" =1 mod 4 for every r > 1.

By Example , we have that ]En(IFp)| =p—1—piny—fi,, Where
Hnp = Hn = _X1/2(n>J(1/2a 1/4). Then

Nl = |En(Fp)’ - p+ 1 - /“L’fl,P - ﬁn,p‘

Using a multiplicative character xo, = XooNm of [F,» we compute
N, for r > 2, we get

N, = |En(]FpT)| =p +1-— Honpr = Ho pr

where
(x1/2,)9(X1/4,r)

9(X3/4,)

g
Mnpr = —X1/2,r (n)
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notice that xi/2,(n) = x1/2(Nm(n)) = xj»(n) and by Theorem
we have that

g(x1/2)"9(X1/4)"
9(X3/4)T

e = (=1)"X1,2(n)
= finp-
Therefore
Ny = |Ey(Fpr)| = 0" + 1= 5, — iy s
finally from Lemma|4.1| we have that the zeta function when p = 1

mod 4 is
(1= p, T)(1 — 7z, T)
(1-=T)(1—-pT)

Now we determine the nature of the gaussian integer u = a +
tb. Since Jacobi sums can be written in terms of gauss sums by
property 4 of Proposition [2| we have that |u|* = a® + b* = p, this
yields eight possibilities to u, i.e. +a £ ib and £b + ia. From the
Proposition [5] we have that

Z(En(F,);T) = (4.3)

1+J(1/2,1/4) =0 mod (242i) & 1= —-J(1/2,1/4) mod (2+2i)

)
where 1, = —x1/2(n)J(1/2,1/4), taking in count that xi/2(n) is

simply the Dirichlet character (5), we conclude that p is a gaus-
sian integer of norm ,/p congruent to (%) modulo 2 + 2.

. Suppose p = 3 mod 4. In this case we have p**2 = 1 mod 4

and p**' =3 mod 4 for r > 0.

In Example [I12] we have seen that
Nopy = p* ™ +1,

for r > 0.
As seen in the Example , explicitly for F,2 we have

Ny = |En(]Fp2)| = ’EH(FPQ)’ +2= p2 + 1 — fp 2 — Mo 2
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we can see that xi/2(n) = 1 since n € F, and any polynomial
2* — a € Fplx] has a root in Fy2. p is a gaussian integer of norm
p, there are four possibilities +p or +ip, but by Proposition [5| we
have

l=p mod (2+2i) < 1+ p=0 mod (2 + 2i),

for some k satisfying 1 < k < 4. It is easy to check that £ can not
be 1 or 3, then it remains to verify 2 and 4, but p = 3 mod (4),
this implies that k = 4. Therefore = —p.

Finally we apply the Theorem [19] to

Nopyo = |En(IFp2'r+2)| = p2r+2 + 1 — p prrte — Mo p2r+2,
for r > 1. We get

Nopyo = (p2)r+1 +1— Fon, (p2)m+1 — Hyp, (p2)r+1
= (pz)wrl +1-— ,U;j;,lz - ﬁ::;;lz
= L () ()
We have for any r > 1
Ny =p"+1—=(iy/p)" — (—iyp)".

Finally from Lemma[4.T| we have that the zeta function when p = 3
mod 4 is

(1 —iy/pT)(1 + i\ /pT)
1-T)1-pT)

Z(E,(y); T) = (4.4)

*

4.2 The Hasse-Weil L-function

Let E be an elliptic curve, we will define a function which incorporates
all the numbers of solutions of E over every finite extension F, for almost]

'The word almost comes from the fact that the reduction modulo p of a curve could
let to a singular curve.
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every prime p.
The Theorem [20] establishes that the zeta function of an elliptic curve
over [F,,, with p a goodﬂ prime, has the form

o L =2ap, T+ pT™?
Z(B(F):T) = oy

where the integer ap, depends on E and p. Now, if we replace ' = p~*

where s is a complex variable, we have

_ 1—2ag p_s +p1_25

Z(EF,);p~?) = P .
FEE) = @)

