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Abstract  We study the problem of reaching a pure Nash equilibrium in multi-person
games that are repeatedly played, under the assumption of uncoupledness: EVERY
player knows only his own payoff function. We consider strategies that can be imple-
mented by finite-state automata, and characterize the minimal number of states needed
in order to guarantee that a pure Nash equilibrium is reached in every game where
such an equilibrium exists.
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1 Introduction

We study the problem of reaching Nash equilibria in multi-person games, where the
players play the same game repeatedly. The main assumption, called uncoupledness
(see Hart and Mas-Colell 2003), is that every player knows only his own utility func-
tion. The resulting play of the game yields an uncoupled dynamic.

Hart and Mas-Colell show in 2003 that if the game is played in continuous time, and
the moves of every player are deterministic, then uncoupled dynamics cannot always
lead to Nash equilibria. In Hart and Mas-Colell (2006) they show that the situation
is different when stochastic moves are allowed and the game is played in discrete
time: if the players know the history of play,! then there are uncoupled strategies that
lead to a Nash equilibrium. The question is whether it is necessary to know the whole
history in order to reach a Nash equilibrium. The answer is no. It was proved in Hart
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and Mas-Colell (2006), Theorems 4 and 5, that under the assumption of uncoupled-
ness, convergence of the long-run empirical distribution of play to a (pure or mixed)
Nash equilibrium can be guaranteed by using only the history of the last R periods
of play, for some finite R. This is called a finite-recall strategy. Although finite-recall
uncoupled strategies can guarantee convergence of the distribution of play to a Nash
equilibrium, it is shown in Hart and Mas-Colell (2006), Theorem 6, that this cannot
hold for the period-by-period behavior probabilities. If however, instead of finite recall
one uses finite memory (e.g., finitely many periods of history but not necessarily the
last ones), then the convergence of the behavior can be guaranteed as well (Hart and
Mas-Colell 2006, Theorem 7).

This leads us to the study of uncoupled strategies with finite memory, i.e., finite-
state automata. In this paper, we deal with convergence to pure Nash equilibria in
games which have such equilibria. In Hart and Mas-Colell (2006), Theorem 3, it is
shown that in order to guarantee convergence to pure Nash equilibria one needs recall
of size R = 2. Since finite recall is a special case of finite automata, the question we
address here concerns the minimum number of states required for uncoupled finite
automata to reach a pure Nash equilibrium. There are four classes of finite-state auto-
mata: the actions in every state can be deterministic (pure) or stochastic (mixed), and
the transitions between states can be deterministic or stochastic. We will analyze each
of the four classes in turn.

Section 2 presents the model, defines the relevant concepts and present the total
results of the paper. Since the results are different for two-player games than for games
with more than two players, we consider two-player games in Sect. 3 and n-player
games for n > 3 in Sect. 4. In Sects. 3 and 4, we discuss each of the four automata clas-
ses separately. Appendix A and Appendix B containing the proofs of Theorems 6 and 7.

2 The model
2.1 The game

A basic static (one-shot) game I is given in strategic (or normal) form as follows.
There are n > 2 players, denoted i = 1,2, ..., n. Each player i has a finite set of
pure actions A’ = {ai, R afnl-}; let A := Al x A%Z x ... x A" be the set of action
combinations. The payoff function (or utility function) of player i is a real-valued
function u’ : A — R. The set of mixed (or randomized) actions of player i is the

probability simplex over A, i.e., A(A") = {x' = (xl(a}))j=l,..,,mi: E’j”;lx’(a}) =
1 and x! (a;'.) >0forj=1,..., mi}; payoff functions ul are multilinearly extended,
and so u’ : A(AD) x A(A?) x -+ x A(A") > R.

We fix the set of players 7 and the action sets A, and identify a game by its n-tuple
of payoff functions U = (u',u?,...,u"). Let U’ be the set of payoff functions of
playeri,and U :=U" x --- x U".

Denote the actions of all the players except player i by a ™, i.e.,a™ = (a]l.l ey
;’i]l, ;ltll, ey a;?n), and denote the set of actions of all the players except player i

by A™ = Al x ... x AI71 x AT % ... x A", An action aj. € A’ will be called a best
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reply to a % if u’ (aj., a™'y > ui(al,a™") forevery a; € A’. A pure Nash equilibrium

is an action combination a = (a ]1.1 , ajz.z, e, a;?n) € A, such that ai.i is a best reply to
a~foralli. B

For every game U, let U = (i, %>, ..., u") denote the resulting best-reply game,
which is defined by

1, ifa’isabestreplytoa™

~i _
w(a) = [0, otherwise

Note thata is a pure Nash equilibrium of U if and only if it is a pure Nash equilibrium
of U.

2.2 The dynamic setup

The dynamic setup consists of the repeated play, at discrete-time periodst = 1,2, ...,
of the static game U. Let a’ () € A’ denote the action of player i at time ¢, and put
a®) = (@' @), d%(1),...,a"(t)) € A for the combination of actions at . We assume
that there is standard monitoring: at the end of period ¢ each player i observes every-
one’s action, i.e., a(t); when the choices are random, the players observe only the
realized actions a(t).

2.3 Automata

An automaton® for player i is a 4-tuple A’ := (\Pi,ﬁg, i, gh). Wi is the set of
states; sh € Wi s the starting state; f SN A(Ai ) is the action function; and
gt Ax W' — AV is the transition function. Let A' denote the set of all automata
of player i. An automaton A’ € A’ will be called a pure-action automaton if the
actions in all states are pure, ie.’ Im(f i) C A, Otherwise it will be called a mixed-
action automaton. An automaton A’ € A’ will be called a deterministic-transition
automaton if all the transitions are deterministic, i.e., Im(g’) C W’. Otherwise it will
be called a stochastic-transition automaton. An automaton A’ € A’ will be called a
ki- automaton if it has k' states, i.e., |W!| = k.

Let (Al, A%, ..., A™) be n automata, where Al is a k'-automaton for player i. The
play proceeds as follows. At time ¢t = 1 every player i is at his starting state 56, and
plays an action a’ (1) according to the probability distribution f' (56). Let the realized
actions of all the players be a(1) := (a'(1),...,a"(1)). Then every player i moves
to a new state according to the transition probabilities g’ (a(1), 56). Now assume that
at time ¢ player i is in state s* € W', and hence at time ¢ + 1 player i plays an action
a' (1) according to the probability distribution f(s’). The actions of all the players
are a(t + 1), and every player i then moves to a new state according to the transition
probabilities g’ (a(t + 1), s').

