Inverted oscillators & collapse of wave packets J

Italo Guarneri

Avronfest, Jerusalem

July 1st, 2013

Center for Nonlinear and Complex Systems - Universita’ dell’Insubria a Como

[m]

=

DA



"The world is full of interesting operators”
Y. Avron (2004) , at the & Cafe’
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Smilansky’s "irreversible” model.

A particle in a line (coordinate x) coupled to a linear harmonic oscillator (coordinate
q) by point interaction:

155
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2 B2 2 2Jr2o.Jq + +aqd(x—xo) (1)

a > 0 a parameter, xg a fixed point. !

'SN&MS, Proc.London Math. Soc. (3) 92(2006) "...is a striking example
of a problem which in spite of its seeming simplicity exhibits many unexpected
effects...”
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a > 0 a parameter, xg a fixed point. !

Theorem

(M Solomyak 04; SN Naboko, M Solomyak 06) If 0 < o < w, the
spectrum of H is: pure absolutely continuous in [%w, +00); pure
point, and finite, below %w.
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Smilansky’s "irreversible” model.

A particle in a line (coordinate x) coupled to a linear harmonic oscillator (coordinate
q) by point interaction:

1
=—--= - -5 + §w2q2 + +aqgd(x—x) . (1)

a > 0 a parameter, xg a fixed point. !

Theorem

(M Solomyak 04; SN Naboko, M Solomyak 06) If 0 < o < w, the
spectrum of F is: pure absolutely continuous in [%w, +00); pure
point, and finite, below %w.

If o > w, then : no point spectrum , and the ac spectrum acquires
an additional component with multiplicity 1 that coincides with R.

'SN&MS, Proc.London Math. Soc. (3) 92(2006) "...is a striking example
of a problem which in spite of its seeming simplicity exhibits many unexpected
effects...”



Boxing the particle

Let the particle be confined within a box, with either hard-wall or periodic boundary

conditions.
Theorem

If o < w, the spectrum of H is pure point. If o > w, generically no
pp spectrum, and absolutely continuous component of multiplicity
1, that coincides with R.

Solomyak&Naboko's proof still works over the threshold, with minor adaptations .






Dynamics of Smilansky's model Il

Theorem

The time-averaged energy of the oscillator grows in time, at least
exponentially fast: i.e.,

iminf M(Ee(T))

. 2
T—+00 T > 0 ( )

The probability distribution of the position x of the particle weakly
converges to §(x — xp) in the limit t — +oc.

E.o(T)) = L[] dt (4(t), Aose @ Ty(t)) .




Band formalism.

The particle is moving in a circle S parametrized by x € [—7, +7] with a distinguished

point O (x = 0).

@
W= [ data(a) + 1o H,
R

Ho(q) = —3& + aqi(x).

Z Qn(q) dq,n(x

Ha( )d)q,n — n( )qu,n y @bq,n € L2(S) . (3)
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Band formalism, Il

(¥, Hy) = (¥, [e HE) ¢) +
+oo
dg Wi(q)|Qn(q) P2
T ZO/R g Wa(a)|Qn(9)]
> (¢, I® Hyw ¥)+

00 )
T ;/qu (n—1/2)|Qulq)? -



A diversion on inverted oscillators

H(osc) . &2 . 1

(o = 5 2(/‘)2(42 — Ho(Josc) o w2q2 (4)

on the H(*) eigenbasis, matrix elements (H(OSC)),,m #£ 0 only if

iw
m—n==%2.

2wHppio = —/(n+1)(n+2), 2wHnn, 2 = —/n(n—1).

u(k, E): amplitude of the (even) formal eigenfunction of energy E
at n =2k

u(k +2,E) + p(k, E)u(k +1) + q(k)u(k,E) = 0
p(k,E)~E4, qlk)~1 — ¢ (5)



BA&WL Theory

Birkhoff (1911), Adams (1928), Wong and Li (1993). Provides asymptotic
(n — o0) approximations for solutions of 2nd order difference equations of the

form
C(n+2) + p(n)C(n+1) + q(n)C(n) =0
whenever the coefficients have asymptotic expansions p(n) ~ > a(r)n~" and

q(n) ~ >, b(r)n™".



BA&WL Theory

Birkhoff (1911), Adams (1928), Wong and Li (1993). Provides asymptotic
(n — o0) approximations for solutions of 2nd order difference equations of the
form
C(n+2) + p(n)C(n+1) + q(n)C(n) =0
whenever the coefficients have asymptotic expansions p(n) ~ > a(r)n~" and

q(n) ~ 2, b(r)n™"

"Normal”, linearly independent solutions exist, which have the asymptotic form:

Ci(n) ~ ox"n"" Zci(s)n °

a(l)o+ + b(1)

2 _— Y _ ———
oc+“4a(0)or +b(0)=0, o+ 2(0)r- +2b(0) °

(assuming oy # o)



Application to the inverted oscillator

o(2n,E) ~ \}ﬁ cos(E log(n)/2w + n% + B(E))

consistent with ¢ — +o0o asymptotics : G.Barton, Ann. Phys. 166 (1986)
= ac spectrum.
ac spectrum + n~1/2 eigfs decay = exponential growth of
energy.



