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1. Introduction

This paper deals with two related topics. First, we consider complexes graded
by geometric lattices, and specifically an inductive construction of such complexes
starting from a collection of injections Ua ↪→ U0 indexed by the atoms a of the
lattice. We call the complexes obtained from this construction minimal com-
plexes, and our main interest is in criteria for their exactness. Apart from the
well-known Orlik-Solomon algebra [OS80], an important special case is provided
by the relation complex of a hyperplane arrangement, which describes the linear
relations between its defining linear functionals. We give a simple proof of the
n-formality of restrictions of complex reflection arrangements, i.e. we show the ex-
actness of their relation complexes. In fact, we prove a somewhat stronger result,
and provide an explicit contracting homotopy that is compatible with the grading
by the intersection lattice (in our terminology, we show that the relation com-
plex is admissible). While n-formality was known for reflection arrangements and
restrictions of Coxeter arrangements as a consequence of their freeness [BT94],
the construction of an admissible homotopy seems to be a new result. We then
consider in §3 a general multilinear algebra construction, which we call the gen-
eralized Orlik-Solomon algebra of a complex graded by a geometric lattice, and
show that it preserves the admissibility of complexes. In particular, this allows us
to establish the exactness of certain minimal complexes constructed from relation
spaces, if the relation complex itself is admissible.

The second topic is the study of modules over polynomial rings defined by the
canonically labeled graphs of fiber zonotopes. Here, we consider an analogue of
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an exact sequence of Bernstein-Lunts [BL94, 15.7, 15.8] and Brion [Bri97, p. 12]
for the algebra of piecewise polynomial functions on a complete simplicial fan,
which relates this algebra to the polynomial functions on all cones. We consider
fans obtained from hyperplane arrangements in a real vector space U∗. In the
dual picture, these correspond to zonotopes (Minkowski sums of line segments) in
the dual space U . In a first step, we derive a criterion for the existence of an exact
sequence of Bernstein-Lunts type for modules defined in a purely combinatorial
way by the labeled graph of a zonotope. Using the results of the first part,
we then apply this criterion to the projected arrangements AP governing the
combinatorics of intersections of an arrangement A of rank n with the parallel
translates of a fixed linear subspace P⊥ ⊂ U∗ of dimension k (which is assumed
to satisfy a non-degeneracy condition). Dually, we pass from a zonotope Z dual
to A to the fiber polytope ZP in the sense of [BS92] of its projection in direction
P ⊂ U . We use the 1-skeleton of ZP and the relation complex of A to define a
certain algebra T over the symmetric algebra R of the rank k space of the relation
complex. Our main result is the existence of an exact sequence of Bernstein-Lunts
type for T , provided the relation complex of A is admissible (in particular if A is
a restriction of a Coxeter arrangement). In the case k = 0 we recover the algebra
of piecewise polynomial functions on the arrangement. (Note that restrictions
of Coxeter arrangements are simplicial.) As a consequence, the algebra T is
generated as an R-module by its homogeneous elements of degree at most n− k.

We note that the algebra T has in general a more complicated structure
than the module of piecewise polynomial functions on a complete simplicial fan.
For example, it is in general not free as a module over the polynomial ring R.
In recent years, combinatorially defined algebras of the type we are considering
have been studied by Guillemin and Zara [GZ99, GZ01, GZ03], but their focus
is different, since they are interested in cases where the algebra in question is
actually free over the underlying polynomial ring.

It is natural to ask if our result extends to arbitrary simplicial hyperplane
arrangements. Although it is easy to see that this is true for ranks up to four,
the general case remains open.

In the paper [FLM] our result is applied to derive an algebraic formula evalu-
ating certain multidimensional limits, which is then used to analyze the spectral
side of Arthur’s trace formula. We hope that the combinatorial material presented
in this paper is also of some independent interest.

We thank Joseph Bernstein, Tom Braden, Stefan Felsner, Gil Kalai, Allen
Knutson, Eric Opdam, Ehud de Shalit, Sergey Yuzvinsky and Günter Ziegler for
useful discussions and interest in the subject matter of this paper. We also thank
the Max Planck Institute for Mathematics and the Hausdorff Research Institute
for Mathematics, where a part of this paper was worked out.
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2. Minimal complexes graded by geometric lattices

We start with a simple general construction of complexes graded by geometric
lattices which encompasses previously known constructions. It is modeled on the
relation complexes of [BT94] and the minimal complexes of [BL94, Ch. 15].

For any ranked poset (L,≤) with rank function rk we write x ≺ y, or equiv-
alently y � x, if y covers x, i.e. if x < y and rk(y) = rk(x) + 1. Let now L be a
geometric lattice of rank n with minimal element 0. Set

Li = {x ∈ L : rk(x) = i}, i = 0, . . . , n,

and denote by A(L) = L1 the set of atoms of L. By abuse of notation we
will denote the maximal element of L by L as well. For any x ∈ L the lower
interval L≤x = {y ∈ L : y ≤ x} is also a geometric lattice, whose atoms are
A≤x = {a ∈ A : a ≤ x}.

Definition 1. Let R be a ring. A compatible L-grading on a chain complex

(1) 0 → Vn → . . . Vi
∂i−→ Vi−1 · · · → V0

of R-modules is given by submodules Vx of Vrk(x), x ∈ L, such that

Vi = ⊕rk(x)=iVx, i = 0, . . . , n,

and
∂rk(x)(Vx) ⊆ V≺x := ⊕y≺xVy x ∈ L \ {0}.