2 This is short for “a strategy implemented by an automaton.”
3 We identify A’ with the unit vectors in A(A”).
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2.4 Strategy mappings

Let o : U — A! x ... x A" be a mapping that associates to every game U =
(u',...,u") € U an n-tuple of automaton strategies ¢(U) = ("), ..., "))
(with ¢’ (U) the automaton of player ). We will call the mapping ¢ uncoupled if, for
each player i, the ith coordinate ¢’ of ¢ depends only on u’, i.e., ¢’ : ' — A’ (rather
than ¢’ : U/ — A"). That is, ¢’ associates to each payoff function u’ € U’ of player i
an automaton ¢’ (u') € A’, and

oU) =o', u?, ... u") = (o' wh), * W), ..., " ").

We will refer to ¢ : U — A’ as an uncoupled strategy mapping to automata for
player i; thus, ¢’ “constructs” an automaton for player i by considering u’ only.* If
@' (u') € A' is an automaton of size (at most) k' for every payoff function u’ € U’,
we will say that ¢’ is an uncoupled strategy mapping to k! -automata.

Finally, we will say that the mapping ¢ is a Pure Nash mapping , or PN-mapping
for short, if the strategies ¢(U) yield almost sure convergence of play to a pure Nash
equilibrium in every game U € U where such an equilibrium exists.

2.5 The results

Clearly, every finite-recall strategy is in particular a finite-automaton strategy. In-
deed, a strategy with recall of size R can be implemented by an automaton of size
AR = (H:’: 1 mi)R (i.e. one state for each possible recall). Therefore, by Theorem
3 in Hart and Mas-Colell (2006), there is uncoupled PN-mapping to automata of size
(H:’: 1 m! )2 . The question we address here is whether there is uncoupled PN-mapping
to automata with fewer states.

Our purpose is thus to characterize minimal numbers k', ..., k" such that there
exists uncoupled PN-mapping where, for each i, the range is k’-automata. We will
analyze each of the four cases (pure or mixed-action automata, and deterministic or
stochastic-transition automata) separately.

The results are the following:

For two-player games (n = 2):

e There exists uncoupled PN-mapping to automata of sizes:

mixed actions pure actions
stochastic m! or m! + 1 m! or m! +1
transitions m?+1 m? m? +1 m?
1 1
. m +2 4dm' 4+ O(1)
det tic t t
eterministic transitions [ m2 42 [ am? 1+ 0(1)

e There is no uncoupled PN-mapping to automata of sizes m ', m?.

4 We assume that every player i knows his index i.
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For n-player games (n > 3):

e There exists uncoupled PN-mapping to automata of sizes:

mixed actions pure actions
stochastic transitions 2m! 2m!
deterministic transitions 2m' +3 O(m' 4+ nlogn)
e Letk! k?,... k"suchthatVi =1,...,n : k' < 2m'. Then thereis no uncoupled
PN-mapping to automata of sizes k', k2, ... k".

3 Two-player games
3.1 Stochastic transitions and mixed actions

We will show that there exists an uncoupled PN-mapping where the range for player
1is (m' + 1)-automata and the range for player 2 is m? -automata or, symmetrically,
the range for player 1 is m'-automata and the range for player 2 is (m? + 1)-automata.
On the other hand, we will show that there is no PN-mapping where the ranges of the
players are smaller.

Theorem 1 Lerk! > m! and k2 > m2+1. Then, for each playeri = 1, 2, there exists
an uncoupled strategy mapping to k' -automata with stochastic transitions and mixed
actions that guarantees almost sure convergence of play to a pure Nash equilibrium
of the stage game in every game where such an equilibrium exists.

Proof We define the mapping ¢ as follows:
Given a game U = (u', u?), the automaton q)l(ul) = A! € A is constructed as
follows :

Denote ¢! (u') = A = (\IJ1 50, f I g") when A is a m'-automaton. We denote
the states of A! by W! = {sl,... m,}
R—

Flsh:=a =,...,0,1,0,....0).
¢lash =g ((a,-,az),sil)

i
s!=(0,...,0,1,0,...,0) ifa!isabestreply toa’

1
(L L) otherwise

P IR Ry

In state s,.l player 1 plays action ail. He stays in this state if a,.1 is a best reply to
the action of player 2; otherwise he moves randomly to any one of the m ! states with
equal probablhty . Note that whether an action of player 1 is a best reply or not

depends only on h1s payoff function; therefore, A' depends on u! only.
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Now we construct the automaton @2(u2) = A2 e A? as follows:
Denote A2 = (W2, 50, 2, g%) when A? is a (m* + 1)-automaton. We denote the

states of A% by W2 = {sé,slz,...,sil}.
2. 2
50 =98
1 1 .
TRCHE [a? L
2 2y 2 1 2 2
g (G,Sj) - g ((a 7aj)asj)
1 1 .
(o) =0
=12 j =1 and a?isabestreply toa!
1 1 j =1 and a?isnota best reply to a'
m241° """ m2+1 Y
In the state sé player 2 plays the mixed action (#, ey #) and moves to any of

the m? + 1 states with probability 2 e

In the states s ,1 > 1, player 2 plays action a . He stays in this state if al.z is a best
reply to the action of player 1; otherwise he moves to the state So

Now we will prove that (¢!, ¢?) is a PN-mapping.

We partltlon the space W' x W? of the automata states into four regions:

Py .={(s 2) 1 <i<m!, 1<j <m?:u (a az)—l A/Z(a a%):]};i.e.,
in this case (a a2) is a pure Nash equilibrium.

P _{(Sz’SO) 1<i<mh.

Pyi={(s}, s, 1 <i<m' 1 <j<m?: i*a}, a}) =0}

Pyi={(s}.s), 1 <i<m' 1 <j<m?:i'(a,a}) = 0,0}, a}) = 1}.