We define the Hasse-Weil L-function L(E, s) as

IO
M= 2By

p prime
where ~ .
C(S) = S = H —8
n=1 n p prime — p

is the Riemann (-function. If
(L=p )1 =p ) Z(EF,);p ) =1

when the reduction modulo p is singular, we can simplify the function (4.5))
obtaining

L(Es)= ]I - ! (4.6)

p prime ©~ 2appp~° +p'T2

For every elliptic curve E the meromorphic function L(E,s) is well
defined on the right half plane Re(s) > %, in some cases as we will see in the
next chapter, it can be extended to the whole complex plane.

The value at s = 1 (even when it does not make sense to speak about
it) is called the critical value, since the L functions of some curves satisfy a
functional equation relating L(E, s) to L(E,2 —s), i.e. the point s = 1 is the
center of the functional equation.

Moreover L functions gave rise to a famous conjecture called the Birch
and Swinnerton-Dyer Conjecture (usually denoted BSD Conjecture) which
shows the importance of the critical value.

2We suppose that E(F,) is a nonsingular projective curve.
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Conjecture 1. Let E be an elliptic curve defined over Q.
The order of the zero of L(E, s) at s = 1 equals the rank of E(Q).

A complex elliptic curve F is said to have complex multiplication if
there is an automorphism of its lattice given by multiplication by some com-
plex numbers others than integers.

It turns out that curves with complex multiplication behave well be-
cause their L functions can be extended to the whole complex plane and
Coates and Wiles were able to make an advance in proving the BSD conjec-
ture.

Theorem 21. Let E be an elliptic curve defined over Q having com-
plex multiplication. If E has infinitely many Q-points, then L(E,1) = 0.

The scope of the proof goes beyond our investigation for the moment,
since it is a rather difficult result to prove.
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Chapter 5

Application

In this chapter we apply the tools studied trough all this work towards
a solution to the ancient problem of the Congruent Number.

Some of the results were already showed as examples mainly through
chapters 2, 3 and 4.

This is a very nice classical example, which illustrates the power of
some of the most sophisticated tools developed in modern mathematics.

We start this chapter giving a couple of characterizations of the Con-
gruent Number Problem which lead us to an elliptic curve. According to
Mordell, the elliptic curve seen as a group over the rationals can be decom-
posed in its free part and its torsion part (see Theorem . It turns out
that a Q-point of infinite order on such a curve implies the existence of a
congruent number. In fact, we show that the torsion subgroup of the curve
consists of the points of order 2 only.

Therefore our main task will be to compute wether the curve has free
part or not. For this we consider the reduction of the curve modulo every
prime p and then count the number of points in the reductions and over all
their finite extensions, this is made using mainly Weil’s Theorem and
the Hasse-Davenport Relation (19)).

Then we use this information and construct the zeta functions for the
elliptic curve over the finite extensions of a finite field. We will give two
equivalent forms of the zeta function, one considering a prime p in Z and
the other one considered as a product of the prime ideals P in the ring Z][i
which divide the ideal generated by p, i.e. (p).

87



88 Chapter 5.  Application

Finally we construct the Hasse-Weil L-function for this curve, we show
some of its properties and we also give two equivalent forms to express it.

We state the so called weak Birch Swinnerton-Dyer conjecture and re-
late it to the Congruent Number Problem.

5.1 The Congruent Number Problem

Consider the next problem:

Given a fixed natural number n determine wether or not n is the area of
some right triangle all of whose sides are rational numbers.

If there exists such a triangle we call n a congruent number. In other words,
n is a congruent number if the two equations

X*+v? = 72
XY = 2n,

have a simultaneous solution X,Y, Z € Q.