Note that the notation V0 is unambiguous. If V is a chain complex with a
compatible L-grading, then for any x ∈ L the complex V≤x := ⊕y≤xVy inherits a
compatible grading by L≤x.

Definition 2. An atomic datum D (over R) with respect to L consists of an
R-module U0 together with submodules Ua for each atom a of L. We set Ux :=∑

a≤x Ua for x ∈ L. An atomic datum is called essential if U0 = UL.

Given an atomic datum D = (U0, (Ua)) there exists a unique chain complex
(1) endowed with a compatible L-grading and satisfying the following properties:

(1) V0 = U0,
(2) for all a ∈ A(L) we have Va = Ua and ∂1|Va is the inclusion Ua ↪→ U0,
(3) for all i > 1 and x ∈ Li we have

Vx = Ker ∂i−1|V≺x

and ∂i|Vx is the inclusion Vx ↪→ V≺x.

We call V = ⊕x∈LVx the minimal complex of the atomic datum D, and denote it
by O(D) = O(D, L).

Remark 1. Suppose that the complex (1) admits a compatible L-grading and
that ∂1|Va is injective for each a ∈ A(L). Assume in addition that for all x ∈ L
the subcomplex V≤x is acyclic (i.e. Ker ∂i = Im ∂i+1, i = 1, . . . , n, but we do
not require that ∂1 is onto). Then by the uniqueness of the minimal complex it
follows that V is isomorphic to O(V0, (Va)) as an L-graded module.
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The basic example is when Ua = U0 for all a ∈ A(L). This is called the
atomic datum with constant coefficients. If R = U0 = Z then as an L-graded
chain complex the minimal complex is the usual Orlik-Solomon algebra of L with
coefficients in Z (cf. [OS80]).

Another important example is when R is a field k, and L is the intersection
lattice of a hyperplane arrangement A in a vector space U∗ given by hyperplanes
Ha = {x ∈ U∗ : 〈x, ua〉 = 0} indexed by the atoms of L. The atomic datum per-
taining to A is by definition (U, (H⊥

a )) = (U, (kua)). We call the resulting minimal
complex the relation complex of A. Its graded pieces are the relation spaces con-
sidered in [BT94]. In particular, an essential hyperplane arrangement is called
k-formal, if the first k− 1 homology groups of (1) vanish, i.e. if Ker ∂i = Im ∂i+1,
i = 1, . . . , k − 1. For example, 2-formality means that the linear dependencies
among the linear functionals ua, a ∈ A, are generated by those induced by rank
two elements of the intersection lattice (or, what amounts to the same, by the
linear dependencies among three functionals); 3-formality means that in addition
the relations among the relations are generated by those induced by rank three
elements and so forth. In particular, n-formality means that (1) is acyclic. (Note
that ∂n is always injective.) The relation spaces are the degree 0 part (with re-
spect to the usual grading on Sym U∗) of O(Sym U∗ ⊗ U, (Sym Ha ⊗H⊥

a )). The
main result of [BT94] is that the latter is acyclic if A is a free arrangement.

Definition 3. Let L be a geometric lattice. An element x ∈ L is called reducible,
if there exist y, z ∈ L \ {0} such that the join gives an isomorphism of L≤y ×L≤z

with L≤x. In this case we write x = y > z. Otherwise x is called irreducible. The
set of irreducible elements of L is denoted by Lirr.

Any x ∈ L can be written uniquely as >m
i=1xi where xi are irreducible. In

particular, L≤x = L≤x1 × · · · × L≤xm . Note that if x, y ∈ Lirr are not disjoint
(that is, if x ∧ y 6= 0) then x ∨ y ∈ Lirr.

Lemma 1. Suppose that D is the atomic datum of a hyperplane arrangement
with intersection lattice L. Then for any reducible x ∈ L we have O(D, L)x = 0.

Proof. We will prove the statement by induction on rk(x). Suppose that x = y>z.
Then L≺x = (y > L≺z) ∪ (L≺y > z). If neither y nor z is an atom then by
induction hypothesis O(D)≺x = 0, and therefore O(D)x = 0. Suppose that z is
an atom. Then L≺x = {y} ∪ (L≺y > z). If y is not an atom then by induction
hypothesis O(D)≺x = O(D)y and therefore O(D)x = 0 since ∂ is injective on
O(D)y. Finally, it remains to consider the case where both y and z are atoms.
In this case L≺x = {y, z} and O(D)x = 0 since Uy ∩ Uz = 0. �

Our motivating problem is to provide sufficient conditions for the acyclicity
of O(D). It will be useful to introduce a stronger notion.

Definition 4. Let (1) be a chain complex with compatible L-grading. An ad-
missible homotopy for V is a contracting homotopy d for ∂, i.e.

di−1∂i + ∂i+1di = id, i = 1, . . . , n,
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where we only require that d0 be defined on Im ∂1, with the property drk(x)(Vx) ⊆
V�x = ⊕y�xVy for all x ∈ L \ {0}. We say that V is admissible if for any x ∈ L
the complex V≤x admits an admissible homotopy. Analogously, we say that an
atomic datum D is admissible if O(D, L) is admissible.

Clearly, the product of admissible atomic data is admissible. Henceforth R
will be assumed to be a field k of characteristic 0 or more generally an algebra
over Q.

We now describe a way to construct admissible homotopies.

