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Warm Up: Quantum Walk on Z = 75

Quantum particle with spin 1/2 on 1-dim lattice, i.e. K2 = [*(Z) @ C*

Spin evol.: C' unitary op. on C?, “coin” space

Spin dependent shift:
Let Si shift to the right/left on 1%(Z), |+)(%| proj. on |+) € C?
S =51 ®|+){+|+5- ®|-)(—| on I*(Z) ® C?

One step dynamics: U:=5SI®C)|s.t

Uz +)=(—|Ct)(z—1)Q@ =) + {(+|C £)|[(z + 1) ® +)
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Warm Up: Quantum Walk on Z = 75

Quantum particle with spin 1/2 on 1-dim lattice, i.e. K2 = [*(Z) @ C*

Spin evol.: C' unitary op. on C?, “coin” space

Spin dependent shift:

Let Si shift to the right/left on 1%(Z), |+)(%| proj. on |+) € C?
S:=81 @|+){+]|+ S- @ |-){—| on I*(Z) ® C*

One step dynamics:

U:=S(IC)

s.t.

Uz +)=(—|Ct)(z—1)Q@ =) + {(+|C £)|[(z + 1) ® +)

Analogy:

If H=—A+V then U =e ¥ suggests S ~e ** and C ~ eV
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Warm Up: Quantum Walk on Z = 75

Quantum particle with spin 1/2 on 1-dim lattice, i.e. K2 = [*(Z) @ C*

Spin evol.: C' unitary op. on C?, “coin” space

Spin dependent shift:
Let Si shift to the right/left on 1%(Z), |+)(%| proj. on |+) € C?
S =51 ®|+){+|+5- ®|-)(—| on I*(Z) ® C?

One step dynamics: U:=5SI®C)|s.t

Urex) =(—-|CE)|(r—-1)® =) +(+|C H)|[(z +1) ® +)
Analogy:

If H=—-A+V then U =e ¥ suggests S ~e * and C ~ ¢V
Random Quantum Walk:

C ~{C,(x)}rez,iid. setof C,(zx) € U(2)

U~ Usle @ £) = (=[Cu()) £)|(z = 1) @ =) + (+]Cu(z)) £)|(z + 1) @ +)
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Homogeneous tree 73 with coord. number ¢ = 3

Az = {a,b,c} generators of a group with unit e s.t. a* =b* =c* = e.

Root: Origin e \ \/ b/
_ e TN S

Edges: Labels {a,b,c} in trig. order
Any x € T3 : Finite reduced word\ \ / y

T =1X1T2: Tn, T; € Az / \ /
Length: |z| =n \ / \ y

Distance: Forany z,y € 73, / / (/\/$

e L N

(e

/

d(z,y) = |z~ 'y
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Homogeneous tree 73 with coord. number ¢ = 3

Az = {a,b,c} generators of a group with unit e s.t. a* =b* =c* = e.

Root: Origin e \ \/ b/
_ e TN S

Edges: Labels {a,b,c} in trig. order
Any x € T3 : Finite reduced word\ \ / y

T =1X1T2: Tn, T; € Az / \ /
Length: |z| =n \ / \ y

Distance: Forany z,y € 73, / / (/\/$
d(z,y) = [z 'yl

/

1%(7T3) : /\ /\\ C\\

z— |z), st {|z)}eers ONB of I%(73) \

b= e V@), Toer (@) < oo

Jerusalem, AvronFest, 30/6-4/7 2013 —p.3/19



Shifts on 73

Even/Odd: Sites z. / z, s.t. |z.| even/ |z,| odd

Let S : 12(T3) — 12(T3)
Sab|Te) = |Tea)

Sav|To) = |20D)
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Shifts on 73

Even/Odd: Sites z. / z, s.t. |z.| even/ |z,| odd

Let S.p : I%(T3) — 1*(T3)

B N
[z0) = |z0b) \/ \/ //

Cyclic subspaces: \ \c

Hab span {S ’ EZ} — e /\/

Sab|agab > shlftacl;n (7). / : > .< >
€ \b

/ Y

\\/\
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Shifts on 73

Even/Odd: Sites z. / z, s.t. |z.| even/ |z,| odd
Let S,y : 12(T3) — 1°(T3)
ble) = |wea) \
Sab|To) = |Tob) / \/ /