For example, 6 and 30 are congruent numbers since they are the areas
of right triangles generated by the Pythagorean triples (3,4, 5) and (5, 12, 13)
respectively. Every Pythagorean triple gives rise to a congruent number. All
the Pythagorean triples (X,Y,Z) can be generated by the relations

X=a>-0, Y =2ab, Z=a*>+V* witha>becN,

and therefore congruent numbers coming from Pythagorean triples are of the
form

(a® — b*)ab. (5.1)

This gives us an idea of which kind of congruent numbers could come
from right triangles generated by Pythagorean triples. For instance, at a first
glance we do not know if a prime p could be a congruent number using
even if there exists a simple algorithm using Pythagorean triples that will
eventually list all congruent numbers (of course not in increasing order).

It has been proved by Fermat that 1 is not a congruent number, neither
2, 3 and 4, but 5, 6, 7 are. 6 is the smallest congruent number coming from a
Pythagorean triple, while 5 is the smallest congruent number since the right
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triangle with sides (%, %, %) has area 5; Euler was the first to show that 7 is

a congruent number.

Our first step on trying to give a criterion is to reduce the set of search.
Suppose that n is a congruent number for (X,Y,Z) € Q3, then k?n is a
congruent number for (kX,kY,kZ) € Q3 and k € Z. Therefore, from now
on when speaking of congruent numbers, we shall always assume that the
number is a square free positive integer.

We derive an alternate condition for n to be a congruent number. If
(X,Y,Z) € Q3 is a triple corresponding to a right triangle with hypotenuse
7, we fix an order of such triples requiring that X < Y < Z. The next
proposition is due to the Arab scholars of the tenth century.

Proposition 6. The maps

v (2. (5)) o
(x —n,x,x+n) — (\/x+n—\/x—n,\/w+n+\/x—n,2\/5>

give rise to a one-to-one correspondence between rational triples of solutions
(X,Y,Z) to and triples of rational numbers (x —n,z,x +n) all of their
entries being the squares of rational numbers.

Thus, n is a congruent number if and only if there exists x such that
x, r —n and r +n are squares of rational numbers.

Proof. Let n be a natural number. First suppose that (X,Y,7) is a
rational triple which solves

X24Y? =272
XY =2n,
then £2XY = 44n, if we complete the quadratic binomials we have

X+Y\? /2\?
() -(5) ==
2 2
2
letting x = (%) we have that x, x — n and = + n are squares of rational
numbers.
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Now suppose that z, © —n and x + n are squares of rational numbers
and let

X=Ve+n—vVr—n,Y=vVr+n+vVzr—nand Z =2z,

we have X2 +Y? = Z% and XY = 2n.
Finally, let x and n be fixed, then Z is fixed as well since Z = 2./x.
The equations
X% +Y?=42% and XY = 2n,

are satisfied by the points (X, £Y") and (£Y, £ X), thus the triple (X, Y, Z)
is the same in the four cases.
[ |

It is time to put our problem in the language we developed through all
this work, that is, we will find another characterization of congruent numbers
in terms of an elliptic curve.

The system of equations is equivalent to the system of the com-

pleted squares
(5) =(3)
== *£n,
2 2

multiplying both equations we get

X2 _y2\* /Z\4
@)
) =0

X2 _Y2
4

if we replace (%) by u and ( ) by v we get

v =ut —n?,

multiplying both sides by u?, we get

(uv)? = u® — n?u?,
finally we make z = u? and y = uv
E,: y*=2°—n’r (5.3)

That is, given a right triangle with rational sides X, Y, Z and area n we ob-
tain a point (z,y) having rational coordinates and lying on (j5.3]).
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The next question to solve is wether a point (x,y) with rational coordi-
nates which satisty (5.3]) come from such a triangle. We answer this question
with the following result.

Proposition 7. Let (z,y) be a point with rational coordinates on the
curve . If x is the square of a rational number and its denominator is
even. Then there exists a right triangle with rational sides and area n.

Proof. Let z € (Q*)? and u = & € Q" with ged(r,t) = 1 and r,t € Z,

2:

such that xr = u Z—; t is an even integer since t? is even by hyphotesis.