These four regions clearly cover the space W! x W2, In fact, player 2 can be in the
state sg (P») or in any other state (P; U P3 U Py). If player 2 is not in the state sé, then
the action of player 2 can be a best reply (P} U P4) or not (P3). If it is a best reply,
then the action of player 1 can be a best reply (P;) or not (Py)).

Players 1 and 2 stay at the same state if their action is a best reply; i.e., each state in
P is absorbing. We will prove that there is a positive probability of reaching a state
from Py, in finitely many periods, from any other state s € W! x W2,

Definition 2 An action ail. € A of player i will be called dominant if for every
ale A a’} is a best reply to a .

s = (s}, s§) € P»: The actions are (a/, (# mz)) (f'esh, f2(s0)) If a!

is a dominant action then denote by al2 an action that is a best reply to al. . Player

2 moves to sl 12) e P. If ai1 is not a dominant

action, then denote by ak an actlon such that a is not a best reply to it, and then with

probab1l1ty > player 2 plays action ak Now both players move randomly over all
their states and with positive probability they will get to P.
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s = (sil, sjz.) € P3: The actions are (ail, a;); a? is not a best reply. Therefore, player
2 moves to sg. Denote the state to which player 1 moves by s,l. Then (s,:, s%) € P

s = (sil, sjz.) € Py: The actions are (al.l, ajz.); ajz. is a best reply, and ail is not. There-
#, where a,l

is a best reply of player 1 to a?. Now either (s,l, st_) € Pyor (s,l, sjz) € P3, depending

fore, player 2 stays in slz., whereas player 1 move to s,} with probability

on whether a? is a best reply to a,}.
In each of the above cases there is positive probability of reaching an absorbing
state in P; in at most 3 steps. O

Definition 3 A game U will be called a full game if, for every action aj. e Al of

every player i, there exists a ' € A~ such that a;'. is a best reply to a .

We prove a general result about n-player full games which will be useful in the
sequel.

Lemmad Let ¢ = (¢', ..., ¢") be an uncoupled strategy mapping that guarantees
almost sure convergence of play to a pure Nash equilibrium of the stage game in every
game where such an equilibrium exists. Then for every full game U = (uy, ..., un)
and for every player i, there exist m' nonempty sets of states B!, ..., Br’;1 in W' (the

set of states of the automaton ¢' (u') = A') such that in every state s,i € Bj. player

i

i plays a; (with probability 1), and stays in Bj. (with probability 1) if his action is a
best reply to the actions of the other players.

Proof (By contradiction). Assume that there exists a full game U s.t. for player 1 the
set B} does not exist (or is empty). U is a full game, and so there existsa~! € A~! such

that ajl. is a best reply to it. Consider the game U = (u!, u2, ..., u") when u! := u!,
— lifa = (a',a " . —=. .1 1
L = J : -

and u'(a) : [ 0 otherwise . The only Nash equilibrium of U is (a ja ). By

uncoupledness we get A! = ol = (pl(u_l) = ALIf (ajl., a~1) has been played,
the next period player 1 will not play a,i with probability 1 (otherwise the set B ]1

could not be empty), and the equilibrium in the game U will never be reached with
probability 1 (in contradiction to the assumption). O

Theorem 5 Let k' = m' and k* = m>. Then there are no uncoupled strategy map-
pings to k'-automata with stochastic transitions and mixed actions, that guarantee
almost sure convergence of play to a pure Nash equilibrium of the stage game in every
game where such an equilibrium exists.

Proof (By contradiction). Let U be a full game. Consider the sets Bi, ..., B”'n,. in A/

(see Lemma 3). By assumption |Ai| < m’. On the one hand, B; > 1, and, on the

other hand, Z|B;| < |A| = m', and so ’B;‘ = 1 and L_JB; = W, In other words,
J J

every B; includes exactly one state in which player i plays a§ and stay there if a§ isa
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best reply, and there are no other states. Therefore, the strategy of player i is such that
if his action is a best reply to the action of the other player, then in the next step he
plays the same action. In Hart and Mas-Colell (2006), Proof of Theorem 1, Hart and
Mas-Colell show that such a strategy cannot always lead to a pure Nash equilibrium,
contradicting our assumption. O

3.2 Stochastic transitions and pure actions

We will show the result of Theorem 1 continues to hold when the automata are re-
stricted to be pure-actions automata. As was shown in Theorem 5, however, there is no
PN-mapping where the ranges of the players are smaller.

Theorem 6 Letk' > m' andk* > m*+1. Then, for eachplayeri = 1,2, there exists
an uncoupled strategy mapping to k' -automata with stochastic transitions and pure
actions, that guarantees almost sure convergence of play to a pure Nash equilibrium
of the stage game in every game where such an equilibrium exists.

The proof is relegated to Appendix A.

3.3 Deterministic transitions and mixed actions

We will show that there exists an uncoupled PN-mapping where the range for player i
is (m' + 2)-automata. Clearly, every deterministic-transition automaton is a particular
case of stochastic-transition automaton, and so Theorem 5 holds here as well.

Theorem 7 Letk' > m' +2. Then for each player i there exists an uncoupled strategy
mapping to k' -automata with deterministic transitions and mixed actions, that guar-
antee almost sure convergence of play to a pure Nash equilibrium of the stage game
in every game where such an equilibrium exists.

The proof is relegated to Appendix B.

3.4 Deterministic transitions and pure actions

In Theorem 13, we will show for general n-player games that there exists an uncoupled
PN-mapping where the range for player i is (O (m' 4 nlogn))-automata, where m’
is the number of actions of player i and n is the number of players. In the case of
2 players, the construction of the automata in the proof of Theorem 13 proves the
existence of uncoupled PN-mapping where the range for player i is (4m’ + O(1))-
automata.

Other uncoupled PN-mapping, specifically for 2 players, has a range of (5m' +
m? — 5)-automata for player 1, and (5m? + 2m! — 9)-automata for player 2. We will
not show this construction here but the idea is to go through all the possible actions
(ail, ajz) in some “economical” way.
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4 n-player games (n > 3)
4.1 Stochastic transitions, and pure or mixed actions

We will show that there exists an uncoupled PN-mapping where the range for player
i is 2m'-automata. On the other hand, we will show that there is no uncoupled
PN-mapping whose range is smaller for all players.