Definition 5. Let (U0, (Ua)a∈A) be an atomic datum. A morphism d0 : UL →
⊕a∈AUa is called an admissible section if the following two conditions are satisfied:

(1) For all x ∈ Lirr \ {0} there exists a non-zero integer hx such that the
composition

Ux d0−→ ⊕a∈AUa

π≤x−−→ ⊕a≤xUa

P
−→ Ux

is hx times the identity map, where π≤x is the projection.
(2) If a, a′ ∈ A and a∨a′ is reducible, then the a′-component of d0|Ua vanishes.

If d0 is an admissible section for the atomic datum (U0, (Ua)), we denote by
dx

0 the restriction of π≤x ◦ d0 to Ux. Clearly, dx
0 is an admissible section for the

atomic datum (U0, (Ua)a≤x).

Remark 2. Suppose that d is an admissible section for an atomic datum (U0, (Ua)).
Let hx, x ∈ Lirr, be as above. Then for all x ≤ z ∈ Lirr we have∑

y∈Lirr:x≺y≤z

(hy − hx) = hz − hx.

Indeed, by restricting to L≤z we can assume that z is the maximal element. Since

{a ∈ A : a 6≤ x} =
∐
y�x

{a ∈ A : a ≤ y, a 6≤ x},

we have

d0 − dx
0 =

∑
y�x

(dy
0 − dx

0)

on Ux. By the second condition on d0 we can take the sum only over irreducible
y. Applying ∂ to both sides we get the required equality.

Proposition 1. Suppose that d is an admissible section for the atomic datum
(U0, (Ua)) of a hyperplane arrangement with intersection lattice L. Let hx, x ∈
Lirr, be as above. Then for each x ∈ Lirr,

1
hx dx

0 extends to an admissible homotopy
on O(D≤x, L≤x).

Proof. We will construct the dz
i ’s, i > 0 by induction on i. Suppose that dz

j are
defined for all j < i and z ∈ L, and satisfy

∂j+1d
z
j + dz

j−1∂j = hz id 0 < j < i, z ∈ L.
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In particular,

(2) ∂id
z
i−1∂i = hz∂i.

The latter is also valid for i = 1 by the property of d0. We define dz
i by

(3) dz
i = ⊕x,y∈Lirr:rk(x)=i,z≥y�xdx;y

where dx;y : Vx → Vy is such that

∂i+1dx;y = hy id−dy
i−1∂i.

This is well-defined because ∂i+1 is injective on each Vy and the image of hy id−dy
i−1∂i

lies in Ker ∂i by (2). For compatibility we write d0;a = da
0 for any atom a so that

(3) is satisfied for i = 0 as well. To show

∂i+1d
z
i + dz

i−1∂i = hz id z ∈ L

let x ∈ Li with x ≤ z. Write ∂i = ⊕x′≺x∂i,x′ . Then on Vx we have

∂i+1d
z
i + dz

i−1∂i =
∑

y∈Lirr:z≥y�x

(hy id−dy
i−1∂i) + dz

i−1∂i

=
∑

y∈Lirr:z≥y�x

[
hy id−

∑
x′,y′∈Lirr:x′≺x,y≥y′�x′

dx′;y′∂i,x′

]
+

∑
x′,y′∈Lirr:x′≺x,z≥y′�x′

dx′;y′∂i,x′ .

The contribution from any pair y′ � x′ with y′ 6= x to the last sum cancels with
its contribution to the middle sum for y = x ∨ y′. (Note that if y /∈ Lirr then

i = 1 by the remark before Lemma 1, and dy′

0 |Ux = 0 by the condition on d0.)
Therefore, only the terms y′ = x contribute and we conclude that ∂i+1d

z
i + dz

i−1∂i

preserves Vx. Since ∂i is injective on Vx it remains to show that

∂i(∂i+1d
z
i + dz

i−1∂i) = hz∂i

on Vx. This follows from (2). �

Let now G be an irreducible finite complex reflection group on a vector space
V and consider the reflection arrangement {Ha}a∈A consisting of the reflecting
hyperplanes Ha of G (cf. [OT92, Ch. 6]). Let L be the corresponding intersection
lattice. Note that L is irreducible. Choose a G-invariant scalar product (·, ·) on
V . Let D = (V, (H⊥

a )) be the corresponding atomic datum (where we identified
V and V ∗ through (·, ·)). For each a ∈ A choose wa ∈ H⊥

a such that (wa, wa) = 1.

Proposition 2. Under these assumptions d0(v) = (2(v, wa)wa)a∈A is an admis-
sible section.

Proof. The first property of admissibility follows from [OT92, Proposition 6.93].
In fact hx = 2|A≤x|/ rk(x). (If G is a real reflection group then hx is the Coxeter
number of the group generated by the reflections in x; cf. [ibid., 6.99].) More
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generally, if x = >k
i=1xi is the decomposition of x ∈ L into irreducibles, then

Ux = ⊕Uxi is an orthogonal direct sum with respect to (·, ·) and therefore

∂dx
0(

k∑
i=1

vi) =
k∑

i=1

hxivi, vi ∈ Uxi .

The second property of admissibility follows from the fact that if a∨a′ is reducible
then wa and wa′ are orthogonal. �

More generally, let x ∈ L and projx be the orthogonal projection V → x =
V/x⊥. Set

d0,≥x(v) =

( ∑
a′∈A:a′∨x=a

2(v, wa′) projx(wa′)

)
a∈A(L≥x)

, v ∈ x.

We have ∂ ◦ d0,≥x = projx ∂ ◦ d0|x.
Proposition 3. d0,≥x is an admissible section for the restricted hyperplane ar-
rangement on x.