2 3 .2 .
Now let y = uv then v* = %5 = =22 — 32 —p? that is

2 =v* +n?
From the latter equation we deduce that t*v? € Z since n € Z. Thus
the? = th? + t'n?,
which implies that (t?v, t*n, t>x) is a primitive Pythagorean triple, for we have
that t?v and 2z are both odd integers and t?n is an even integer. Therefore,
there exist integers a and b such that
t?v = a® — b%, t*n = 2ab, and t*zx = a® + b*.

We obtain that n = %”, making X = 27“ and Y = 27” we get

a® + b?
t2

X24+Y?2=14 =4z = 4u?,

so Z = 2u. Then the right triangle with sides

2 2b
X:—a, Y = — and Z = 2u,
t t
has area n.
The image of the triangle under the correspondence in the Proposition

is o= ()" =

The Chapter 2 starts with the definition of an elliptic curve. According
to Example @ the cubic equation E,, (5.3]) defines an elliptic curve over any
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field K of characteristic p as long as p { 2n. Then it make sens to talk about
the addition of its points. It turns out that another chacarterization of the
congruent numbers is obtained by means of the elliptic curve defined by F,,.

Consider the points P = (x, y) not of order 2 with = and y rational, then
the x—coordinate of the point 2P is a square in Q with even denominator,
thus it gives rise to a congruent number n by Proposition [7]

For let P = (x,y) be a point not of order 2 with rational coordinates
on the curve F,. By Theorem (14| the x—coordinate of 2P is given by

2% 4+ n? 2
2y ’
clearly it belongs to (Q™)2.
It remains to prove that the denominator of this x—coordinate is even.
For this we define for every nonzero rational number r the function

Ordy : Q" — Z,

r—k;

where k is such that » = 2¥s with s € Q having both odd numerator and
denominator, i.e. k is the exponent of the greatest power of 2 that factors r.

It follows that Ordy(r; & 72) = min{Ordy(r1), Orda(rs) }, Ordy(rirs) =
Ordy(r1) 4+ Ordy(rg) and that Ordg(ry/ra) = Orda(r1) — Orda(rs).

Then we have

22 +n2\’
Ord,y ( 5 ) = 20rdy(2? + n?) — Ordy(4y?)

Y

2min{Ordy(z?), Ordy(n?)} — 2 — Ordy(y?)
min{Ordy(z?), Ordy(n?)} — 2 — Ordy(7)
= 2min{Ordy(z),Ords(n)} — 2 — Ords(z),

notice that
0 ifnisodd

Ordy(n) = { 1 if n is even,

since n is square free. Consider the following three cases

1. Suppose Ordz(z) = Orda(n), then
2 2\ 2
Ord, ((I ;;” ) ) = Ordy(z) — 2 < 0.
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2. Suppose Ordy(x) > Ordy(n), then

22 +n?\’
Ord, ( % > = 20rds(n) — 2 — Ordy(z) < 20rda(n) — 3 < 0.

3. Finally suppose Ordy(z) < Ordy(n), then

2% + n? ?
Ord, ( o ) = Ords(z) — 2 < Orda(n) — 2 < 0.

This proves our assertion about the x—coordinates of the rational points not
of order 2 in F,,.

According to the Theorem [16]of Chapter 2, the Q—points of our special
curve F, form a finitely generated abelian group: F,(Q) ~ E,(Q)oms ® Z"
where r > 0. It turns out that

En(@Q)tors = {(0,0), (£n,0), 0o },

where 0, is the point at infinity (which acts as zero in the addition of points
in the curve). We prove this in the next proposition.

Proposition 8. |E,(Q)rs| = 4.

Proof. Let P, = (x,y,2) € Eyq) C Pg, without lose of generality we
may assume that z,y, z are integeres with no common factor.
Consider the reduction map

¢: E,(Q) — EH(FP);

P = (z,y,2) € ]P’?Q — P = (3,7, 2),

where the bar denotes reduction modulo p.
For two Q-points P, and P; in F,, we have

O(P1+ Pp) = @(P1) + ¢(Py),

since algebraically the reduction modulo p of the addition formula in Theorem
concides with the addition of the F,-points defined by the same formula.
The map ¢ is thus a group homomorphism. We want to prove that it
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is injective for most p.

