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1. INTRODUCTION

This paper deals with two related topics. First, we consider complexes graded
by geometric lattices, and specifically an inductive construction of such complexes
starting from a collection of injections U, — U, indexed by the atoms a of the
lattice. We call the complexes obtained from this construction minimal com-
plexes, and our main interest is in criteria for their exactness. Apart from the
well-known Orlik-Solomon algebra [OS80], an important special case is provided
by the relation complex of a hyperplane arrangement, which describes the linear
relations between its defining linear functionals. We give a simple proof of the
n-formality of restrictions of complex reflection arrangements, i.e. we show the ex-
actness of their relation complexes. In fact, we prove a somewhat stronger result,
and provide an explicit contracting homotopy that is compatible with the grading
by the intersection lattice (in our terminology, we show that the relation com-
plex is admissible). While n-formality was known for reflection arrangements and
restrictions of Coxeter arrangements as a consequence of their freeness [BT94],
the construction of an admissible homotopy seems to be a new result. We then
consider in §3 a general multilinear algebra construction, which we call the gen-
eralized Orlik-Solomon algebra of a complex graded by a geometric lattice, and
show that it preserves the admissibility of complexes. In particular, this allows us
to establish the exactness of certain minimal complexes constructed from relation
spaces, if the relation complex itself is admissible.

The second topic is the study of modules over polynomial rings defined by the
canonically labeled graphs of fiber zonotopes. Here, we consider an analogue of
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an exact sequence of Bernstein-Lunts [BL94, 15.7, 15.8] and Brion [Bri97, p. 12]
for the algebra of piecewise polynomial functions on a complete simplicial fan,
which relates this algebra to the polynomial functions on all cones. We consider
fans obtained from hyperplane arrangements in a real vector space U*. In the
dual picture, these correspond to zonotopes (Minkowski sums of line segments) in
the dual space U. In a first step, we derive a criterion for the existence of an exact
sequence of Bernstein-Lunts type for modules defined in a purely combinatorial
way by the labeled graph of a zonotope. Using the results of the first part,
we then apply this criterion to the projected arrangements Ap governing the
combinatorics of intersections of an arrangement A of rank n with the parallel
translates of a fixed linear subspace P+ C U* of dimension & (which is assumed
to satisfy a non-degeneracy condition). Dually, we pass from a zonotope Z dual
to A to the fiber polytope Zp in the sense of [BS92] of its projection in direction
P C U. We use the 1-skeleton of Zp and the relation complex of A to define a
certain algebra 7 over the symmetric algebra R of the rank & space of the relation
complex. Our main result is the existence of an exact sequence of Bernstein-Lunts
type for 7, provided the relation complex of A is admissible (in particular if A is
a restriction of a Coxeter arrangement). In the case k = 0 we recover the algebra
of piecewise polynomial functions on the arrangement. (Note that restrictions
of Coxeter arrangements are simplicial.) As a consequence, the algebra 7 is
generated as an R-module by its homogeneous elements of degree at most n — k.

We note that the algebra 7 has in general a more complicated structure
than the module of piecewise polynomial functions on a complete simplicial fan.
For example, it is in general not free as a module over the polynomial ring R.
In recent years, combinatorially defined algebras of the type we are considering
have been studied by Guillemin and Zara [GZ99, GZ01, GZ03], but their focus
is different, since they are interested in cases where the algebra in question is
actually free over the underlying polynomial ring.

It is natural to ask if our result extends to arbitrary simplicial hyperplane
arrangements. Although it is easy to see that this is true for ranks up to four,
the general case remains open.

In the paper [FLM] our result is applied to derive an algebraic formula evalu-
ating certain multidimensional limits, which is then used to analyze the spectral
side of Arthur’s trace formula. We hope that the combinatorial material presented
in this paper is also of some independent interest.

We thank Joseph Bernstein, Tom Braden, Stefan Felsner, Gil Kalai, Allen
Knutson, Eric Opdam, Ehud de Shalit, Sergey Yuzvinsky and Giinter Ziegler for
useful discussions and interest in the subject matter of this paper. We also thank
the Max Planck Institute for Mathematics and the Hausdorff Research Institute
for Mathematics, where a part of this paper was worked out.
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2. MINIMAL COMPLEXES GRADED BY GEOMETRIC LATTICES

We start with a simple general construction of complexes graded by geometric
lattices which encompasses previously known constructions. It is modeled on the
relation complexes of [BT94] and the minimal complexes of [BL94, Ch. 15].

For any ranked poset (L, <) with rank function rk we write = < y, or equiv-
alently y > z, if y covers z, i.e. if x < y and rk(y) = rk(z) + 1. Let now L be a
geometric lattice of rank n with minimal element 0. Set

Li={zxeL:rk(zx)=1}, i=0,...,n,
and denote by A(L) = L; the set of atoms of L. By abuse of notation we
will denote the maximal element of L by L as well. For any x € L the lower

interval L<, = {y € L : y < x} is also a geometric lattice, whose atoms are
Ao, ={acA:a<uz}

Definition 1. Let R be a ring. A compatible L-grading on a chain complex

(1) 0=V, = V5BV, =V
of R-modules is given by submodules V, of Vix), € L, such that
‘/;L = EBrk(z):i‘/xa 1= 07 - N

and
ark(x)(‘/x) - V-<J: = @y—{x% reL \ {O}

Note that the notation Vj is unambiguous. If V' is a chain complex with a
compatible L-grading, then for any « € L the complex V<, := @<, V), inherits a
compatible grading by L<,.