Cyclic subspaces: \ \c

~
b — gpan {S%|x), n —e
Hab"Hgb F; Sh{lfb’: or’1 ZQ(Z)E Z}< > e‘< >
®_a /\
/ / / 0
Spectrum: \ /\ ‘ ‘

7 (Sup) = Tae(Sas) = {z 8.t. |2| = 1} \C C\
Similarly for Sp., Sca
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Quantum Walk on 75

e Unitary evolution:
Particle with spin 1 on 73 jumping on nearest neighbors

Hilbert space: K3 =1*(T3) ® C*
ONB of C*: {|a), |b),|c)} ,
ONB of K3: {2 ®7 = |2) @ |7) }oers reas
e Spin dep. shifton Ks:
S = Spe ® |a){al + Sca ® [) (b] + Sabr @ [c)(¢]

e Spin update: For C € U(3) a unitary op. on C°
IRC:Ks—Ks
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Quantum Walk on 75

e Unitary evolution:
Particle with spin 1 on 73 jumping on nearest neighbors

Hilbert space: K3 =1*(T3) ® C*
ONB of C*: {|a), |b),|c)} ,
ONB of K3: {2 ®7 = |2) @ |7) }oers reas
e Spin dep. shifton Ks:
S = Spe ® |a){al + Sca ® [) (b] + Sabr @ [c)(¢]

e Spin update: For C € U(3) a unitary op. on C°
IRC:Ks—Ks

e Time one dynamics of the QW:

U(C) = S(I® C)

S.t.
U(C)re ®a = Crareb®a+ CroZec @b+ Ceqrea ® c

U(C)ro ®a = CaaToc® a+ Craxoa ® b+ Craxob ® c

etc
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Random Environment = RQW

Spatial disorder Different coin op. C,, at each site:

Cw (xe)Tﬁ' — eXp(iw;eT)CT,O'y

{ (LU)} €73 Cw (xO)T,O' == eXp(iw;oU)OT,U’ T,0 € {CL, b’ C}'

e Random Quantum Walk:
U(C)— U,(C)

Property: Set D(w) = diag(exp(iw},)), then random time one dynamics
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Random Environment = RQW

Spatial disorder Different coin op. C,, at each site:

Cw (xe)Tﬁ' — eXp(iw;eT)CT,O'y

C C.. . with
= { (LU)} €73 Cw (xO)T,O' == eXp(iw;oU)OT,U’ T,0 € {CL, b’ C}'

e Random Quantum Walk:
U(C)— U,(C)

Property: Set D(w) = diag(exp(iw},)), then random time one dynamics

Assumptions:

® {w]}7<7? areiid. T-valued random variables
WI(w) ~ du(0) = 1(6)df with [ € L™
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Random Environment = RQW

Spatial disorder Different coin op. C,, at each site:

Cw (xe)Tﬁ' — eXp(iw;eT)CT,O'y

{ (LU)} €73 Cw (xO)T,O' == eXp(iw;oU)OT,U’ T,0 € {CL, b’ C}'

e Random Quantum Walk:
U(C)— U,(C)

Property: Set D(w) = diag(exp(iw},)), then random time one dynamics

Assumptions:

® {w]}7<7? areiid. T-valued random variables
Wl (w) ~ du(0) = 1(0)do with | € L™
Remarks:
® The transition prob. |(z ® 7|U.(C) y ® o)|* are deterministic.