Let P, and P, be considered as vectors in R3, then p(P) = o(P) if
and only if p(P, x P;) = 0, i.e. the reduction modulo p of its cross product
is zero.

First suppose that p(P) = ¢(P,), with out loss of generality suppose
that p t 21, automatically p 1 zo, then

p(P) = T2 Py = 11 Py = p(Py),
where the equality in the middle can be written as follows

Tory — 172 = 0 mod p

Toy1 — 12 = 0 mod p

Toz1 — 122 = 0 mod p,
that is p|roz; — 2129 and p|xiys — x9y; it remains to prove that ply; 2o — ya21.

If p divides both y; and z; it is over. With out loss of generality suppose
that pty;, then p{ yo, then
(P(Pl) = 332]51 = ??1]52 = SO(Pz),

and in the same fashion as before we write

Yox1 — Y172 = 0 mod p

Y2Y1 — Y1Y2
Y221 — Y1722 = 0 mod p,

0 mod p

therefore ply;zo — y221.
We conclude that p|P; x P, and therefore (P, x Py) = 0.

Conversely, o(P; x P») = 0 if and only if p divides the entries of

(3/1Z2 — Y221, 21T2 — T1R2, T1Y2 — ?J1902>-

Suppose that p|zi, then p|zy since p must divide z1x2 — 122 and we
established that the entries of P, has no common factor. Then

e(P1) = (0,41, 2)
(0, 1192, 213)2)
= (0,912, 41 22)
(Y172, 112, Y1 22)
= ¢(P).
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Now if p { o1 then p|z; and p { zy, therefore p(P) = ZoP, = 7, Py =
().

Now suppose that E,(Q) has a subgroup of odd order or even order
greater than 2. Let H = {Py, P»,..., Py} C E,(Q)iors be such a subgroup.
The points P; € E,(Q) C P§ are all distinct as vectors in R® for i = 1,..,m;
then the cross product P; x P; is nonzero for all i # j.

Let

dij = ged(viz; — Yj2i, 2iTj — Tizj, TiYj — YiTy),

then if p|d; ; we have that ¢(P;) = ¢(F;). Then if p { 2n and p > n, ; for all
1 <i<j<m,thenpf{d,, ie the map ¢ gives an injection from H to
E, (F,). This implies that the order of ¢(H) which is the order of H divides
the order of E,(F,).
Suppose that p is a prime with p = 3 mod 4. Then by Example
we have p + 1 points in E,(F,), then |H| = m divides p + 1 or equivalently
= —1 mod m. But we have that if ged(a, m) = 1 for a, m positive integers,
by Dirichlet’s theorem on arithmetic progressions there are infinitely many
primes p of the form p = a mod m, then there are infinitely many primes p
such that m 1 p + 1. Then there is not a subgroup of E,(Q) of odd order or

even order greater than 2.
|

Then our elliptic curve E,(Q) over the rationals decomposes in four
points which are the only points of finite order (the points of order two) and
a free part which could not exist.

Proposition 9. Let n be a square free integer. n is a congruent
number if and only if E,(Q) has positive rank.

Proof. If n is a congruent number, then there exists a Q-point not of
order two in E,(Q), by Mordell Theorem and Proposition |8 this point must
have infinite order, that is » > 1.

Conversely if E,(Q) has positive rank, then there exists a point P € E,(Q)
of infinite order and the x—coordinate of 2P is the square of a rational num-
ber with even denominator.
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Now, our main task abording the congruent number problem becomes
in determine wether the group of Q points of an elliptic curve E,, for a fixed
squarefree integer n has positive rank in its group decomposition.

To do this first we give the zeta function of E,, over the finite extensions
of F, for every prime p.