Proof. Let y ∈ L≥x and y = >yj its decomposition into irreducibles in L. Then
for v =

∑
vj ∈ Uy ∩ x, vj ∈ Uyj , we have

∂dy
0,≥x(v) = projx ∂dy

0(v) =
∑

hyj projx vj.

Suppose now that y is irreducible in L≥x. Then yj ≤ x except for a single j, say
j = 1. Therefore, if v =

∑
vj ∈ Uy ∩ x, then ∂dy

0,≥x(v) = hy1 projx v1 = hy1v.
To check the second condition of admissibility suppose that a1, a2 are distinct

atoms in L≥x. Let 0 6= v ∈ a⊥1 ∩ x. Suppose that the a2-component of d0,≥x(v) is
non-zero. Then (v, wz) 6= 0 for some z ∈ A such that z ∨ x = a2. Thus, v /∈ Hz

and if sz is a reflection around Hz then modulo x⊥ the elements v, sz(v) and
wz are linearly dependent, but pairwise non-proportional. Therefore a1 ∨ a2 is
irreducible in L≥x. �

Since any finite complex reflection group is a product of irreducible ones, we
proved:

Corollary 1. Any restriction of a reflection arrangement is admissible.

Remark 3. It was proved in [BT94] that every free hyperplane arrangement is
n-formal. (Cf. [ibid.] and [OT92] for the definition and properties of free arrange-
ments.) It is also known that restrictions of Coxeter arrangements are always free
[OT93]. Therefore (1) is acyclic in this case. However, the argument in [BT94] is
indirect and does not seem to produce a contracting homotopy (let alone an ad-
missible one) explicitly. Also, the proof of [OT93] involves a case by case analysis
to deal with restrictions to elements of rank bigger than one, which is avoided in
the argument above.

It is instructive to explicate the relation complexes of the various root sys-
tems. We will only do this for rank two and for the infinite families of irreducible
Coxeter arrangements.
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Rank two cases. For any distinct atoms a, b define proja,b V → Va ⊕ Vb by
∂ proja,b(v) = v. Then d0 =

∑
a 6=b∈A proja,b is an admissible section. Here h =(|A|

2

)
and ha = |A| − 1 for each atom.

An case. Let U be an (n+1)-dimensional vector space with basis e1, . . . , en+1 and
the standard scalar product and consider the (non-essential) reflection arrange-
ment of type An given by the vectors ei−ej, 1 ≤ i < j ≤ n+1. (Its restrictions are
also of type A, so they do not need to be considered separately.) Then L is the par-
tition lattice on {1, . . . , n+1} with rank function rk((I1, . . . , Im)) =

∑m
j=1(|Ij|−1).

Let V be the irrelevant ideal of the exterior algebra ∧·U . As a vector space, V
has a basis eI = ei1 · · · eik , I = {i1, . . . , ik}, 1 ≤ i1 < · · · < ik ≤ n + 1, k ≥ 1. We
also set e∅ = 0. We grade V by deg(eI) = |I| − 1. We have the differential

∂(eI) =
k∑

j=1

(−1)j+1eI\{ij}.

Then V is compatibly L-graded by

V(I1,...,Im) =


U, if (Ij) is the singleton partition,

CeIj
, if there is a unique j such that |Ij| > 1,

0, otherwise.

Multiplication by e1 gives an admissible contracting homotopy for V and therefore
V is the relation complex for An (cf. Remark 1). This homotopy is not equivariant
with respect to the Weyl group W = Sn+1. The homotopy constructed above is
d0(v) = 1

n+1

∑n+1
i=1 eiv. Note that as a W -module,

Vk ' ∧k+1(St⊕C) = ∧k St⊕ ∧k+1 St,

where St is the standard n-dimensional representation of W . Recall that the
representations ∧k St are irreducible.

Other infinite families. The restrictions of the reflection arrangements of type
B and D are isomorphic to the hyperplane arrangements Φn,m, m ≤ n given by
the vectors {ei ± ej : 1 ≤ i < j ≤ n} ∪ {ei : i ≤ m} in an n-dimensional space
with basis e1, . . . , en and the standard scalar product. For m = n we obtain a
reflection arrangement of type Bn, and for m = 0 an arrangement of type Dn.
Here L = LΦn,m is the lattice whose elements consist of the following data:

(1) a (possibly empty) subset J of {1, . . . , n}. If J = {j} is a singleton, then
j ≤ m,

(2) an unordered partition (I1, . . . , Ik) of {1, . . . , n} \ J ,
(3) for each j = 1, . . . , k a class of functions ε : Ij → {±1}, where we identify

ε and −ε.

The rank function is |J | +
∑k

j=1(|Ij| − 1). For any I ⊆ {1, . . . , n} with |I| > 1

and a class of functions ε : I → {±1} let x(I,[ε]) be the element of L of rank |I|−1
corresponding to J = ∅, the partition whose only subset of size > 1 is I, and
the class of ε. Similarly, for any J ⊂ {1, . . . , n} (possibly empty but with the
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restriction on singletons above) let yJ ∈ L|J | correspond to the singleton partition
of {1, . . . , n} \ J . Let Lirr,A = {x(I,[ε])} and Lirr,B = {yJ}.

Let W be the quotient of the vector space with basis

e(I,ε), ∅ 6= I ⊂ {1, . . . , n}, ε : I → {±1},

by e(I,ε) + (−1)|I|e(I,−ε). We grade W by |I| and observe that (W, ∂) is a chain
complex with respect to

∂e(I={i1,...,ik},ε) =
k∑

j=1

(−1)j+1ε(ij)e(I\{ij},ε|I\{ij})
.