Definition 2. An atomic datum D (over R) with respect to L consists of an
R-module Uy together with submodules U, for each atom a of L. We set U* :=
Zagx U, for x € L. An atomic datum is called essential if Uy = U".

Given an atomic datum D = (Up, (U,)) there exists a unique chain complex
(1) endowed with a compatible L-grading and satisfying the following properties:

(1) Vo = UO7

(2) for all @ € A(L) we have V, = U, and 04|y, is the inclusion U, — U,

(3) for all i > 1 and x € L; we have

Ve = Ker 9,4 ’V«

and 0|y, is the inclusion V, — V_,.

We call V = @,¢.V, the minimal complex of the atomic datum D, and denote it
by O(D) = O(D, L).

Remark 1. Suppose that the complex (1) admits a compatible L-grading and
that 0|y, is injective for each a € A(L). Assume in addition that for all z € L
the subcomplex V<, is acyclic (i.e. Kerd; = Imd,;41, i = 1,...,n, but we do
not require that 0; is onto). Then by the uniqueness of the minimal complex it
follows that V' is isomorphic to O(Vy, (V,)) as an L-graded module.
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The basic example is when U, = Uy for all a € A(L). This is called the
atomic datum with constant coefficients. If R = Uy = Z then as an L-graded
chain complex the minimal complex is the usual Orlik-Solomon algebra of L with
coefficients in Z (cf. [OS80]).

Another important example is when R is a field k, and L is the intersection
lattice of a hyperplane arrangement A in a vector space U* given by hyperplanes
H,={x € U": (x,u,) = 0} indexed by the atoms of L. The atomic datum per-
taining to A is by definition (U, (HL)) = (U, (ku,)). We call the resulting minimal
complex the relation complex of A. Its graded pieces are the relation spaces con-
sidered in [BT94]. In particular, an essential hyperplane arrangement is called
k-formal, if the first £ — 1 homology groups of (1) vanish, i.e. if Ker 9; = Im 0,1,
1 =1,...,k — 1. For example, 2-formality means that the linear dependencies
among the linear functionals u,, a € A, are generated by those induced by rank
two elements of the intersection lattice (or, what amounts to the same, by the
linear dependencies among three functionals); 3-formality means that in addition
the relations among the relations are generated by those induced by rank three
elements and so forth. In particular, n-formality means that (1) is acyclic. (Note
that 0, is always injective.) The relation spaces are the degree 0 part (with re-
spect to the usual grading on Sym U*) of O(Sym U* ® U, (Sym H, ® H})). The
main result of [BT94] is that the latter is acyclic if A is a free arrangement.

Definition 3. Let L be a geometric lattice. An element x € L is called reducible,
if there exist y, z € L\ {0} such that the join gives an isomorphism of L<, x L,
with L<,. In this case we write x = y @ z. Otherwise x is called irreducible. The
set of irreducible elements of L is denoted by L;,.,.

Any z € L can be written uniquely as @]*,x; where x; are irreducible. In
particular, L<, = L<,, X --- X L<, . Note that if x,y € L;, are not disjoint
(that is, if x Ay # 0) then =V y € L.

Lemma 1. Suppose that D is the atomic datum of a hyperplane arrangement
with intersection lattice L. Then for any reducible x € L we have O(D, L), = 0.

Proof. We will prove the statement by induction on rk(x). Suppose that * = y@z.
Then L., = (y @ L<.) U (L<y @ z). If neither y nor z is an atom then by
induction hypothesis O(D)<, = 0, and therefore O(D), = 0. Suppose that z is
an atom. Then L., = {y} U (Ls, @ 2). If y is not an atom then by induction
hypothesis O(D)<, = O(D), and therefore O(D), = 0 since 0 is injective on
O(D),. Finally, it remains to consider the case where both y and z are atoms.
In this case L~, = {y, 2} and O(D), = 0 since U, N U, = 0. O

Our motivating problem is to provide sufficient conditions for the acyclicity
of O(D). It will be useful to introduce a stronger notion.

Definition 4. Let (1) be a chain complex with compatible L-grading. An ad-
missible homotopy for V' is a contracting homotopy d for 0, i.e.

di_lﬁi + 8i+1di = ld, 1= 1, oo,y
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where we only require that dy be defined on Im 0y, with the property dy)(Vz) C
Vig = @y, Vy for all x € L\ {0}. We say that V' is admissible if for any = € L
the complex V<, admits an admissible homotopy. Analogously, we say that an
atomic datum D is admissible if O(D, L) is admissible.

Clearly, the product of admissible atomic data is admissible. Henceforth R
will be assumed to be a field k of characteristic 0 or more generally an algebra
over Q.

We now describe a way to construct admissible homotopies.

Definition 5. Let (Up, (U,)aca) be an atomic datum. A morphism dy : UL —
Deeal, is called an admissible section if the following two conditions are satisfied:

(1) For all € L;, \ {0} there exists a non-zero integer h” such that the
composition

Um d_0> @aGAUa ﬂi} @anUa ; Um

is A” times the identity map, where 7, is the projection.
(2) Ifa,a’ € A and aVd' is reducible, then the a’-component of dy|y, vanishes.