Spectral Analysis over threshold.

Expansion in normalized Hermite functions (HO eigenfunctions):

e o]

$(x,q) = D ¥a(x) ha(q) ,

n=0
identifies the Hilbert space of the system as $ = £>(Ng) ® L% (S) of sequences
{¥n(3)}nens, 1n(x) € L*(S), ¥ even, 3 [[¢n|* < +oo.

Hamiltonian

{n(x)} = {Ln¥n(x)}, Ln = —%d% +(n+ %)w with periodic
bdary conditions and matching conditions at x = 0:

Y5(0+) = 94(0-) = 20(2w) 7 (V1 + 1¢hn41(0) + v/nipn—1(0))




Formal Eigenfunctions

Sequences {up(x, E)} that solve Lyun(x, E) = Eup(x, E) for all
integer n > 0 and satisfy the matching conditions. May be written
as

un(x,E) = C(n, E) va(x, E)

where v,(x) = normalized sol. of L,v, = Ev,, and constants
C(n, E) satisfy:

2nd order Difference Equation

ho(n, E)C(n+2,E) + hi(n, E)C(n+1,E) + ho(n, E)C(n, E) = 0f (r

with "initial” condition:
ho(—1,E)C(1,E) = —hi(—1,E)C(0,E) .



ha(n, E) = av/n+ 2pny2(E) cos(kn+2(E))
hi(n, E) = V2wkni1(E)pns1(E) sin(kns1(E)r)
ho(n, E) = a/n+ 1pn(E) cos(kn(E)r)
pa(E) = (+ kn(E) ™' sin(2ka(E)m)) 12,
kn(E) = v/2E — (2n+ 1w .
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BA&WL again

'Exceptional’ energies E : those which are either branch points or zeros for some
coefficient hy(n, E), hi(n, E) .

Theorem

If o > w then for all non-exceptional E, a formal eigenfunction exists, and has the
n — oo asymptotics

C(n,E) ~ \/1?” cos(nf — AElog(n) + C(E)) + O(n=3/?)
0 = arccos(w/a) , A= %(a2 —W?)Y2

The phase ¢(E) is a C! function of E in any interval containing no exceptional
energies.




BA&WL again

'Exceptional’ energies E : those which are either branch points or zeros for some
coefficient hy(n, E), hi(n, E) .
Theorem

If o > w then for all non-exceptional E, a formal eigenfunction exists, and has the
n — oo asymptotics

C(n,E) ~ ln cos(nf — AElog(n) + C(E)) + O(n=3/?)

0 = arccos(w/a) , A= %(a2 —wP)~2,

The phase ¢(E) is a C! function of E in any interval containing no exceptional
energies.

>, 1C(n, E)|? diverges logarithmically



Spectral Expansion

Theorem

For W(E) a function on R compactly supported away from
exceptional points, and for any n € Ny, define

VYn(x) = [dE W(E)up(x, E). Then:

1) {n(x)}ner € 9,

2) the map 1 : V — {¢n(x)}nen, extends to a unitary isomorphism
of L?(R) onto an absolutely continuous subspace of the
Hamiltonian 7—2 A

3Nt €R, 1(e EW) = e~ Hy(V) .
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Multi-Oscillator case: Wave operators

(Evans, Solomyak, 2005) The

[ ,I o I . l ° } wave operators:
. [ _ (b
L3 ® ® ® Qi = lim e’Hte AP
t—+o0

~ (b . exist and are complete.
Above: H(®). Below: #.



Collapse

If @ > w then, for any ¥ in the absolutely continuous subspace of
‘H, the probability distribution of the particle converges weakly as
t — oo to a superposition of § functions supported in the
interaction points:

/ /dfh - [V(x, g, an, )17 ZVJ (x—x),

where:

= |IP Qe (KO, H)y)?, (6)

and P; denotes projection onto $); = L?(B;) ® L2(RN), (B, : j-th
box).



Decoherence

Corollary

For all initial v in the absolutely continuous subspace of H, the
reduced density matrix Tr(B5y(t)) = (¥(t), B® Ii(t)) for all
bounded B satisfies:

lim (¢, §¢(t)go) =0

t—+oo

for all ¢, p € L2(S).




Band formalism

Born-Oppenheimer-like description: oscillator dynamics described
by the " ground-band Hamiltonian”

1 92 1 92

2
SR
20q3 20q3,

1
+ 5w+ -+ ay) + Wian - an)

where W(qi,...) is the ground state energy of the particle
Hamiltonian
1 d? N
o2 QZQJ(S(X - X))
1

parametrically dependent on g1, ..., gn.
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"Phase transition”
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V(x,q) = (1— ax?)exp(ax?) +
bq” sign(q) exp(—c|qx|)
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