The following theorem is a direct consequence of the Example [15]

Theorem 22. Let E, be the elliptic curve given by y? = 23 — n’x

defined over F,,, where pt2n. Then
1—2ag, , T +pT? (1 —p,7)(1—mT)

ZEE)T) = "I © (I =D)1=pT)

where a = Re(yy,); pp, =i/p if p=3 mod 4; and if p=1 mod 4, then p,
is an element of Z[i] of norm \/p which is congruent to (%) modulo 2 + 2.
Moreover, if p|2n then the zeta function is simply

1
A=D1 pT)’

Z(En(Fyp); T) =

We can express the zeta function of E,, as product of prime ideals of
the Gaussian integers.

Let Z[i] be the ring of the Gaussian integers. There are two types
of prime ideals, namely the ideals P generated by a prime congruent to 3
modulo 4; and the ideals P generated by a gaussian integer of norm ,/p, with
p prime congruent to 1 modulo 4. That is, if a prime number p = 3 mod (4)
there is a unique prime ideal containing p and if p = 1 mod (4) there are
two prime ideals P = (a + ib) and P = (a — ib) where a? 4 b*> = p. Now if
p = 2 then there is only one ideal containing 2, i.e. the ideal P = (14 1), for
which P? = (2).

We define the degree of a prime ideal P dividing the ideal (p) as the
degree of the field extension Z[i]/ P of F,, hence

1 ifP|(p)forp=1 mod (4),
deg(P) = { 2 if P=(p) forp=3 mod (4).

We can rephrase the Theorem [22] as follows.
Theorem 23.

(1 =T7)(1—pI)Z(En(F = I (0= (upT)%="),
Pl(p)
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where the product is over the prime ideals of Z[i] dividing (p), and where
pp =iy/p if P = (p); and pp = a+ib if (p) = PP, where a+ib is the unique
generator of P which is congruent to (%) modulo 2 + 2i.

Moreover if p|2n, we take up = 0, thus the product on the right equals one.

Once we know how the zeta functions of E,, look like for every prime p
(actually we have two maners to express them), we want to multiply those
functions in order to find the L(E,, s) function.

Let s be a complex variable. We substitute the T'= p~*, then we have
according to Theorem [22] and to Theorem [23] the next equalities

1
L(E, s) — , 5.4
( ) plr;{ 1 —2ag, pp=° + p'=2 (54)
1
= I e . (5.5)
Plpy 1 — pip " (Nm(P))—

pi2n

In the equality the function Nm(P) = |Z[i]/P| is the norm of an
ideal in a ring, it simply count the different cosets of P.

We have that Nm(P) = p if P is a prime ideal generated by a gaussian
integer of squared norm p congruent to 1 mod (4). And Nm(P) = p? if
P = (p) for p prime congruent to 3 mod (4).

Notice that this agrees with the substitution made for the equality .

We now prove the convergence of the series product for L(E,, s).

Proposition 10. The series product for L(FE,,s) converges in the
right half of the s-plane for Re(s) > 3.

Proof. We have
1

L(E,,s)= ]] - :
pi2n) 1 — ppt’ (Nm(P))—

the product converges if and only if
> lup| " (Nm(P))~
P

converges.

Now if P = (a + ib) we have Nm(P) = p, deg P = 1 and |up| = /P,
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then |pp|ie? = \/p = Nm(P)2 Similarly, if P = (p) then Nm(P) = p?,
deg P =2 and |up| = \/p, then |pp|*8” = p = Nm(P)'/2. Therefore in both
cases we have |pp|4” = Nm(P)"/2, this yields

ZP: [pp| 8P (Nm(P))~* = 3~ (Nm(P))> ",

P

furthermore (Nm(P))z~* < p2~* for s > 5, then since there are at most two
prime ideals P for each prime p, we have the bound

; p*# " (Nm(P)) ™ <2 )

o—
p prime p

Y

N

where the sum in the right converges for s — % > 1, thus in the s-plane for
Re(s) > 3.
[ |

In the next theorem we state some properties concerning the L(FE,, s)
function. Those properties will be useful for the main result concerning the
Congruent Number Problem.