If dy is an admissible section for the atomic datum (U, (U,)), we denote by
d§ the restriction of m<, o dy to U*. Clearly, dj is an admissible section for the
atomic datum (U, (Uy)a<z)-

Remark 2. Suppose that d is an admissible section for an atomic datum (Uy, (U,)).
Let h*, x € L;,., be as above. Then for all x < z € L;,, we have

> (W=t =1
yELirT:x<y§Z
Indeed, by restricting to L<, we can assume that 2 is the maximal element. Since
{aEA:aﬁx}:H{aeA:agy,aﬁx},
Yy-x

we have
do —d =) _(dy —dy)
Yy-x
on U*. By the second condition on dy we can take the sum only over irreducible
y. Applying 0 to both sides we get the required equality.

Proposition 1. Suppose that d is an admissible section for the atomic datum
(Uo, (Uy)) of a hyperplane arrangement with intersection lattice L. Let h*, x €
Li.., be as above. Then for each x € Lj,.,, h—lzdg extends to an admissible homotopy
on O(Dgx, Lgm)

Proof. We will construct the d;’s, i > 0 by induction on . Suppose that d; are
defined for all j < i and z € L, and satisfy

3j+1d§ + dj-_lc?j =h*id 0<j<i,z€L.
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In particular,
(2) Oyd?_,0; = h*0;.
The latter is also valid for ¢ = 1 by the property of dy. We define d} by
(3) di = Dz yeLirik(z)=i,z>y=aday
where d., : V, — V, is such that
Oit1dyy = h¥id —d_,0;.

This is well-defined because ;1 is injective on each V,, and the image of h¥ id —d;_,0;
lies in Ker 0; by (2). For compatibility we write do., = df for any atom a so that
(3) is satisfied for i = 0 as well. To show

81'4_1(1? + df_l@- = h%id z€L

let © € L; with x < z. Write 0; = ®,/2,0; . Then on V,, we have

Opnd; +d7 0= > (Wid—d! ,0;) +di ,0;

yeL’iTT :22y>$

= Z hYid — Z dx’;y’ai,:c’ + Z dx’;y’ai,x’ .

YELjpr:z>2Yy>-x o'y € Ljprix! <x,y>y’ -’ 'y € Ljprix! <x,22Yy" -2’

The contribution from any pair 3 > 2’ with 3’ # x to the last sum cancels with
its contribution to the middle sum for y = x V 3. (Note that if y ¢ L;.. then
i = 1 by the remark before Lemma 1, and dg/|Ux = 0 by the condition on d.)
Therefore, only the terms y' = x contribute and we conclude that 0;,1d? + d?_,0;
preserves V. Since 0; is injective on V, it remains to show that

0;(0i1d; + di_,0;) = h*0;
on V,. This follows from (2). O

Let now G be an irreducible finite complex reflection group on a vector space
V' and consider the reflection arrangement {H,},cs consisting of the reflecting
hyperplanes H, of G (cf. [0T92, Ch. 6]). Let L be the corresponding intersection
lattice. Note that L is irreducible. Choose a G-invariant scalar product (-,-) on
V. Let D = (V,(HZ)) be the corresponding atomic datum (where we identified
V and V* through (-,-)). For each a € A choose w, € H: such that (w,, w,) = 1.

Proposition 2. Under these assumptions do(v) = (2(v, W)W )aca S an admis-
sible section.

Proof. The first property of admissibility follows from [OT92, Proposition 6.93].
In fact h* = 2|A<,|/rk(x). (If G is a real reflection group then A” is the Coxeter
number of the group generated by the reflections in z; cf. [ibid., 6.99].) More
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generally, if z = ©@%_,x; is the decomposition of z € L into irreducibles, then
U* = @U™ is an orthogonal direct sum with respect to (-,-) and therefore
k k
odg(Y vi) = h"v, v € U
i=1 i=1
The second property of admissibility follows from the fact that if a\Va' is reducible
then w, and w, are orthogonal. O

More generally, let x € L and proj, be the orthogonal projection V' — = =
V/xt. Set

do>.(v) = < Z 2(v,wa/)projx(wa/)> , VET.

a’cA:a'Vr=a a€A(L>g)
We have 0 o dy >, = proj, 0 o dp|,.

Proposition 3. dy >, is an admissible section for the restricted hyperplane ar-
rangement on x.

Proof. Let y € L>, and y = @y, its decomposition into irreducibles in L. Then
forv=> v; e UY Nz, v; € U%, we have

ody ., (v) = proj, ddg(v) = Z h¥ proj, v;.

Suppose now that y is irreducible in L>,. Then y; < x except for a single j, say
j = 1. Therefore, if v =3 v; € UY Nw, then ddj -, (v) = h¥* proj, v; = h¥'v.

To check the second condition of admissibility suppose that a,, ay are distinct
atoms in Ls,. Let 0 # v € ai N . Suppose that the as-component of dy >, (v) is
non-zero. Then (v,w,) # 0 for some z € A such that z V2 = ay. Thus, v ¢ H,
and if s, is a reflection around H, then modulo ' the elements v, s.(v) and
w, are linearly dependent, but pairwise non-proportional. Therefore a; V ay is
irreducible in L. O

Since any finite complex reflection group is a product of irreducible ones, we
proved:

Corollary 1. Any restriction of a reflection arrangement is admissible.