For any ∅ 6= J ⊂ {1, . . . , n} let WJ be the span of e(J,ε) in W|J |.

Let V Bn be the mapping cone of the identity map on (W, ∂). That is V Bn
k =

Wk ⊕Wk+1, k = 0, . . . , n, with the differential

(wk, wk+1) 7→ (−∂kwk, wk + ∂k+1wk+1).

V Bn is compatibly LBn-graded by

V Bn
x(I,[ε])

= {0} × Ce(I,ε) ⊂ V Bn

|I|−1,

V Bn
yJ

= WJ × {0} ⊂ V Bn

|J | , J 6= ∅,

V Bn
0 = {0} ×W1,

V Bn
x = 0, if x /∈ LBn

irr,A ∪ LBn
irr,B.

The map d(wk, wk+1) = (wk+1, 0) is an admissible contracting homotopy for V Bn .
For any j > m let (U j, ∂j) be the chain complex with basis elements f j

J ,
j /∈ J ⊂ {1, . . . , n}, of degree |J |+ 1 and differential

∂jf j
J={i1,...,ik} =

k∑
l=1

(−1)l+1f j
J\{il}.

For any k 6= j a homotopy dUj ,k on U j is given by

f j
J 7→

{
(−1)|{x∈J :x<k}|f j

J∪{k}, k 6∈ J,

0, otherwise.

We also set dUj ,j = 0. Let U := ⊕j>mU j with the differential ∂U = ⊕∂j. Define

dU,k = ⊕j>mdUj ,k and set

DU =

{
1

n−1

∑n
k=1 dU,k, m = 0,

dU,1, otherwise.

Then D is a homotopy of U .
The map φ : W → U given by

e(I,ε) 7→
∏
i∈I

ε(i)
∑

x∈I,x>m

(−1)|{i∈I:i>x}|ε(x)fx
I\{x}
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is easily seen to be a map of chain complexes. Let K be its kernel. Then we have
an exact sequence

0 → K ⊕W [1] → V Bn
(w,w′) 7→φ(w)−−−−−−−→ U → 0.

It follows that K ⊕ W [1] is exact and compatibly LΦn,m-graded. Therefore,
V Φn,m = K ⊕W [1].

Consider dW,k : W → W given by

dW,ke(I,ε) =

{
(−1)|{x∈I:x<k}| 1

2
(e(I∪{k},ε∪{(k,1)}) − e(I∪{k},ε∪{(k,−1)})), k /∈ I,

0, otherwise.

It is easy to check that φdW,k = dU,kφ. In particular dW,k preserves K. Set

DW =

{
1

n−1

∑n
k=1 dW,k, m = 0,

dW,1, otherwise.

Then φDW = DUφ. The map

(wk, wk+1) 7→ (−DW
k wk + wk+1 − ∂k+2D

W
k+1wk+1 −DW

k ∂k+1wk+1, D
W
k+1wk+1)

is a homotopy of V Φn,m . It is clearly admissible.

3. A generalization of the Orlik-Solomon algebra

In this section we consider a general construction, modeled after the Orlik-
Solomon algebra, which allows to pass from an admissible complex of vector
spaces (Vx) to an admissible complex of modules over the symmetric algebra
Sym(V0). We then apply this construction to truncations of a lattice L and more
specifically to the relation complexes of §2.

Suppose we are given a chain complex V = ⊕x∈LVx of vector spaces over a
field k of characteristic zero with a compatible grading by a geometric lattice L.
Let S = S(V ) be the universal supercommutative algebra generated by V , i.e. S is
the quotient of the tensor algebra of V by the ideal generated by uv−(−1)ijvu for
u ∈ Vi, v ∈ Vj. It is naturally graded by assigning Vi the degree i. By extending

∂ to a (super-)derivation ∂̃ on S, we obtain a differential graded algebra (S, ∂̃).
Note that S0 is the symmetric algebra of V and S is an algebra over S0.

The algebra S carries a canonical grading by the lattice L in which Vx ⊂ Sx

and

a ∈ Sx, b ∈ Sy, x, y ∈ L =⇒ ab ∈ Sx∨y.

Note that the notation S0 is unambiguous and that for any a ∈ A(L) the com-

ponent Sa is via ∂̃ isomorphic to the ideal of S0 generated by ∂(Va) ⊂ V0.
This grading by L is however not compatible in the sense of Definition 1.

The problem is that if ri ∈ Vxi
, i = 1, . . . ,m, with

(4)
m∑

i=1

rk(xi) > rk(∨xi),
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the product r1 · · · rm does not appear in degree rk(∨xi). To rectify this, we say
that x1, . . . , xm ∈ L are dependent if (4) holds and consider the vector space I
spanned by all products

r1 · · · rm, ri ∈ Vxi
, i = 1, . . . ,m, x1, . . . , xm ∈ L dependent.

Note that this extends the standard notion of dependency of atoms. Since a set
containing a dependent set is again dependent, I is a graded ideal of S. It follows
that I := I(V ) = I + ∂̃(I) is a differential ideal of S. We can now define the
main object of this section.

Definition 6. The generalized Orlik-Solomon algebra of the L-graded complex
V is the differential graded algebra A = A(L, V ) := S(V )/I.

Proposition 4. The generalized Orlik-Solomon algebra A(L, V ) is compatibly
L-graded.

Proof. Clearly, the ideal I is L-graded. Let ri ∈ Vxi
, where x1, . . . , xm is a

dependent set. Let y1, . . . , ym ∈ L and 1 ≤ j ≤ m be such that yi = xi for i 6= j
and yj ≺ xj. Then either y1, . . . , ym are dependent or ∨yi = ∨xi.