Theorem 8 Let k' > 2m'. Then for each player i there exists an uncoupled strategy
mapping to k' -automata with stochastic transitions and pure actions that guarantee
almost sure convergence of play to a pure Nash equilibrium of the stage game in every
game where such an equilibrium exists.

Proof Let us introduce the mappings ¢’ (u’)= A’ given a payoff function U =
(ul, ou).

Denote the states of A’ by W' = {s’l’o, 511,1’ 35,0’ S12,1 o s;lni,o’ Srlni,l}' The states
s; o Will be called 0-states; the states s;- 1» 1-states.

Definition 9 Givenastate s = (s',...,s") € W! x ... x U" we will say that player
i is fit at s if

— player i is at a O-state and player i + 1(mod n) is at a state s}k for k € {0, 1} and
j#1,or

— playeri is at a 1-state and player i + 1(mod n) is at a state s{,k for k € {0, 1}.

In every state s; ; Player i plays action a’}. It aj. is a best reply to what the other
players played, and player i fits player i + 1(mod n), player i stays in sj ;- Otherwise
he moves to any one of the 2m' states with equal probability 217

Let the starting states be 56 = s{ 0
To prove that these automata reach a pure Nash equilibrium we partition the space
Wl x ... x W" of the automata states into n + 2 regions:

Pri={(sg, oo 5p 0 1 < ki <m' L = 0,1: (a,, ..., a} ) is a pure Nash
equilibrium and all the players are fit}.

Note that for every pure Nash equilibrium (a,l], ceey a}zn) there is a state s € Pj
where the players play (a,ll, cee a,’c’n). Take s,’;’,’li with/; = 1 whenk;;1 = land/; =0
otherwise.

ForO<r<n—-1 P, = {(s’ilyll’ R Sl?n,ln): there exist exactly r players that
are fit}.

P; = {((5111,11’ . ’Sl?n,ln): all the players are fit, but (“111’ e a,’(’n) is not a pure
Nash equilibrium}.

Clearly each state in P; is absorbing. Next we claim that a state in Pj is reached with
positive probability, in finitely many periods, from any other state s € W! x - - x W”,

s € Py : all the players are not fit, and so all the players move randomly over all
their states, and there is a positive probability of reaching P .
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Forl <r<n-1 s = (s,ll’ll, <oy Sg 1) € Par. Assume player i is fit, but
player® i + 1 is not. Such i exist, because we have a circle of players of which some
are fit, and some are not. There is a positive probability that all the players excepti + 1
will stay at their states, and player i + 1 (who moves randomly because he is not fit)
will move in the following way: if k; ;1 = 1 then he moves to s’{?l and if kj11 > 2,

then he moves to s’ﬁl . Now all the players except i and i 4 1 remain fit/not fit, as

they were before, because neither they nor the next player change their state. Player
i + 1 does not change his /; 1, player i + 2 does not change his state, and so player
i + 1 stays not fit, as he was before. Player i was fit but after the move of playeri + 1,
he is not fit. The only player that changes his fitness is player i, and they get to P> ,_.
By induction, with positive probability they get to P o in r steps.

s = (s,%hll, e s,’(lml") € P3: The action is a = (a,ll, ceey a,’(’n) and it is not a pure
Nash equilibrium; therefore, there exists player i s.t. a,’;i is not a best reply to a ",
and player i moves randomly over all the states. Hence, there is a positive proba-
bility that all the players except i will stay at their states and player i will move to
s,’;iglf I Now all the players except player i stay fitted, but player i do not fit. And so

(5111,11’ .. 'Sllq,lfli’ e s,’zmln) € Prp_1.
From any state s there is a positive probability of reaching an absorbing state in P
in at most n 4 2 steps. O

Theorem 10 Let n > 4, and let k', ... k" satisfy K < 2m! foralli =1,...,n
(except, perhaps, for one of them). Then there is no uncoupled strategy mapping to
ki -automata with stochastic transitions and mixed actions, that guarantees almost
sure convergence of play to a pure Nash equilibrium of the stage game in every game
where such an equilibrium exists.

Proof Assume on the contrary that such a strategy mapplng exists, and that k' < 2m’
foralli = 2,...,n. By Lemma (2) in A’ there exist m' nonempty sets of states
Bi,..., B;nl s.t. in every state sj € Bk player i plays ak. |A/| < 2m', and by the

pigeon hole principle there exists k(i) s.t. ‘B,i(i)‘ = 1. Therefore, every player i has

a state s,i(i) where he plays a,i(i), and he stays there if it is a best reply. Consider a
four-players game where every player has 2 actions.
Consider the following utility function of players 2, 3, 4:

4 4
a a

) ) ) )

a | 9 a | 9

a]3 al1 1 0 a% 1 1

2. T T

{7 a, 1 0 a, 1 1
) ) ) )

s : a | 9 a | 9

a, all 1 aé 1

a, 1 1 a, 0 1

5 From here till the end of the proof, we will write i + 1 instead of i 4+ 1(mod n).
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4 4
a; a
) 7 ) 7
a | 4 a | 4
a3 1] al 1 aj |1 |0
3.
u- aé 1 1 a% 1 0
7 7 7 7
s . a | 4 5 a | 4
a a; |0 1 aj
ay |0 |1 as |1 |1
4
a; a
7 7 7 7
a | 4 a | 4
ai 1] af 1 a [0 |1
4. T T
u' a, 1 1 a, | 0 1
7 ) 7 )
s . a | 4 a | 4
a a11 1 0 al2 1 1
a, | 1 0 ay | 1 1

Player i = 2, 3,4 gets 1 if he plays the same action as one of the players 2, 3, 4
(except himself). Otherwise he gets 0.

The strategy mapping ¢’ : u’ — A’ constructs an automaton. As mentioned, there
exists a state s,’;(l.) where player i plays a,’;(i), and he stays there if it is a best reply.