Remark 3. Tt was proved in [BT94] that every free hyperplane arrangement is
n-formal. (Cf. [ibid.] and [OT92] for the definition and properties of free arrange-
ments.) It is also known that restrictions of Coxeter arrangements are always free
[OT93]. Therefore (1) is acyclic in this case. However, the argument in [BT94] is
indirect and does not seem to produce a contracting homotopy (let alone an ad-
missible one) explicitly. Also, the proof of [OT93] involves a case by case analysis
to deal with restrictions to elements of rank bigger than one, which is avoided in
the argument above.

It is instructive to explicate the relation complexes of the various root sys-
tems. We will only do this for rank two and for the infinite families of irreducible
Coxeter arrangements.
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Rank two cases. For any distinct atoms a, b define proj,,V — V, @ V; by
O proj,,(v) = v. Then dy = 3,y Proj,, is an admissible section. Here h =

(Iz;ll) and h* = |A| — 1 for each atom.

A, case. Let U be an (n-+1)-dimensional vector space with basis ey, ..., e, and
the standard scalar product and consider the (non-essential) reflection arrange-
ment of type A,, given by the vectors e;—e;, 1 <i < j < n+1. (Its restrictions are
also of type A, so they do not need to be considered separately.) Then L is the par-
tition lattice on {1, ..., n+1} with rank function tk((11, ..., 1)) = D72, (|I;|=1).
Let V' be the irrelevant ideal of the exterior algebra A'U. As a vector space, V'
has a basis ey = €;, ---€;,, I ={i1,...,ig}, 1 <y <--- < <n+1,k>1. We
also set ey = 0. We grade V' by deg(er) = |I| — 1. We have the differential
k
Oer) =D (=1 engy.

j=1

Then V' is compatibly L-graded by
U, if (Z;) is the singleton partition,
Vigy....1) = § Cey;, if there is a unique j such that |I;| > 1,

0, otherwise.

Multiplication by e; gives an admissible contracting homotopy for V' and therefore
V' is the relation complex for A,, (cf. Remark 1). This homotopy is not equivariant
with respect to the Weyl group W = S,,,1. The homotopy constructed above is
do(v) = n+r1 Sl e;v. Note that as a W-module,

Vi ~ AFTL(St @C) = A" St @ AR St

where St is the standard n-dimensional representation of W. Recall that the
representations AF St are irreducible.

Other infinite families. The restrictions of the reflection arrangements of type
B and D are isomorphic to the hyperplane arrangements ®,, ,,,, m < n given by
the vectors {e; £e; : 1 <i < j <n}U{e :i < m} in an n-dimensional space
with basis eq,...,e, and the standard scalar product. For m = n we obtain a
reflection arrangement of type B,, and for m = 0 an arrangement of type D,.
Here L = L®»m is the lattice whose elements consist of the following data:
(1) a (possibly empty) subset J of {1,...,n}. If J = {j} is a singleton, then
j<m,
(2) an unordered partition (Iy,...,I;) of {1,...,n}\ J,
(3) for each j =1,...,k a class of functions € : [; — {£1}, where we identify
€ and —e.

The rank function is |J| + Z?ﬂ(’[j‘ —1). For any I C {1,...,n} with |[I| > 1
and a class of functions € : I — {#£1} let z(;q) be the element of L of rank /| —1

corresponding to J = (), the partition whose only subset of size > 1 is I, and
the class of e. Similarly, for any J C {1,...,n} (possibly empty but with the
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restriction on singletons above) let y; € L) correspond to the singleton partition

of {17 o 7n} \ J. Let Lir'r,A = {x(l,[e])} and LirT,B = {yJ}
Let W be the quotient of the vector space with basis

e, OWF#IC{l,...,n},e: I — {1},

by e + (—=1)le; . We grade W by |I| and observe that (W, d) is a chain
complex with respect to
k

j=1

For any 0 # J C {1,...,n} let W be the span of e(;,) in W)y.
Let V5 be the mapping cone of the identity map on (W, d). That is V;’» =
Wie ®Wii1, k=0,...,n, with the differential

(Wi, Wit1) — (—OkWi, Wi, + Opp1Wk11)-
VB is compatibly LP7-graded by
B, _ Bn
Ve =103 x Cerg C V2,
Vo =W, x {0} c Vi, J#0,
V()Bn = {O} x Wi,

V=0, ifad L UL,

The map d(wy, wy11) = (Wgy1,0) is an admissible contracting homotopy for V2.

For any j > m let (U7,97) be the chain complex with basis elements f,
jé Jc{l,...,n}, of degree |J| + 1 and differential

k

o l .
ajf?]:{il ..... w} Z(_l) Hf?]\{ﬁ}‘

1=1
For any k # j a homotopy dV* on U7 is given by
s {(_1)|{x€J:m<k}|f§U{k}’ ke,

0, otherwise.

We also set de"j =0. Let U := @;-,,U? with the differential 9V = @d7. Define
dUF = @5 pd”* and set

1 \~n Uk _
avt, otherwise.