@® Spectral transition expected between "large" and "small" disorder regimes,
Abou-Chacra, Anderson, Thouless 73, Kunz Souillard 83, Klein '94

@® Used in Quantum Dynamics, Quantum Computing, Quantum Probability, ...
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Landmarks in U(3)

Permutation mat.  Form € &3 0n A3 = {a,b,c} set Cr =3, [7(7))(]

Consider U, (Cr) =D(w)U(Cx)
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Landmarks in U(3)

Permutation mat. ~ Form € &3 0n A3z = {a,b,c} set Cr =3, |7(7))(7]

Consider U, (Cr) =D(w)U(Cx)

® C(a)(b)(c) =1 = U, (I[) = ]D(w)S ~ S a.c. < deloc.
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Landmarks in U(3)

Permutation mat. ~ Form € &3 0n A3z = {a,b,c} set Cr =3, |7(7))(7]

Consider U (Cr) = D(w)U(Cy)

® C(a)(b)(c) =1 = U, (I[) = ]D(w)S ~ S a.c. < deloc.
0O 0 1

¢ Clavy =11 0 0 = Uu (Clabe)) P-p. <> loC. (@asis U, (Cach)))
0O 1 O

Hz, = Span{zo ® a, roa X b, ro R ¢, Troc R a, o ® b, rob® c}
invariant under U, (C(4bc)), V2o € T3
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Landmarks in U(3)

Permutation mat. ~ Form € &3 0n A3z = {a,b,c} set Cr =3, |7(7))(7]

Consider U (Cr) = D(w)U(Cy)

® C(a)(b)(c) =1 = U, (I[) = ]D(w)S ~ S a.c. < deloc.
0O 0 1

¢ Clavy =11 0 0 = Uu (Clabe)) P-p. <> loC. (@asis U, (Cach)))
0O 1 O

Hz, = Span{zo ® a, roa X b, ro R ¢, Troc R a, o ® b, rob® c}
invariant under U, (C(4bc)), V2o € T3

= Uw(C(c)(ab)) ~ p.p. @ a.c.<+> mixed

o Cleyab) =
(as are U, (C(a)(bc)) , Us (C(b)(ac)) )

o = O
o O =
_— O O

Hazy =Span{--- ,xo.ba ® a,x,b ® b, xo ® a, Toa @b, xpabR a,-- -}
’Ha;e = span{xe X a, TeC X b} invar. under U, (C(ab)(c)) . Vace, To € T3
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Spectral Phase Diagram

Theorem:
M1ixed Loc.
Deloc.
\Nifa)(bo .f
Q. ®
Coycaey)
C(a)(bDCCD
fam==" C(acb)
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Interpolating Matrices |

Localizing Matrices: For 0 <r <1 and t=+1—12,

Chir) =

oS = O

r
0O O S.t. C’{(l) ~ C(c)(ab) and Ct (0) = C'(abe)
t

—Tr

and similar C5(r), C4(r),...,Ci(r).
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Interpolating Matrices |

Localizing Matrices: For 0 <r <1 and t=+1—1r2,

0 r
C{ (?“) =11 O 0 S.t. Ci(l) ~ C(c)(ab) and Ci (O) = C(abc)
0 t —Tr \
b
L l l l b
and similar CQ(T),Cg(T),...,CG(T). / * //CI b//
b\ a X C ] .
[
\b \C b a
o— o /GT/
‘/c a Nj‘ q ./ R
e b
y a A w‘ a C
Forall x. € T3, let H.. . be the g /bxe </ \0/}
U..(Ci(r)) -cyclic subsp. for z. ® a, b
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Reduction to 1D model

Property Foreach z. € T3, U (C1(7))|2,.ga = Vi(r)
where
1
O ¢t 0 r
r —t 0 0 0 O
O 0 0 O t
V(r) = D(w) T
1 0 0 O O O
r —t 0 O
0O O
O 0 0 t

\ ro—t 0 )

Allows for Transfer Matrix based analysis that yields localization Vr € [0,1).
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Interpolating Matrices Il

Delocalizing Matrices: For0<r<1and t=+v1-—1r2,

1 0 0
Cf’(?‘) =10 (8 t s.t. Cfl(()) ~ C(a)(bc) and Cf’(l) = C(a)(b)(c) =1
0O —t r

and similar C4(r), C4(r).
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Interpolating Matrices Il

Delocalizing Matrices: For0<r<1and t=+v1-—1r2,

1 0 0
Cf’(?‘) =10 (8 t s.t. Cfl(()) ~ C(a)(bc) and Cf’(l) = C(a)(b)(c) =1
0O —t r

and similar C4(r), C$(r).