There are 2 actions for every player, and 3 actions a,i(i) i = 2,3, 4. So there exist 2

players i, j who have the same action a,’;(i), a,i(j), where k(i) = k(j). Because of the

symmetry of the functions u?, u3, u*, assume k(i) = k(j) = 1, and assume that the

two players are players 3 and 4.
Let us now consider the following game:

aj a
a @ a a
al{lal [1,0,1,1]0,1,1,1 al 10,0,1,010,0,0,1
Iy ay | 0,1,1,1 ] 1,0,1,1 ay | 0,0,1,0 [ 0,0,0,1
aj a aj @
a3l al [0,0,0,1[00,1,0] [aF [ LL1,1,1]1,1,1,1
ay | 0,0,0,1]00,1,0] [a3 | L 11,1 ]|1,1,1,1

Players 3 and player 4 have the utility functions «> and u*, respectively. Therefore,
the automaton that their strategy mapping constructs include states sf’ , s‘l‘, where they
play action af, a?, respectively, and stay there if it is a best reply. If players 3 and 4
get to the states 5k3) and s,f( ne then the pure Nash equilibrium will never be reached.

For a larger number of actions the same proof works, if we take all the actions
aé, ey afn ; to be identical to the action aé in this proof.
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For a larger number of players we take the utility functions of players 2, 3, and 4
to be the same as in the case of 4 players and independent of the actions of the other
player (1,5, ..., n). And in the game I'y the utility functions of players 5, ..., n will
be 1 if players 3 and 4 played the same action, and O otherwise. O

4.2 Deterministic transitions and mixed actions

We will show that there exists an uncoupled PN-mapping such that the range for
player i is (2m' + 3)-automata. Clearly, every deterministic-transition automaton is a
particular case of stochastic-transition automaton, and so Theorem 10 holds here as
well.

Theorem 11 Let k' > 2m' + 3. Then for each player i there exists an uncoupled
strategy mapping to k'-automata with deterministic transitions and mixed actions,
that guarantees almost sure convergence of play to a pure Nash equilibrium of the
stage game in every game where such an equilibrium exists.

Proof We introduce the mappings ¢ (u') = A’ given a payoff function U = (u!,

ny.
cou):
: ; [ R S i i
As in Theorem 8, we will use the states {sl’o, 1105200 52,1+ 2 Spi o0 Smi,l}' These
are the same states, exapt that their transitions are deterministic. Denote the states of
i i qed o i [ S S i i
Al by W' = {51, 55,53} U {51,07 1105200 52,1+ 2 Spi o0 Smi,l}'

The states sj. ; are similar to the states s’} ; in Theorem 8. In every state sj. ; player i
plays action aj.. If a; is a best reply to what the other players played, and player i fits,

then player i stays on it (exactly as before). Otherwise he moves to si.

In the state si player i plays (L ey %) If he played a’i he stays in si. If he

mt’
played aé he moves to sé. If he played aj. Jj # 1,2 he moves to S;,O'
In the state sé player i plays (#, ey #) If he played ag he stays in s{. If he
played af‘ he moves to sg If he played a; Jj # 3,4 he moves to sj.’l.
In the state sé player i plays (#, ey #) If he played a’i he moves to s{’o. If he
played aé he moves to Sé,o- If he played ag he moves to Sé,l . If he played af‘ he moves

i

. i
S > 6, he moves to s].

to sfu. If he played ag he stays in sé. If he played a
Let the starting states be 56 = s{.
The proof of the claim that this mapping is a PN-mapping is proven similarly to

Theorem 7 with 2 players. O

4.3 Deterministic transitions and pure actions

We will show that there exists an uncoupled PN-mapping such that the range for player
i is O(m' + nlogn)-automata. Clearly, every deterministic-transition automaton is a
particular case of a stochastic-transition automaton, and so Theorem 10 holds here as
well.
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Lemma 12 For every m,n € N there exist n different prime numbers p1, ..., pn,
pi = m for every i, such that p; = O (m + nlogn) for every i.

Proof We know thatin {1, 2, ..., m} there exist a maximum of Ao prlme numbers
(a is a constant).

We also know that in {1, 2,...,.B(n+« lo’é’m ) log(n + Afoc } there exist a min-

m
ogm )
. m .
imum of n + O fogp Prime numbers (S is a constant).

Therefore, in {m +1,m+2,...,8(n+ a%) log(n + alo’gm)} there exist a

minimum of n» prime numbers, and we can take different prime numbers py, ..., p,
st.Vi:m < p; < B (n +a$) log (n —i—alogm).

To complete the proof we will show that 8 (n +a10’g"m) log (n +a$) =
O(m + nlogn).

— Ifm < nthen

m m
) log (n+a
m logm

B (n+a
log

) = O((1+a)nlog((1+a)n)) = O(nlogn)

= O(m +nlogn).

m m
)log (n+a )
m logm

<2n :>,B(n+a
log

— Ifn <m < nlogn, then

m__ o logn logn

logm —  2logm - nlogm
= O((1 +2a)nlog((1 +2a)n)) = O(nlogn) = O(m + nlogn).

— Ifnlogn <m < n?, then

m logm m logn?

~ logm logn ~ logm logn

m m m
<2 — fn+ao logln+a
logm logm logm

0] ((2 + a)lo

m 1og((2+a) n ))
m logm

=0 (10 (logm — loglogm)) = 0O(m) = O(m +nlogn).
gm

— Ifn? < m, then

,B(n—i—oe n )log(n+oz n )=0 ((H—oe) n
logm logm logm

-0 ( ™ (logm —loglogm)) — O(m) = O(m + nlogn).
logm

o)

log ((1—{—0{) 5
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In any case j (n + a2 )log (n—i—a@) = O(m + nlogn). O

logm

Theorem 13 Let k' > O(m + nlogn), where m = max{m'}. Then for each player
i there exists an uncoupled strategy mapping to k! -automata with deterministic tran-
sitions and pure actions, that guarantees almost sure convergence of play to a pure
Nash equilibrium of the stage game in every game where such an equilibrium exists.

Proof Let p1, ..., pp be different prime numbers s.t. Vi p; > m'.° By Lemma 12 we
can take pyq, ..., pp s.t. pj = O(m +nlogn).

We will show that there exists a PN-mapping (¢!, ..., ¢") such that the range of
@' is (4p; + 3)-automata, and in doing so we will have concluded our proof.

We introduce the mappings ¢’ (u') = A, given a payoff functionU = (u', ..., u"):

The automaton A’ consists of, starting state, a state after that and p; regions. The
first region has five states. The other regions have the same structure of four states.