Then D is a homotopy of U.
The map ¢ : W — U given by

€1, — He(i) Z (=Dl te () £ oy

el zel,x>m
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is easily seen to be a map of chain complexes. Let K be its kernel. Then we have
an exact sequence

OHK@W[l] —>VB" ww)»—>¢ U—>0
It follows that K @& W/[1] is exact and compatibly L*m-graded. Therefore,
Venm = K @ W[1].

Consider d"* : W — W given by

PWhe, o = § GO equp wieny — euupete-nn), kT
(e 0, otherwise.

It is easy to check that ¢d""* = dU*¢. In particular d"V'* preserves K. Set

DV = {ﬁ ZZ:I dVV,k, m =0,

d" 1, otherwise.
Then ¢ DV = DY¢. The map
(Wi, wit1) = (=D Wy, + Wyt — Opya D W1 — Dy Opr1wisr, DYy Wi

is a homotopy of V®»m_ It is clearly admissible.

3. A GENERALIZATION OF THE ORLIK-SOLOMON ALGEBRA

In this section we consider a general construction, modeled after the Orlik-
Solomon algebra, which allows to pass from an admissible complex of vector
spaces (V) to an admissible complex of modules over the symmetric algebra
Sym(Vp). We then apply this construction to truncations of a lattice L and more
specifically to the relation complexes of §2.

Suppose we are given a chain complex V = @, V, of vector spaces over a
field k of characteristic zero with a compatible grading by a geometric lattice L.
Let S = S(V) be the universal supercommutative algebra generated by V', i.e. S is
the quotient of the tensor algebra of V' by the ideal generated by uv—(—1)“vu for
u € Vi, v € V. It is naturally graded by assigning V; the degree i. By extending
d to a (super-)derivation d on S, we obtain a differential graded algebra (S, d).
Note that Sy is the symmetric algebra of V' and S is an algebra over Sy.

The algebra S carries a canonical grading by the lattice L in which V, C S,
and

a € S;,be Sy, x,yc L = ab € Syyy.
Note that the notation Sy is unambiguous and that for any a € A(L) the com-
ponent S, is via 0 isomorphic to the ideal of Sy generated by 9(V,) C V,.

This grading by L is however not compatible in the sense of Definition 1.
The problem is that if r; € V.., i =1,...,m, with

(4) Xm: k(z;) > rk(Vz;),
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the product 7 - - -7, does not appear in degree rk(Vx;). To rectify this, we say
that z1,...,x, € L are dependent if (4) holds and consider the vector space [
spanned by all products

T Tm, Ti € Ve,i=1,....m,x1,...,2, € L dependent.

Note that this extends the standard notion of dependency of atoms. Since a set
containing a dependent set is again dependent, I is a graded ideal of S. It follows
that 7 := Z(V) = I + O(I) is a differential ideal of S. We can now define the
main object of this section.

Definition 6. The generalized Orlik-Solomon algebra of the L-graded complex
V is the differential graded algebra A = A(L,V) := S(V)/Z.

Proposition 4. The generalized Orlik-Solomon algebra A(L,V') is compatibly
L-graded.

Proof. Clearly, the ideal I is L-graded. Let r; € V,,, where x1,...,2,, is a
dependent set. Let y1,...,y, € L and 1 < 57 < m be such that y; = z; for ¢ # j
and y; < x;. Then either y1,...,y, are dependent or Vy; = Vz,.

Therefore we can write

Ary--m) =u+v

where v € I and v € Sy,,. Thus, v € Z,,,,. It follows that Z is L-graded and for
all x € L we have

(5) II,) C T, +1.
Hence, A is L-graded. 0J

Ezxample. Let Vy =V, = Z for all a € A(L) and V,, = 0 otherwise, and consider
the complex V' with 0|y, = id. If ¢ is a generator of Vj, the quotient of A(L, V)
by the ideal generated by t — 1 is isomorphic to the Orlik-Solomon algebra of L.

Note that Zy = 0, so that Ay = Sy and d(A,), a € A(L), is the ideal of S,
generated by 9(V,).

Proposition 5. Suppose that V' is an admissible L-graded complex. Then A(V)
is also admissible (as a complex of vector spaces). In particular, if the maps 01y,

are all injective, O(Sym Vy, ((0V4))) ~ A(V) is exact.

Proof. For any © € L we have S(V)<, = S(V<,) and therefore A(V)<, =
S(V<y)/Z<,. Consider the complex V., which coincides with V., in degrees
at least one and has V., o = 9(V<,,1). Also, let Wy be a complement to 0(V<y,1)
in V. Then it is easy to see that A(Ve,) ~ Sym Wy ® S(VL,)/Z<,(VL,) as dif-
ferential graded algebras. Therefore, it is enough to show the existence of an
admissible homotopy on A(V.,) = S(V.,)/Z<.(V.,). Let d be an admissible
homotopy for Ve,. From d we can construct a (super-)derivation d of S (Vi)
Consider the alternative grading on this algebra obtained by assigning every ele-
ment of V2 degree one. Then clearly d and d preserve this grading, and on the
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degree n part S(VZ,)™ of S(V.,) we have dd + dd = nid. It follows that by
setting d' = n~'d on S(Vg’m)(”), n > 1, we obtain a contracting homotopy for 0
(which is only defined on im d; at the O-th position). Observe that by (5) we have
Tey =1y + 5([ <z). Since d is admissible and whenever y, ..., yx are dependent

and y; > y; then y}, vy, ...,y are also dependent, we conclude that d and d'
preserve Z<,. It follows that d’ defines an admissible homotopy for A(VZ,). O