Therefore we can write

∂̃(r1 · · · rm) = u + v

where u ∈ I and v ∈ S∨xi
. Thus, v ∈ I∨xi

. It follows that I is L-graded and for
all x ∈ L we have

(5) ∂̃(Ix) ⊂ Ix + I.

Hence, A is L-graded. �

Example. Let V0 = Va = Z for all a ∈ A(L) and Vx = 0 otherwise, and consider
the complex V with ∂|Va = id. If t is a generator of V0, the quotient of A(L, V )
by the ideal generated by t− 1 is isomorphic to the Orlik-Solomon algebra of L.

Note that I0 = 0, so that A0 = S0 and ∂̃(Aa), a ∈ A(L), is the ideal of S0

generated by ∂(Va).

Proposition 5. Suppose that V is an admissible L-graded complex. Then A(V )
is also admissible (as a complex of vector spaces). In particular, if the maps ∂1|Va

are all injective, O(Sym V0, ((∂Va))) ' A(V ) is exact.

Proof. For any x ∈ L we have S(V )≤x = S(V≤x) and therefore A(V )≤x =
S(V≤x)/I≤x. Consider the complex V ′

≤x which coincides with V≤x in degrees
at least one and has V ′

≤x,0 = ∂(V≤x,1). Also, let W0 be a complement to ∂(V≤x,1)
in V0. Then it is easy to see that A(V≤x) ' Sym W0 ⊗ S(V ′

≤x)/I≤x(V
′
≤x) as dif-

ferential graded algebras. Therefore, it is enough to show the existence of an
admissible homotopy on A(V ′

≤x) = S(V ′
≤x)/I≤x(V

′
≤x). Let d be an admissible

homotopy for V≤x. From d we can construct a (super-)derivation d̃ of S(V ′
≤x).

Consider the alternative grading on this algebra obtained by assigning every ele-
ment of V ′

≤x degree one. Then clearly ∂̃ and d̃ preserve this grading, and on the
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degree n part S(V ′
≤x)

(n) of S(V ′
≤x) we have d̃∂̃ + ∂̃d̃ = n id. It follows that by

setting d′ = n−1d̃ on S(V ′
≤x)

(n), n ≥ 1, we obtain a contracting homotopy for ∂̃

(which is only defined on im ∂̃1 at the 0-th position). Observe that by (5) we have

I≤x = I≤x + ∂̃(I≤x). Since d is admissible and whenever y1, . . . , yk are dependent

and y′1 ≥ y1 then y′1, y2, . . . , yk are also dependent, we conclude that d̃ and d′

preserve I≤x. It follows that d′ defines an admissible homotopy for A(V ′
≤x). �

We are interested in the case where A is a hyperplane arrangement in a vector
space U∗ defined by linear functionals ua ∈ U , L its intersection lattice and V
the relation complex of A. If the complex V is admissible, by Proposition 5 the
minimal complex associated to the atomic datum (Sym U, ((ua))), where Sym U
is the algebra of polynomials on U∗, and (ua) the ideal of Sym U consisting of all
polynomials vanishing on the hyperplane Ha, is exact.

Further cases can be derived by the application of a lattice-theoretic opera-
tion to admissible complexes.

Definition 7. Let L and Λ be geometric lattices, and 1 ≤ k ≤ n = rk L. We say
that a monotone map l : L≥k → Λ is a non-degenerate k-th truncation, if

(1) rkΛ(l(x)) = rkL(x)− k for all x ∈ L≥k,
(2) l(x ∨L y) = l(x) ∨Λ l(y) for x, y ∈ L≥k with rkL(x ∧ y) ≥ k.

The most important example is the following. Let A be a hyperplane ar-
rangement in a space U∗ with intersection lattice L, and let P ⊂ U be a subspace
of codimension k. Assume that P satisfies the following non-degeneracy property:

x ∩ P⊥ = {0}, x ∈ Lk.

Then, denoting by πP the projection U∗ → P ∗, we have codim πP (x) = rk x− k
for any x ∈ L≥k and in particular the images under πP of the elements of Lk+1

(which are not necessarily distinct) form a new hyperplane arrangement AP in the
space P ∗. If Λ is the intersection lattice of this arrangement, then the canonical
map l : L≥k → Λ, x 7→ πP (x) is easily seen to be a non-degenerate k-th truncation
map.

There is also a purely lattice-theoretic construction of truncations, the k-th
Dilworth truncation [Bry86, Aig97]. It is a geometric lattice L(k) with a natural
inclusion L>k ↪→ L(k) of posets which is a non-degenerate k-th truncation map.
By [Bry85, Bry86], in the case of hyperplane arrangements the projection con-
struction above yields in fact the k-th Dilworth truncation of L if the subspace P
is generic, i.e. belongs to a Zariski open set of the corresponding Grassmannian.

The importance of truncation maps is explained by the following Lemma.

Lemma 2. Let V be an admissible L-graded complex, and l : L≥k → Λ a non-
degenerate k-th truncation map. Then the truncated shifted complex V (k) =

(Vi+k)i≥0 with the natural Λ-grading V
(k)
λ := ⊕x∈L:l(x)=λVx, λ ∈ Λ, is an ad-

missible Λ-graded complex.