Denote the p; regions of A’ by QY = {S},l’ s;’z,‘. . Sfj,S}’ and Q’j = {S},l’ e “T}A}
for ] =2,...,pi. Depote the starting state by s{, := s{ and the state after it by 5.
s1: player i plays af. If (a} ,...,al) was played he moves to s | (the starting state

of Q’i). Otherwise,. if a’i is a best reply, then he stays at si; if a’i is not a best reply,
then he moves to s5.

sé: player i plays aé and in any case moves to S{’.l (the s.tartir.lg state of Ql1 ): .

These two starting states guarantee us two things: First, if the equilibrium is
(a } , ..., a) then the players will stay there. Second: if it is not, then all the players get
to s{ | simultaneously. We check the actions (all, ..., a}) separately, because in the
continuation of the construction of the automata we will use the fact that (al1 s a’f
is not an equilibrium.

The regions Qf, @3, ..., @), are arranged in a circle when the players move to

. i
the region Q% | 1oq L1

For j # 1 the construction of Qi/. is the following:

from the previous region Qlj
The starting state s‘/ |: player i plays aj.. If player i + 1(mod n) played’ a’i“, player
i moves to s’/.’z; otherwise he moves to s},3. If (all, ..., a}) was played, he moves to8
5 +LIr . .
}’2: player i plays a; .Ifitis abestreply, and also player i + 1 played a’1+] (the same
action as before) then player i stays there. Otherwise he moves to s; g If (a{ yooosal)

i

was played, he moves to s jTERE

6 Every player i has to choose his number p; to construct his automaton. But he doesn’t know the numbers
of the other players: py,..., pi_1, pi+1, ..., Pn. Yet we have to ensure that every player will choose a
different number. Therefore, we have to define a choice function: x : N — (PRIME)", known to the
players. The choice function chooses for every (ml, ..., m") n prime numbers: x (ml, ..., m'"), and then
every player i will choose the number p; := (x mt, ..., m™));.

As an example of choice function, let {wy }/‘zi | be the sequence of all the prime numbers in increasing order.
Wk (i) = m!

k(i) = i(mod n)
7 From here till the end of the proof, we will write i = 1 instead of i & 1(mod n).

For every i let k(i) be the minimal number such that [ , and define p; 1= wyj)-

8 From here till the end of the proof, we will write j + 1 instead of j + 1(mod p;).
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] 5. playeri plays a .Ifitis abestreply, and also playeri+1 played a’Jrl k > 2 (the
same action as before), player i stays there. Otherwise he moves to s’ 4 If (a{ yooesal)
was played he moves to s*, jTERE

sj 4- player i plays al. It (al, ..., at) was played, he moves to st otherwise

) J+1, 1’
he stays at S}A.

For j = 1 the construction of Qf is quite similar. The only difference is that the
state s}’4, changed by two Sl,4’ siﬁsz

i : i i
s} .4° player i plays aj. In any case, he moves to s s.

s{’sz player i plays a’i. It (a}, ..., a}) was played, he moves to st jISRE Otherwise
G
he stays in sy 5. .
Form' < j < p; let Q’j : Ql denoted that the act in every s’ ik m < j <
pi.k=1,...,4,1isidentical to the act in smi .

In the state si . player i informs player i — 1 what he played.
If the players located at Q ko an, and ("111’ e, a,’(ln) is an equilibrium, then
all the players Wlll stay at s*. ianS ] 3

In the state s’ G4 player i plays the “opposite” action than he played before and
informs player i — 1 that it is not an equilibrium.

In the state s*, 4forj #1,and 51 s for j = 1 player i waits until all the are informed
that it is not an equlhbrlum Then all the players can move to their the next region
simultaneously.

To summarize, if the players are located at Q ,il, e an, and (a,il, e a,’jﬂ) is an
equilibrium, then all the players stay at the equilibrium all the time. Otherwise they
all will move to Q ll| IRTRERS an 41 simultaneously.

Since the players move from Q"/. to Qj. 1 simultaneously, by the Chinese Remain-
der theorem it follows that they will visit every (Q}(1 e Q’,:n): 1 < k; < m!,until

they become stuck in some (Q ,lq R QZ”) for which (a,l1 R, a,’(’”) is an equilibrium.
Therefore, if a pure equilibrium exists, the automata will eventually reach it. O

Appendix A. Proof of Theorem 6

Proof We define the mapping ¢ as follows:

Given a game U = (u', u?), the automaton ¢! (u') = A' € Al is constructed as
follows:

Denote ¢! (u') = Al = (\111,5(1), £, g") when Al is a m!'-automaton. We denote
the states of A! by W! = {sll, ey Srlnl}'

s = s].

In state sl.1 player 1 plays action al.l. He stays in this state if ai1 is a best reply to
the action of player 2; otherwise he moves randomly to any one of the m! states with
equal probability %

In order to define the mapping @2, we start by considering the following action b of
player 2: for every action ajz. of player2,let#BR (a]z) be the number of 1s in the column
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ajz in the table 72; i.e., #BR(aJZ) = {a}|a*(a], ajz-) = 1}| = {a/ |a§ is a best reply to
al.l }|. Consider an action a,% with a maximal number of 1s in its column: #BR(a,%) =

max{#BR(a]z)|a]2 € AZ%}. Without loss of generality assume k = 1; i.e., the first

column of %2 has no fewer 1s than any other column. Denote this action by b := alz.

Now we construct the automaton @*(u?) = A? € A? as follows:
Denote A2 =< W2, 5 , f2, g% > when A? is a (m® + 1)-automaton. We denote

thestatesofAzby\IJ2 {so,sl,...,sfn,}.
2.2
55 1= 5§

In the state sO, player 2 plays the action b2, and moves to any of the m? + 1 states
with probability 2 o

In the states sl ,i > 1, player 2 plays action aiz. He stays in this state if al.z is a best
reply to the action of player 1; otherwise he moves randomly to any one of the m? + 1
states with equal probability m++1

Now we will prove that (¢!, ¢?) is PN-mapping. Let us consider two cases:

Case 1 Foreveryi =1,..., m! “a(a b?) = 1;i.e., b? is a dominant action.
We partition the space W! x W? of the automata states into four regions:

Pri={Gs},s), 1 <i<m' 1 <j<m?:u(a a}) =1}, a}) = };ie,
in this case (al.1 , ajz.) is a pure Nash equilibrium.
P —{(sl, sp.1<i<m')
Py = {(s}, ]) l<i<m',1<j<m?:u 2(a},a§)=0}
Pyi={Gs}, s, 1<i<m' 1<j<m?:i'al a}) =0,i*@ a}) = 1)

These four regions clearly cover the space W! x W? (because player 2 can be in
the state sg (P,) or in any other state (P; U P3 U Py). The action of player 2 can be a
best reply (P} U P4) or not (P3). If it is a best reply, then the action of player 1 can be
a best reply (P1) or not (Py).)