We are interested in the case where A is a hyperplane arrangement in a vector
space U* defined by linear functionals u, € U, L its intersection lattice and V'
the relation complex of A. If the complex V' is admissible, by Proposition 5 the
minimal complex associated to the atomic datum (Sym U, ((u,))), where Sym U
is the algebra of polynomials on U*, and (u,) the ideal of Sym U consisting of all
polynomials vanishing on the hyperplane H,, is exact.

Further cases can be derived by the application of a lattice-theoretic opera-
tion to admissible complexes.

Definition 7. Let L and A be geometric lattices, and 1 < k < n =rk L. We say
that a monotone map ! : L>, — A is a non-degenerate k-th truncation, if

(1) rka(l(x)) = rkp(z) — k for all z € Ly,

(2) l(z VL y) =1l(x) Va l(y) for z,y € Ly with rky(z Ay) > k.

The most important example is the following. Let A be a hyperplane ar-
rangement in a space U* with intersection lattice L, and let P C U be a subspace
of codimension k. Assume that P satisfies the following non-degeneracy property:

rNPt={0}, z¢€lL.

Then, denoting by 7p the projection U* — P*, we have codimmp(x) = rkz — k
for any z € L>j and in particular the images under 7p of the elements of Lji4
(which are not necessarily distinct) form a new hyperplane arrangement Ap in the
space P*. If A is the intersection lattice of this arrangement, then the canonical
map ! : L>, — A, x — mp(x) is easily seen to be a non-degenerate k-th truncation
map.

There is also a purely lattice-theoretic construction of truncations, the k-th
Dilworth truncation [Bry86, Aig97]. It is a geometric lattice L*) with a natural
inclusion Lsj < L®) of posets which is a non-degenerate k-th truncation map.
By [Bry85, Bry86], in the case of hyperplane arrangements the projection con-
struction above yields in fact the k-th Dilworth truncation of L if the subspace P
is generic, i.e. belongs to a Zariski open set of the corresponding Grassmannian.

The importance of truncation maps is explained by the following Lemma.

Lemma 2. Let V' be an admissible L-graded complex, and | : L>;, — A a non-
degenerate k-th truncation map. Then the truncated shifted complex V¥ =
(Visk)iso with the natural A-grading V;k) = Operi(@)=AVe: A € A, is an ad-
missible A-graded complex.

Proof. By our assumptions on [, the complex V*) is compatibly A-graded. For
any T € A, the set {x € Lsp : l(z) <y %} is the union of L; and the sets
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Xi = L<y; N L>y, @ = 1,...,m, where x; € L are the maximal elements with
l(z;) <a . By the second property of I, we have rk(z; A z;) < k for i # j, and
therefore the sets X; are disjoint. This means that the obvious map of complexes

o, v — v

is an isomorphism except at the lowest point (corresponding to Vj), where we
only have an inclusion of the left hand side into the right hand side. It follows
that if d' is an admissible homotopy for V<, then d = & ,d; gives an admissible

homotopy of VS(];) : O

We can now apply these results to the case of hyperplane arrangements and
relation spaces.

Corollary 2. Let A be a hyperplane arrangement in the space U* and V' the
relation complex of A. Let P be a subspace of U of codimension k such that
x N Pt =1{0} for all x € L. Let A be the intersection lattice of the hyperplane
arrangement in P* given by the hyperplanes mp(x) C P*, x € Li,1, and assume
that these hyperplanes are all distinct. If V' is admissible, then the minimal A-
graded complex O(Sym Vi, ((0Vi-1(a)) )aca(n)) @5 evact.

4. AN EXACT SEQUENCE OF BERNSTEIN-LUNTS TYPE

We now turn to hyperplane arrangements over the field of real numbers. We
quickly review their duality with zonotopes as explained in [Zie95, Ch. 7].

Let U be an n-dimensional real vector space and U* its dual space, and A the
hyperplane arrangement in U* defined by linear functionals u, € U, a € A. Let
H, be the hyperplane of U* defined by u,. This arrangement induces a partition
of U* into the cones given by the connected components of X \ Ug.x¢m, (X N H,)
where X ranges over the intersection lattice L of A. The set of all cones forms a
lattice with C; < C, if and only if C; D Cs. There is a natural lattice map from
the lattice of cones to the intersection lattice of A, which associates to each cone C
the vector space spanned by it. Dually, we consider the zonotope (i.e. Minkowski
sum of line segments) Z = > [—1,1]u, C U, a convex polytope in the space U’
spanned by the vectors u,. If we map a cone C of A to the face

F={ue€ Z:{c-) attains its maximum value on Z at u}

of Z, where ¢ € C'is arbitrary, we obtain a lattice isomorphism between the lattice
of cones of A and the face lattice of Z, and under this duality the dimensions of
C and F satisfy dim C'+dim F' = n. The induced lattice map from the faces of Z
to the intersection lattice of A associates to F' the space z = z(F) = (F — F)* €
L, in which case we say that F' is of type z. The zonotope Z is determined
up to combinatorial equivalence (but not affine equivalence) by the hyperplane
arrangement A.