Prop: U,(Ci(r)) ispurelyac. V r € (0,1],and V w
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Interpolating Matrices Il

Delocalizing Matrices: For 0<r <1 and t=+1—1r?,

1 0 0
Cf’(?‘) =10 (8 t s.t. Cfl(()) ~ C(a)(bc) and Cf’(l) = C(a)(b)(c) =1
0O —t r

and similar C4(r), C$(r).

Prop: U,(Ci(r)) ispurelyac. V r € (0,1],and V w

Path counting argument:

> ez lz@T|UMz @ T)|? < 00 = z @71 € a.c. spectral subspace of U .

(xR@T|U"xRT) = Z (xRT|Uy1 ®o1)(y1 ®01|Uy2@02) -+ - (Yyn—1 Qop—1|UxRT)

Yj €T3
O‘j €A3

Spin |b) or |c):
st z.— x.c Or z.a wWhereas x, — x,a Or x,b.

Only possibility for return in 2n steps = +— zaaa...a ~ ) g t°" < 00.
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Neighborhood of C(a)(b)(c) =1

Perturbation: C =1+ F,with ||[E]| <€
Crr =0(1), Cro =0(e), T# 0

Path counting argument to show (z ® 7|U(C) z @ 7) € I*(Z) if ¢ small

Expansion ~~

Path: x =x y1 y2y3 -+ yan < Weight: |Cr6,Coi0y - Coy, |

Jerusalem, AvronFest, 30/6-4/7 2013 —p.12/19



Neighborhood of C(a)(b)(c) =1

Perturbation: C =1+ F,with ||[E]| <€
Crr =0(1), Cro =0(e), T# 0

Path counting argument to show (z ® 7|U(C) z @ 7) € I*(Z) if ¢ small
Expansion ~~
Path: x =x y1 y2y3 -+ yan < Weight: |Cr6,Coi0y - Coy, |

Lemma:
Weight of length 2n path from = to x contains at least n off diag. terms

Argument:
Strings with of m consecutive diag. elemts cannot reduce one another
= the need for enough off-diag. elemts to ensure reduction.

Then: Weight < €™, #{contrib. paths} < k", k ~ 72 =

Sen @ TIUL(C) @ 7) > <3, (€)™ < oo, if € > 0 small enough.
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Neighborhoods of ;. and C,y,

Theorem Let m € {(abc), (acb)}, Cr and U, (C') be as above and
U :={|z| = 1}.
Forall v > 0, there exists § > 0, K < oo, s.t. VC € U(3),
|IC —Cx|| <d = Vz,y€ T3 and Vo, 7 € As

E sup (z @ 7|f(U.(C)y®@o)|| < Ke o
feC), lIflls<1

a la "Aizenman-Molchanov" ‘09 Hamza-J.-Stolz
Similar approach Asch, Bourget, J. 11°, J. 12
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Neighborhoods of C ., and C,)

Theorem Let m € {(abc), (acb)}, Cr and U, (C') be as above and
U :={|z| = 1}.
Forall v > 0, there exists § > 0, K < oo, s.t. VC € U(3),
|IC —Cx|| <d = Vz,y€ T3 and Vo, 7 € As

E sup (z @ 7|f(U.(C)y@a)|| < Ke =)
feC), lIflls<1

a la "Aizenman-Molchanov" ‘09 Hamza-J.-Stolz
Similar approach Asch, Bourget, J. 11°, J. 12

= "Exponential" Dynamical Localization:
with X 2@ 7=2x® 7, o cpct. support, and p > 0,

sup ||e? XU (C) || < Ko, as.
nez
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Remarks

@® (Generalizations to homog. trees of coord. number ¢ > 3
® RQW "analog" of weak disorder Anderson deloc. on trees '94 Klein
® First RQW: '09 Konno

r —te W

Cw(x)< ¢ b ) — ballistic behaviour!

® J=1:VOo<nrt<lst r’+t:=1 10 J.-Merkli, 11 Ahlbrecht et al
-1 .1
te*= re'“= _
Cu(x) = ( o 4 ) = dyn. localized
re'“z  —te'x

® Related random CMV matrices: 06’ Simon
® |arge disorder localization: RQW on Z%: 12’ J.
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Thank you and...

Happy Birthday Yosi!
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