Theorem 24. The Hasse-Weil L-function L(E,,s) for the elliptic
curve E, : y* = 2 — n®z, which for Re(s) > 3 is defined by , extends
analitically to an entire function on the whole complex s-plane. In addition,
let

2 :
N = { 32n°, n odd; (5.6)

16n2, n even.

Let

A6 = (S ) LB ), 5.7

where T'(s) is the usual Gamma function defined by
I(s) = /OOO e ‘57 1dt.
Then L(E,,s) satisfies the functional equation
A(s) = £A(2 — s), (5.8)

where the sign is plus if n = 1,2,3 mod (8) and is minus if n = 5,6,7
mod (8).
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We will not prove the former theorem, since some of the contents go
beyond the purpose of this work. Nevertheless we make some remarks in-
volving the theorem.

Since the function L(E,,s) extends analytically to the whole complex
plane, it make sense to speak about the behavior of the L-function at the
critical value s = 1.

The curve E,, has complex multiplication because of its lattice, which
is a multiple of the lattice of the gaussian integers Z[i], some of the preceding
results are possible thanks to this fact.

The complex multiplication of E,, and the analitical continuation of the
function L(E,, s) allow us to compute the critical value of L(E,, s) for some
n, proving in some cases that L(F,, 1) # 0, thus by Theorem 21| FE, has only
finitely many points Q-points.

The functional equation satisfied by the function L(E,, s) is of the same
style as the functional equation for the Riemann (-function, that is, if

Acls) =71 (5) <)

then

Ac(s) = Ag(1 —s).
Both functions have certain symmetry with respect to vertical stripes in the
complex plane.

The next conjecture is commonly called the weak Birch Swinnerton-
Dyer conjecture, since it does not assert nothing about the order of the zero
of the L-function.

Conjecture 2. Let E be an elliptic curve defined over Q. Then
L(E,1) =0 if and only if E has infinitely many rational points.

The following proposition reveals an application for which a proof of
the BSD conjecture will end in good hands.

Proposition 11. Ifn = 5,6 or 7 mod (8), and if the weak Birch
Swinnerton-Dyer conjecture holds for E,, then n is a congruent number.

Proof. From Theorem [24f we have that if n = 5,6 or 7 mod (8) then
A(s) = —=A(2 — s), now if s = 1 we get

2A(1) =2 (f) L(E,,s) =0

T
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since I'(1) = 1. Since (2—‘/5) # 0, it follows that L(E,,s) = 0, then the
weak Birch Swinnerton-Dyer conjecture tell us that £, has infinitely many
Q-points, thus n is a congruent number.

Some advances have been made in trying to prove either the weak or the
whole BSD conjecture. Until now, efforts have not been totally successful,
but significant advances have been made using the Modularity Theorems and
in general the Theory of Automorphic Forms, from which Modular Forms are
examples.

In this fashion, Tunnell used the theorems of Shimura, Waldspurger and
himself, to give a nice characterization of the Congruent Number Problem.
The statement is

Theorem 25. Ifn is a congruent number then the number of integer
solutions of the first equation is twice the number of solution of the second
equation, for one of the next systems of equations depending if n is odd or
even.

n odd

n = 2z 4+ y* + 3222,
n =22 +y* + 82°

n even
n 2 2 2
5 = dr” + vy~ + 3227,
g:4x2+y2+822.
Conversely, if the weak Birch Swinnerton-Dyer conjecture is true for the

elliptic curves E,, then these equations imply that n is a congruent number.

More recently B. H. Gross, D. Zagier and R. Greenberg have made
advances towards the proof of the BSD conjecture. The first two of them
showed it for a family of elliptic curves F,, Greenberg showed that if the
conjecture were to fail for an elliptic curve of the kind of E,,, then it would
imply a very improbable result for elliptic curves.
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