Let & be the set of k-dimensional faces of Z, k = —1,...,n (with €_; = {0}
by convention). For any x € L the projection Z>, of Z along z' is a zonotope
dual to the restricted arrangement A*. For rkaz < 1¢ < n, its faces of dimension
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1—rk x are the projections of the i-dimensional faces of Z of type > x. We denote
the set of the latter by &".

Let now D = (M, (M,)) be an atomic datum over a ring R with respect
to L. Using the 1-skeleton of Z, which we can regard as a labeled graph with
labels of the edges given by the atoms of L, we define a submodule of ]\/[060 by
congruence conditions along the edges:

M=M(Z,D) ={m: & — My : m(v) —m(v') € My for v,0" <eec &}.

We are interested in the question whether a natural complex involving 99t and
graded by the face lattice of Z is exact. To construct this complex, fix an orien-
tation on the vector space U. We can then consider the Euler-Poincare complex
of Z with coefficients in Mj:

(EPy) : 0 — ME 2 g 2 pp® 22, 2oy e g,

where the boundary maps are
5j((mF1)F/eQ§j_1)F = Z sign(F’,F)mF/, F e @j,
FI<F
for 5 = 0,...,n, and the signs sign(F”’, F') € {£1} are determined by the fixed

orientation. This complex is exact. Set Mp = M*F) for any face F of Z and
consider the natural subcomplex

(Mg) 10 — M(] 6—0> m 6—1> EBF€€1MF 5—2> EBFE@QMF §H3 5—n> MZ — 0
of (EFy). By the exactness of (EF,) we have a short exact sequence
(6) 0 — My — 9 — Kerdy — 0.

In other words, M7 is exact at the first two places. By considering the cokernel
of the natural inclusion M% — EP,, the exactness of M3 is equivalent to the
exactness of

0— m — EBFE@()MO 6—1> @FG&MO/MF i @FGGQMO/MF 6—3> . i MO/MZ — 0.

The following criterion allows us to reduce the question of exactness of M7
to the minimal complexes for the intersection lattice L studied earlier.

Proposition 6. Let N = O(D, L), and suppose that for all x € L the complex
(N<y, 0) is exact. Then the complex MZ is exact.

Proof. For any ¢ and = € L set

o = ) Busenk)=ilNy, >0,
' Mz’ Z - 0

Also set NI = N? for any face F of type x and i = 0,...,n. Clearly, NI C NZF/
if F C F’. We will show by decreasing induction that for any i = 0,...,n — 1
the complex

(D;) : ®ree, Kerd|yr ™% @pee., Kerdlyr — ... ™ Kerd|yz — 0
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is exact. The statement is vacuous for ¢ = n— 1. To carry out the induction step,
consider for any x € L; the complex
(EP,) : >e Ny — @

i

>e Npy — -+ — N, — 0,

Pree Feer”

the Euler-Poincare complex of Z-, with coefficients in NV,, which is exact. By
our assumption, for any F' of dimension > ¢ we have a short exact sequence

0;
0— Ker8i|NiF — NZF — Ker@i_1|N£1 — 0.

Taking the direct sum over F' € &, ; we obtain the j-th column of a short exact
sequence of complexes

0 — Di[l] = @per, EP, 2 Di_y — 0.

The exactness of D;_; follows from that of (EP,), z € L;, by induction hypothesis.
For 7 = 0 we obtain the exactness of

BeceMe = Bpee, Mp — -+ — Mz — 0.
Together with the exactness of (6) we obtain the Proposition. O

Remark 4. In the case M, = M, for all a € A(L) we can use this argument
to prove the exactness of the Euler-Poincare complex with coefficients in M, by
induction on the rank using the exactness of the Orlik-Solomon algebra.

Remark 5. Since the proof uses only the exactness of the Euler-Poincare complex,
it carries over verbatim to general oriented matroids.

Remark 6. Let D be given by My = SymU, M, = (u,) for a € A(L). Then
M = M(Z,D) is the Sym U-module (in fact algebra) of piecewise polynomial
functions on A. Propositions 5 and 6 imply that the exact complex M3 is exact
if the relation complex V' is admissible, in particular for restrictions of Coxeter ar-
rangements. By the work of Bernstein-Lunts [BL94, 15.7, 15.8] and Brion [Bri97,
p. 12] it is known that M3 is exact for all simplicial hyperplane arrangements
(which includes restrictions of Coxeter arrangements). The analogous statement
remains in fact true for complete simplicial fans.

We now combine the results of the previous sections to show the main result
of this paper. If M is a graded module over a polynomial ring R, we denote by
reg M the Castelnuovo-Mumford regularity of M (cf. [Eis95]).

Theorem 1. Let A be a hyperplane arrangement of rank n in a real vector space
U* with intersection lattice L, and P C U a subspace of codimension k such
that x N P+ = {0} for all x € Ly. Let 7p : U* — P* be the projection, and
Ap be the hyperplane arrangement of rank n — k in P* given by the hyperplanes
wp(z), © € L1, assumed to be all distinct. Let Zp be a zonotope dual to Ap (of
dimension n — k).