Proof. By our assumptions on l, the complex V (k) is compatibly Λ-graded. For
any x̃ ∈ Λ, the set {x ∈ L≥k : l(x) ≤Λ x̃} is the union of Lk and the sets
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Xi = L≤xi
∩ L≥k, i = 1, . . . ,m, where xi ∈ L are the maximal elements with

l(xi) ≤Λ x̃. By the second property of l, we have rk(xi ∧ xj) < k for i 6= j, and
therefore the sets Xi are disjoint. This means that the obvious map of complexes

⊕m
i=1V

(k)
≤xi

−→ V
(k)
≤x̃

is an isomorphism except at the lowest point (corresponding to Vk), where we
only have an inclusion of the left hand side into the right hand side. It follows
that if di is an admissible homotopy for V≤xi

then d = ⊕m
i=1di gives an admissible

homotopy of V
(k)
≤x̃ . �

We can now apply these results to the case of hyperplane arrangements and
relation spaces.

Corollary 2. Let A be a hyperplane arrangement in the space U∗ and V the
relation complex of A. Let P be a subspace of U of codimension k such that
x ∩ P⊥ = {0} for all x ∈ Lk. Let Λ be the intersection lattice of the hyperplane
arrangement in P ∗ given by the hyperplanes πP (x) ⊂ P ∗, x ∈ Lk+1, and assume
that these hyperplanes are all distinct. If V is admissible, then the minimal Λ-
graded complex O(Sym Vk, ((∂Vl−1(a)))a∈A(Λ)) is exact.

4. An exact sequence of Bernstein-Lunts type

We now turn to hyperplane arrangements over the field of real numbers. We
quickly review their duality with zonotopes as explained in [Zie95, Ch. 7].

Let U be an n-dimensional real vector space and U∗ its dual space, and A the
hyperplane arrangement in U∗ defined by linear functionals ua ∈ U , a ∈ A. Let
Ha be the hyperplane of U∗ defined by ua. This arrangement induces a partition
of U∗ into the cones given by the connected components of X \∪a:X 6⊂Ha(X ∩Ha)
where X ranges over the intersection lattice L of A. The set of all cones forms a
lattice with C1 ≤ C2 if and only if C1 ⊃ C2. There is a natural lattice map from
the lattice of cones to the intersection lattice of A, which associates to each cone C
the vector space spanned by it. Dually, we consider the zonotope (i.e. Minkowski
sum of line segments) Z =

∑
a[−1, 1]ua ⊂ U , a convex polytope in the space U ′

spanned by the vectors ua. If we map a cone C of A to the face

F = {u ∈ Z : 〈c, ·〉 attains its maximum value on Z at u}
of Z, where c ∈ C is arbitrary, we obtain a lattice isomorphism between the lattice
of cones of A and the face lattice of Z, and under this duality the dimensions of
C and F satisfy dim C +dim F = n. The induced lattice map from the faces of Z
to the intersection lattice of A associates to F the space x = x(F ) = (F −F )⊥ ∈
L, in which case we say that F is of type x. The zonotope Z is determined
up to combinatorial equivalence (but not affine equivalence) by the hyperplane
arrangement A.

Let Ek be the set of k-dimensional faces of Z, k = −1, . . . , n (with E−1 = {∅}
by convention). For any x ∈ L the projection Z≥x of Z along x⊥ is a zonotope
dual to the restricted arrangement Ax. For rk x ≤ i ≤ n, its faces of dimension
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i−rk x are the projections of the i-dimensional faces of Z of type ≥ x. We denote
the set of the latter by E≥x

i .
Let now D = (M0, (Ma)) be an atomic datum over a ring R with respect

to L. Using the 1-skeleton of Z, which we can regard as a labeled graph with
labels of the edges given by the atoms of L, we define a submodule of ME0

0 by
congruence conditions along the edges:

M = M(Z,D) = {m : E0 → M0 : m(v)−m(v′) ∈ Mx(e) for v, v′ ≺ e ∈ E1}.
We are interested in the question whether a natural complex involving M and
graded by the face lattice of Z is exact. To construct this complex, fix an orien-
tation on the vector space U . We can then consider the Euler-Poincare complex
of Z with coefficients in M0:

(EP0) : 0 → M
E−1

0
δ0−→ ME0

0
δ1−→ ME1

0
δ2−→ . . .

δn−→ MEn
0 → 0,

where the boundary maps are

δj((mF ′)F ′∈Ej−1
)F =

∑
F ′≺F

sign(F ′, F )mF ′ , F ∈ Ej,

for j = 0, . . . , n, and the signs sign(F ′, F ) ∈ {±1} are determined by the fixed
orientation. This complex is exact. Set MF = Mx(F ) for any face F of Z and
consider the natural subcomplex

(MZ
D ) : 0 → M0

δ0−→ M
δ1−→ ⊕F∈E1MF

δ2−→ ⊕F∈E2MF
δ3−→ . . .

δn−→ MZ → 0

of (EP0). By the exactness of (EP0) we have a short exact sequence

(6) 0 → M0 → M → Ker δ2 → 0.

In other words, MZ
D is exact at the first two places. By considering the cokernel

of the natural inclusion MZ
D ↪→ EP0, the exactness of MZ

D is equivalent to the
exactness of

0 → M → ⊕F∈E0M0
δ1−→ ⊕F∈E1M0/MF

δ2−→ ⊕F∈E2M0/MF
δ3−→ . . .

δn−→ M0/MZ → 0.

The following criterion allows us to reduce the question of exactness of MZ
D

to the minimal complexes for the intersection lattice L studied earlier.

Proposition 6. Let N = O(D, L), and suppose that for all x ∈ L the complex
(N≤x, ∂) is exact. Then the complex MZ

D is exact.