Players 1 and 2 stay at the same state if their action is a best reply; i.e., each state in
P is absorbing. We will prove that there is a positive probability of reaching a state
from Py, in finitely many periods, from any other state s € W! x W2,

s = (sil, s(%) € P,:The actions are (ail, b?) = (fl(sl.l), fz(so)) Wethera is a best
reply or not, player 1 has a positive probability (1 or # correspondingly) to move to
sk , where ak is a best reply of player 1 to b2. Player 2 will move to the state s12 with

probablhty where b? is a best reply to every action of player 1, in particular to

2+1’
ak Now (sk,s ) € Py.
s = (sl , ]) € P53: The actlons are (a az)' a2 is not a best reply. Therefore, player
2 moves to sO with probability ——. Denote the state to which player 1 moves by sk
Then (sk, ) € Ps.
s = (sl , ]) € P4 The actions are (al , ]) a? is a best reply, a is not. Therefore,
player 2 stays in s , and player 1 move to sk w1th probablhty ~1» Where a,l is a best

reply of player 1 to aj. Now either (sk, s]) € Por (sk, 12) € P3, depending on
whether ajz. is a best reply to a,l.
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In all the cases there is a positive probability of reaching an absorbing state in P;
in at most 3 steps.

Case 2 There exists an action of player 1, say all, such that b? is not a best reply to
it; i.e., there exists [ = 1, ..., m! such that Ez(all, b?) = 0.

Before proving the Theorem, we will prove the following simple claim about the
configuration of Os and 1s in %>. This claim will be useful later.

Claim 1 If there exists / = 1, ..., m!, such that 2 (all, b2) = 0, then:

(a) Let a? € A?. Then there exists al.l € A' such that ﬁQ(al.l, a?) =0.
(b) Let ai] € Al. Then there exists ajz. € A? such that ﬁz(al.1 , a]z) =1.
=1 2
. C) = 1 .
LiZEZ?’ Zﬁ; _ - Then there exists al € A!

(c) Leta! e A, a? € A2, such that [
2.1 2
u-(a,,as) =0
h that k> )
suc al [u“a(a,i,bﬁ)=1
Proof (a) Otherwise there would be a column in #> that includes 1s only. By the
assumption in this case there existi = 1,..., m!, such that ifz(ail, bz) =0,
which contradicts the fact that 5 is the column with the maximal number of 1s.
(b) There is some action ajz. € A? that is a best reply to the action ai1 e Al. This
action satisfies ﬁa(ail, ajz) =1.
(c) Otherwise the number of 1s in the j-th column would be bigger than in the first
column. O

We partition the space W' x W? of the automata states into regions:
For every x, y, z € {0, 1} put:

2 1

Pry; == {(s) sz), 1<i<m!, I<j<m”: ﬁl(ai

i3]
#(al, b?) =z)

2y ~2. 1 2y _
,aj)—x,u (ai,aj)—y,

and
Ouy =G} s, 1 <i <m' :w'(a!, b?) = x, @@}, b*) = y}.

In words Q for a region we mean that player 2 is in the state s%, and by P we mean
that he is not. There are three indices for region P, and two Boolean indices for region
Q. The first index in P, Q corresponds to player 1 and indicates whether his action is
a best reply (1) or not (0). The second index in P, Q corresponds similarly to player
2. The third index in P indicates whether action b2 is a best reply to the action that
player 1 played (1) or not (0).

Clearly (U Pyy) =Wl x (U2\{s3hand ( U Q) = Wl x {53}, since

X,¥,2 X,y

€{0,1} €{0,1}
we are considering all the possibilities. Therefore, (U Py )U( U 0y)) =
x,v,z€{0,1} x,y€{0,1}
vl w2,

@ Springer



500 Y. Babichenko

Consider the region Pj1,. By the defn of Py, we can see that P11, = {(sl.l, sjz), 1

i<m'1<j<m®:u'(a},a}) =@}, a}) =1} = (s},57), 1 <i <m',1

IATA

j<m? (al.1 , ajz.) is a pure Nash equilibrium}.

Players 1 and 2 stay at the same state if their action is a best reply; i.e., each state
in Pj1, is absorbing. If we can show that a state from P;j, is reached with positive
probability, in finitely many periods, from all the other regions that we have already
defined, then we will have concluded our proof.

Pyoe: This is the region of all the states where the actions of both players are not
a best reply, and so both players move randomly over all their states, therefore, they
reach a pure Nash equilibrium with probability # . m++1; i.e., they reach Pjp,.

Qoe: Player 1’s action is not a best reply, and player 2 is in state sg. Therefore,
as before both players move randomly over all their states, and they reach Pj1, with
probability # . mzl 70 a8 before.

Q11: Player 1’s action is a best reply and so he stays in the same state. Player 2 is
in state sg and so he moves randomly over all his states. Player 2 will move to sl2 with

probability m++1, and they get to Py,

Pjo1: Player 1 stays, and player 2 randomizes. Since > (ail ,b%) = 1 player 2 will
move to sg with probability m++l’ and they get to Qo1 or Q1.

Po1o: Player 1 randomizes and player 2 stays. By claim 1(c) there exists a,l e Al
i*(a},a?) =0
iu(a}, bé) =1
get to Pyo1 or Pio1.-

Pjoo: Player 1 stays and player 2 randomizes. By claim 1(b) there exists ajz. € A?

1

. Player 1 will move to s,l with probability —r,

such that [ and they

such that ’122(611»1 , ajz.) = 1. Player 2 will move to sj2. with probability m++l Note that al.l
does not change and so still ﬁa(ail, b?) =0 and they get to Py 1,0 or Pi1o (i.e., Pe10).