Assume the relation complex V' of A is admissible. Let D be the atomic
datum over R = SymV}, consisting of My = R and M, = (0V, : mp(x) = a)
for a € A(Lp), where Lp is the intersection lattice of Ap. Let M = IM(Zp, D).
Then
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(1) The complex (MZ") is exact.

(2) regM < n — k.
In particular, I is generated as a Sym Vi-module by its homogeneous elements
of degree < n — k.

Proof. The first part follows from Corollary 2 and Proposition 6.

For any face F' of Zp the ideal M of R is generated by linear functionals.
Therefore reg Mp = 1 for all F. The same is true for direct sums thereof. Since
the complex (Mgp ) is exact, we have short exact sequences

O—>Ker5i—>@peei_lMpﬁKer@-H—>0 222,,71—]{3

(Recall that dim Zp = n — k.) By the behavior of reg in short exact sequences
(cf. [Eis95, Corollary 20.19]) we have

reg(M) < reg(Ker dy),
reg(Kerd;) <reg(Kerd;y1)+1 i=2,...,n—k.
Therefore reg(M) <reg(Mz)+n—k—-1=n—k. O

Remark 7. If Z is a zonotope dual to A, a zonotope Zp can be constructed
directly as the fiber polytope in the sense of [BS92] of the projection of Z along
P. This follows from considering Z as the projection of a hypercube of dimension
|Al, and using [ibid., Lemma 2.3, Theorem 4.1]. The arrangement Ap and the
zonotope Zp govern the combinatorics of intersections of parallel translates of P+
with the cone decomposition of U* induced by A (cf. [BS94, Proposition 2.2]). If
k = 1, we obtain an arrangement governing the combinatorics of straight paths
through A in a fixed direction. This is the case used in [FLM].

From Corollary 1 we infer:

Corollary 3. The conclusion of the Theorem holds if A is a restriction of a real
reflection arrangement.

Question. Does the conclusion of the Theorem remain valid for simplicial hy-
perplane arrangements? It is not difficult to see, using the fact that simplicial
arrangements are 2-formal [FR87], that this is at least the case for ranks n < 4.

REFERENCES

[Aig97] Martin Aigner. Combinatorial theory. Classics in Mathematics. Springer-Verlag, Berlin,
1997. Reprint of the 1979 original.

[BL94] Joseph Bernstein and Valery Lunts. Equivariant sheaves and functors, volume 1578 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1994.

[Bri97] Michel Brion. The structure of the polytope algebra. Tohoku Math. J. (2), 49(1):1-32,
1997.

[Bry85] Tom Brylawski. Coordinatizing the Dilworth truncation. In Matroid theory (Szeged,
1982), volume 40 of Collog. Math. Soc. Jdnos Bolyai, pages 61-95. North-Holland,
Amsterdam, 1985.

[Bry86] Thomas Brylawski. Constructions. In Theory of matroids, volume 26 of Encyclopedia
Math. Appl., pages 127-223. Cambridge Univ. Press, Cambridge, 1986.



[BS92]
[BS94]
[BT94]
[Eis95]
[FLM]

[FR87]

[GZ99]
[GZ01]
[GZ03]
[0S80]

[0T92]

[0T93]

(Zie95]

RELATION SPACES 17

Louis J. Billera and Bernd Sturmfels. Fiber polytopes. Ann. of Math. (2), 135(3):527—
549, 1992.

Louis J. Billera and Bernd Sturmfels. Iterated fiber polytopes. Mathematika, 41(2):348—
363, 1994.

K. A. Brandt and H. Terao. Free arrangements and relation spaces. Discrete Comput.
Geom., 12(1):49-63, 1994.

David Eisenbud. Commutative algebra, volume 150 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995. With a view toward algebraic geometry.

Tobias Finis, Erez Lapid, and Werner Miiller. On the spectral side of Arthur’s trace
formula II. preprint.

Michael Falk and Richard Randell. On the homotopy theory of arrangements. In Com-
plex analytic singularities, volume 8 of Adv. Stud. Pure Math., pages 101-124. North-
Holland, Amsterdam, 1987.

V. Guillemin and C. Zara. Equivariant de Rham theory and graphs. Asian J. Math.,
3(1):49-76, 1999. Sir Michael Atiyah: a great mathematician of the twentieth century.
V. Guillemin and C. Zara. 1-skeleta, Betti numbers, and equivariant cohomology. Duke
Math. J., 107(2):283-349, 2001.

Victor Guillemin and Catalin Zara. The existence of generating families for the coho-
mology ring of a graph. Adv. Math., 174(1):115-153, 2003.

Peter Orlik and Louis Solomon. Combinatorics and topology of complements of hyper-
planes. Invent. Math., 56(2):167-189, 1980.

Peter Orlik and Hiroaki Terao. Arrangements of hyperplanes, volume 300 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Math-
ematical Sciences]. Springer-Verlag, Berlin, 1992.

Peter Orlik and Hiroaki Terao. Coxeter arrangements are hereditarily free. Tohoku
Math. J. (2), 45(3):369-383, 1993.

Giinter M. Ziegler. Lectures on polytopes, volume 152 of Graduate Texts in Mathemat-
ics. Springer-Verlag, New York, 1995.