Proof. For any i and x ∈ L set

Nx
i =

{
⊕y≤x:rk(y)=iNy, i > 0,

Mx, i = 0.

Also set NF
i = Nx

i for any face F of type x and i = 0, . . . , n. Clearly, NF
i ⊂ NF ′

i

if F ⊂ F ′. We will show by decreasing induction that for any i = 0, . . . , n − 1
the complex

(Di) : ⊕F∈Ei+1
Ker ∂|NF

i

δi+2−−→ ⊕F∈Ei+2
Ker ∂|NF

i
→ . . .

δn−→ Ker ∂|NZ
i
→ 0
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is exact. The statement is vacuous for i = n−1. To carry out the induction step,
consider for any x ∈ Li the complex

(EPx) : ⊕
F∈E≥x

i
Nx → ⊕

F∈E≥x
i+1

Nx → · · · → Nx → 0,

the Euler-Poincare complex of Z≥x with coefficients in Nx, which is exact. By
our assumption, for any F of dimension ≥ i we have a short exact sequence

0 → Ker ∂i|NF
i
→ NF

i
∂i−→ Ker ∂i−1|NF

i−1
→ 0.

Taking the direct sum over F ∈ Ei+j we obtain the j-th column of a short exact
sequence of complexes

0 → Di[1] → ⊕x∈Li
EPx

∂−→ Di−1 → 0.

The exactness of Di−1 follows from that of (EPx), x ∈ Li, by induction hypothesis.
For i = 0 we obtain the exactness of

⊕e∈EMe → ⊕F∈E2MF → · · · → MZ → 0.

Together with the exactness of (6) we obtain the Proposition. �

Remark 4. In the case Ma = M0 for all a ∈ A(L) we can use this argument
to prove the exactness of the Euler-Poincare complex with coefficients in M0 by
induction on the rank using the exactness of the Orlik-Solomon algebra.

Remark 5. Since the proof uses only the exactness of the Euler-Poincare complex,
it carries over verbatim to general oriented matroids.

Remark 6. Let D be given by M0 = Sym U , Ma = (ua) for a ∈ A(L). Then
M = M(Z,D) is the Sym U -module (in fact algebra) of piecewise polynomial
functions on A. Propositions 5 and 6 imply that the exact complex MZ

D is exact
if the relation complex V is admissible, in particular for restrictions of Coxeter ar-
rangements. By the work of Bernstein-Lunts [BL94, 15.7, 15.8] and Brion [Bri97,
p. 12] it is known that MZ

D is exact for all simplicial hyperplane arrangements
(which includes restrictions of Coxeter arrangements). The analogous statement
remains in fact true for complete simplicial fans.

We now combine the results of the previous sections to show the main result
of this paper. If M is a graded module over a polynomial ring R, we denote by
reg M the Castelnuovo-Mumford regularity of M (cf. [Eis95]).

Theorem 1. Let A be a hyperplane arrangement of rank n in a real vector space
U∗ with intersection lattice L, and P ⊂ U a subspace of codimension k such
that x ∩ P⊥ = {0} for all x ∈ Lk. Let πP : U∗ → P ∗ be the projection, and
AP be the hyperplane arrangement of rank n− k in P ∗ given by the hyperplanes
πP (x), x ∈ Lk+1, assumed to be all distinct. Let ZP be a zonotope dual to AP (of
dimension n− k).

Assume the relation complex V of A is admissible. Let D be the atomic
datum over R = Sym Vk consisting of M0 = R and Ma = (∂Vx : πP (x) = a)
for a ∈ A(LP ), where LP is the intersection lattice of AP . Let M = M(ZP ,D).
Then
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(1) The complex (MZP
D ) is exact.

(2) reg M ≤ n− k.

In particular, M is generated as a Sym Vk-module by its homogeneous elements
of degree ≤ n− k.

Proof. The first part follows from Corollary 2 and Proposition 6.
For any face F of ZP the ideal MF of R is generated by linear functionals.

Therefore reg MF = 1 for all F . The same is true for direct sums thereof. Since
the complex (MZP

D ) is exact, we have short exact sequences

0 → Ker δi → ⊕F∈Ei−1
MF → Ker δi+1 → 0 i = 2, . . . , n− k.

(Recall that dimZP = n − k.) By the behavior of reg in short exact sequences
(cf. [Eis95, Corollary 20.19]) we have

reg(M) ≤ reg(Ker δ2),

reg(Ker δi) ≤ reg(Ker δi+1) + 1 i = 2, . . . , n− k.

Therefore reg(M) ≤ reg(MZ) + n− k − 1 = n− k. �

Remark 7. If Z is a zonotope dual to A, a zonotope ZP can be constructed
directly as the fiber polytope in the sense of [BS92] of the projection of Z along
P . This follows from considering Z as the projection of a hypercube of dimension
|A|, and using [ibid., Lemma 2.3, Theorem 4.1]. The arrangement AP and the
zonotope ZP govern the combinatorics of intersections of parallel translates of P⊥

with the cone decomposition of U∗ induced by A (cf. [BS94, Proposition 2.2]). If
k = 1, we obtain an arrangement governing the combinatorics of straight paths
through A in a fixed direction. This is the case used in [FLM].

From Corollary 1 we infer:

Corollary 3. The conclusion of the Theorem holds if A is a restriction of a real
reflection arrangement.

Question. Does the conclusion of the Theorem remain valid for simplicial hy-
perplane arrangements? It is not difficult to see, using the fact that simplicial
arrangements are 2-formal [FR87], that this is at least the case for ranks n ≤ 4.
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