Po11: Player 1 randomizes and player 2 stays. By claim 1(a) there exists a,l € Al
such that ﬁa(a,i, ajz.) = 0. Player 1 will move to s,i with probability #, and they get
to Pooe U P1oo U P1o1 = Pege-

Q10: Player 1 stays and player 2 randomizes. Player 2 moves to s12 with probability
m++1, and they get to Pjqo.

Thus, we have covered all the regions and shown that in at most 5 periods there is
a positive probability of reaching the absorbing state Pjj,. The regions cover all the
space W! x W2, and so the automata will reach a pure Nash equilibrium when such
an equilibrium exists with probability 1. O

Appendix B. Proof of Theorem 7

Proof We define the mapping ¢ as follows:

Given a game U = (u', uz), the automaton gol ') = A' € A is constructed as
follows: ' ‘ o _

Denote the stgtes of A' by V' = {Séoj 501281 e s s;nl }. ‘

In the state s} player i plays action a}. He stays in this state if a; is the best reply

to the action of player 2; otherwise he moves to 560.
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In the state séo player i plays (#, RN %) If he played ai, he stays in S(i)()- If he
played aé, he moves to sél. If he played aj., Jj > 3, he moves to s;

In the state sél player i plays (#, ey #) If he played a’i, he moves to si. If he
played aé, he moves to sé. If he played ag, he stays in S(i)1~ If he played aj Jj >4, he
moves to s(i)o.

Let the starting state be 56 = séo.

The proof that these mapping is PN-mapping requires consideration of four cases
separate: if a pure Nash equilibrium is (a,ﬁ, alz) then we will consider the cases {k <
2,1 <2}, tk<2,1>2},{k>2,1<2},and {k > 2,1 > 2}. We will prove only ona
case, says {k < 2,/ > 2}, since the proofs for the other cases is similar.

We partition the space W' x W? of the automata states into regions:

P = {(sl.l, sjz.), l<i<ml 1< Jj=< m?: (ail,a?) is a pure Nash equilibrium}

Py 1= {(5q 530))

Py := {(s90+ 590) Y Gg0» 531) U (50 51}

For every x € {00,01}, y € {<, >} put:

i <2ifyis <

. 1 .2 . 2. 1
O,y = {(sx’sj)’ 1 < j < m~: there exist [i >2ifyis >

such that ajz. isnota
best reply to al.l}
For every x € {<, >}, y € {00, 01} put:
- 12 <i<ml . JSZleISE 1:
Ox,y = {(s ,sy), 1 <i < m': there exist [j ~oifxis such that a; is not a
best reply to a?}
Py = {(s], sjz.), 1<i<ml1<j<m?(@, a?) is not a pure Nash equilibrium}
Clearly, PyU P3 = {559, 5o, } X {850 313> P1UPs = {s], ..., s] dx{sf, ..., s2,),
U = sl,s1 X s2,...,s2 s U = sl,...,
xe{OO,Ol},ye{§,>}Qx’y (S00- So1} > {51 w2} xe{§,>},ye{00,01}Qx’y 51

N rln 1} X {sgo, 531 }. Therefore, the union of all the regions is W' x W2,

Players 1 and 2 stay at the same state if their action is a best reply; i.e., each state in
P is absorbing. If we can show that a state from Pj is reached with positive probabil-
ity, in finitely many periods, from all the other regions that we have already defined,
then we will have concluded our proof.

P>: Both players randomize. They play (a ,i, alz) with positive probability, and then
they get to P.

P5: Both players randomize. From every one of the states there is a positive prob-
ability to get to P,. For example, if they are in the states (séo, sgo), then if they play
(a%, a%) they move to (sél, s%o) € Ps.

Qo0,<: Player 1 randomizes. With positive probability the actions are (ail, af) such
that af is not a best reply to a,.l, so player 1 stays at {séo, sél} and the action of player
2 is not a best reply. Therefore, player 2 moves to sgo, and so (séo, sgo), (s&l, sgo) S
P, U Ps.

Qo1,<: Player 1 randomizes. With positive probability the actions are (ai, ajz.). If
ajz. is a best reply to ai, they move to (séo, sjz.) € Qoo,<. Otherwise they move to

1 2
(S00+ 500)-
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Qot1,>, Qoo,>: Similar to Qoo,<, Qo1,<

0<.00,0<,01,2>,01, 0> 00: Symmetric to Qoo,<, Qo1,<, Qot,>, Q00>

Py: The action of one of the players is not a best reply to the action of the other,
and so one of them will move to the state sqq (i.e., S(%o or sgo). Hence, they get to one
of the previous regions.

We have covered all the regions and shown that in at most 5 periods there is posi-
tive probability of reaching the absorbing state Pj1,. The regions cover all the space
Wl x W2 therefore, the mapping is PN-mapping.

In the other cases where the pure Nash equilibrium (a,l, alz) satisfies {k <2, <2},
{k > 2,1<2}, or {k > 2,1 > 2} the only difference is in how the regions P, and P3
are defined. For example, for the case {k <2,/ <2}, P, and P3 will be defined by

Py = {(sd;, s3))} and P3 := {(sy, 550) U (549> $51) U (s8y. s30)}- O

Acknowledgements [ wish to thank Sergiu Hart for his support and guidance, and Noam Nisan for helpful
discussions

References

Hart S, Mas-Colell A (2003) Uncoupled dynamics do not lead to nash equilibrium. Am Econ Rev 93:
1830-1836

Hart S, Mas-Colell A (2006) Stochastic uncoupled dynamics and nash equilibrium. Games Econ Behav
57:286-303

@ Springer



	Uncoupled automata and pure Nash equilibria
	Abstract
	1 Introduction
	2 The model
	2.1 The game
	2.2 The dynamic setup
	2.3 Automata
	2.4 Strategy mappings
	2.5 The results

	3 Two-player games
	3.1 Stochastic transitions and mixed actions
	3.2 Stochastic transitions and pure actions
	3.3 Deterministic transitions and mixed actions
	3.4 Deterministic transitions and pure actions

	4 n-player games (n3)
	4.1 Stochastic transitions, and pure or mixed actions
	4.2 Deterministic transitions and mixed actions
	4.3 Deterministic transitions and pure actions

	Appendix A. Proof of Theorem 6
	Appendix B. Proof of Theorem 7
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


